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Introduction 

This boolfl takes place in a now thirty years long trend of researches, initiated by 
Ribet ([RiJ) aiming at constructing "arithmetically interesting" non trivial exten- 
sions between global Galois representations (either on finite p°°-torsion modules, 
or on p-adic vector spaces) or, as we shall say, non-zero elements of Selmer groups, 
by studying congruences or variations of automorphic forms. As far as we know, 
despite of its great successes (to name one : the proof of Iwasawa's main conjecture 
for totally real fields by Wiles [W]). this current of research has never established, 
in any case, the existence of two linearly independent elements in a Selmer group - 
although well-established conjectures predict that sometimes such elements should 
exist H The final aim of the book is, focusing on the characteristic zero case, to 
understand the conditions under which, by this kind of method, existence of two 
or more independent elements in a Selmer space could be proved. 

To be somewhat more precise, let G be reductive group over a number field. We 
assume, to fix ideas, that the existence of the p-adic rigid analytic eigenvariety £ 
of G, as well as the existence and basic properties of the Galois representations 
attached to algebraic automorphic forms of G are knowrjl. Thus £ carries a family 
of p-adic Galois representations. Our main result has the form of a numerical 
relation between the dimension of the tangent space at suitable points x £ £ and 
the dimension of the part of Selmer groups of components of adpx that are " seen 
by £" , where px is the Galois representation carried by £ at the point x. 

Such a result can be used both way : if the Selmer groups are known, and small, 
it can be used to study the geometry of £ at x, for example (see [Ki], |BCh2] ) to 
prove its smoothness. On the other direction, it can be used to get a lower bound 
on the dimension of some interesting Selmer groups, lower bound that depends on 
the dimension of the tangent space of £ at x. An especially interesting case is the 
case of unitary groups with n + 2 variables, and of some particular points x £ £ 
attached to non-tempered automorphic formfl These forms were already used in 
|Blj for a unitary group with three variables, and later for GSp4 in [SkUj . and 
for U(3) again in [BChlj . At those points, the Galois representation is a sum 
of an irreducible n-dimensional representatior@ p, the trivial character, and the 
cyclotomic character x- The representations p we could get this way are, at least 



During the elaboration and writing of this book, Joel Bellaiche was supported by the NSF 
grant DMS-05-01023. Gaetan Chenevier would like to thank the I.H.E.S. for their hospitality 
during the last three months of this work. 

^By a very different approach, let us mention here that the parity theorem of Nekovar INej 
shows, in the sign +1 case and for p-ordinary modular forms, that the rank of the Selmer group is 
bigger than 2 if nonzero. 

^Besides GL2 over a totally real field and its forms, the main examples in the short term of 
such G would be suitable unitary groups and suitable forms of GSP4. Concerning unitary groups 
in m > 4 variables, it is one of the goals of the book project of the GRFA seminar [GRFAbookj 
to construct the expected Galois representations, which makes the assumption relevant. All our 
applications to unitary eigenvarieties for such groups (hence to Selmer groups) will be conditional 
to their work. However, thanks to Rogawski's work and [ZFPMS] , everything concerning [/(3) will 
be unconditional. 

■^In general, their existence is predicted by Arthur's conjectures and known in some cases. 
^Say, of the absolute Galois group of a quadratic imaginary field. 
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conjecturally, all irreducible n-dimensional representations satisfying some auto- 
duality condition, and such that the order of vanishing of L[p, s) at the center of 
its functional equation is odd. Our result then gives a lower bound on the dimension 
of the Selmer group of p. Let us call Sel(p) this Selmer group@. This lower bound 
implies, in any case, that Sel(p) is non zero (which is predicted by the Bloch-Kato 
conjecture), and if £ is non smooth at x, that the dimension of Sel(/9) is at least 2. 

This first result (the non-triviality of Sel(/9), proved in chapter 8) extends to 
any dimension n a previous work of the authors [BChlJ in which we proved that 
Sel(/o) 7^ in the case n = 1, i.e. G = U(3), and the work of Skinner-Urban |SkU| 
in the case n = 2 and p ordinary. Moreover, the techniques developed in this paper 
shed also many lights back on those works. For example, the arguments in |BChl] 
to produce a non trivial element in Sel(p) involved some arbitrary choice of a germ 
of irreducible curve of <£" at x, and it was not clear in which way the resulting 
element depended on them. With our new method, we do not have to make these 
choices and we construct directly a canonical subvectorspace of Sel(/9). 

In order to prove our second, main, result (the lower bound on dim(Sel(p)), see 
chapter 9) we study the reducibility loci of the family of Galois representations on 
£. An originality of the present work is that we focus on points x G at which 
the Galois deformation at p is as non trivial as possible (we call some of them anti- 
ordinary points^. We discovered that at these points, the local Galois deformation 
is highly irreducible, that is not only generically irreducibl^, but even irreducible 
on every proper artinian thickening on the point x inside £ (recall however that 
Pa; = 1 © X © P is reducible). In other words, the reducibility locus of the family is 
schematically equal to the point x. It should be pointed out here that the situation 
is quite orthogonal to the one of Iwasawa's main conjecture (see [MaW] . |W|). 
for which there is a big known part in the reducibility locus at x (the Eisenstein 
part), and this locus cannot be controlled a priori. In our case, this fact turns 
out to be one of the main ingredients in order to get some geometric control on 
the size of the subspace we construct in Sel(p), and it is maybe the main reason 
why our points x are quite susceptible to produce independent elements in Sel(/9). 
The question of whether we should (or not) expect to construct the full Selmer 
group of p at X remains a very interesting mystery, whatever the answer may be. 
Although it might not be easy to decide it even in explicit examples (say with 
L{p,s) vanishing at order > 1 at its center), our geometric criterion reduces this 
question to some computations of spaces of p-adic automorphic forms on explicit 
definite unitary groups, which should be feasible. Last but not least, we hope that 
it could be possible to relate the geometry oi 8 at x (which is built on spaces of 
p-adic automorphic forms) to the L-function (or rather a p-adic L-function) of p, so 
that our results could be used in order to prove the " lower bound of Selmer group" 
part of the Bloch-Kato conjecture. However, this is beyond the scope of this book. 

^Precisely, this is the group usually denoted by Hl(E,p). 
A bit more precisely, among the (finite number of) points of a; £ £ having the same Galois 
representation , we choose one which is refined in quite a special way. 

*Note that although we do assume in the applications of this paper to Selmer groups the 
existence of Galois representations attached to algebraic automorphic forms on U(m) with m > 4, 
we do not assume that the expected ones are irreducible, but instead our arguments prove this 
irreducibility for some of them. 
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The four first chapters form a detailed study of p-adic families of Galois repre- 
sentations, especially near reducible points, and how their behavior is related to 
Selmer groups. There are no references to "automorphic forms" in them, as op- 
posite to the following chapters 5 to 9 which are devoted to the applications to 
eigenvarieties. In what follows, we describe very briefly the contents of each of the 
different chapters by focusing on the way they fit in the general theme of the book. 
As they contain quite a number of results of independent interest, we invite the 
reader to consult then their respective introductions for more details. 

When we deal with families of representations {px)x&x of a group G (or an 
algebra) over a "geometric" space X, there are two natural notions to consider. 
The most obvious one is the data of a "big" representation of G of a locally free 
sheaf of Ox-modules whose evaluations at each x G X are the px- Another one, 
visibly weaker, is the data of a "trace map" G — > ^{^) whose evaluation at 
each X ^ X \s tr(/Ja;); these abstract traces are then called pseudocharacters (or 
pseudorepresentations) . As a typical example, when we are interested in the space 
of all representations (up to isomorphisms) of a given group say, we usually only 
get a pseudocharacter on that full space. This is what happens also for the family 
of Galois representations on the eigenvarieties. When all the px are irreducible, 
the two definitions turn out to be essentially the same, but the links between them 
are much more subtle around a reducible px and they are related to the extensions 
between the irreducible constituents of px, what we are interested in. 

Thus our first chapter is a general study of pseudocharacters T over a henselian lo- 
cal ring A (having in view that the local rings of a rigid analytic space are henselian). 
There is no mention of a Galois group in all this chapter, and those results can be 
applied to any group or algebra. Most of our work is based on the assumption 
that the residual pseudocharacter T (that is, the pseudocharacter one gets after 
tensorizing T by the residue field of A) is without multiplicity, so it may be re- 
ducible, which is fundamental, but all its components appear only once. Under 
this hypothesis, we prove a precise structure theorem for T, describe the groups of 
extensions between the constituents of T we can construct from T, and define and 
characterize the reducihility loci of T (intuitively the subscheme of Spec A where T 
has a given reducibility structure). We also discuss conditions under which T is, or 
cannot be, the trace of a true representation. This chapter provides the framework 
of many of our subsequent results. 

In the second chapter we study infinitesimal (that is, artinian) families of p- 
adic local Galois representations, and their Fontaine's theory, having in mind to 
characterize abstractly those coming from eigenvarieties. A key role is played by 
the theory of ((/?, r)-modules over the Robba ring and Colmez' notion of triangu- 
line representation [Co2j. We generalize some results of Colmez to any dimension 
and with artinian coefficients, giving in particular a fairly complete description of 
the trianguline deformation space of a non critical trianguline representation (of 
any rank). For the applications to eigenvarieties, we also give a criterion for an 
infinitesimal family to be trianguline in terms of crystalline periods. 

In the third chapter, we generalize a recent result of Kisin in [Kl] on the ana- 
lytic continuation of crystalline periods in a family of local Galois representations. 
This result was proved there for the strong definition of families, namely for true 
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representations of Gal(Qp/Qp) on a locally free O-module, and we prove it more 
generally for any torsion free coherent O-module. Our main technical tool is a 
method of descent by blow-up of crystalline periods (which turns out to be rather 
general) and a reduction to Kisin's case by a flatification argument. 

In the fourth chapter, we give our working definition of "p-adic families of refined 
Galois representation", motivated by the families carried by eigenvarieties, and we 
apply to them the results of chapters 2 and 3. In particular, we are able in favorable 
cases to understand their reducibility loci in terms of the Hodge- Tate-Sen weight 
maps, and to prove that they are infinitesimally trianguline. 

In the fifth chapter we discuss our main motivating conjecture relating the di- 
mension of Selmer groups of geometric semi-simple Galois representations to the 
order of the zeros of their L-functions at integers. We are mainly interested in 
"one half" of this conjecture, namely to give a lower bound on the dimension of the 
Selmer groups, as well as in a very special case of it that we call the sign conjecture. 
As was explained in |B1| . an important feature of the method we use is that we 
need as an input some results (supposedly simpler) about upper bounds of other 
Selmer groups. For the sign conjecture, we only need the vanishing of Sel(x) (for 
a quadratic imaginary field) which is elementary. However, we need more upper 
bounds results for our second main theorem, and we cannot prove all of them in 
general. Thus we formulate as hypotheses the results we shall need, which will 
appear as assumptions in the results of chapter 9. Using results of Kisin and Kato, 
we are able to prove all that we need in most cases when n = 2, and in all the cases 
for n = 1. 

The sixth chapter contains all the results we need about the unitary groups, their 
automorphic forms, and the Galois representations attached to them, and includes 
a detailled discussion of Langlands and Arthur's conjectures. In particular, we 
formulate there the two hypotheses (AC(7r)) and (Rep(m)) that we use in chapters 
8 and 9. 

In the seventh chapter, we introduce and study in details the eigenvarieties of 
definite unitary groups and we prove the basic properties of the (sometimes conjec- 
tural) family of Galois representations that they carry. We essentially rely on one 
of us' thesis |Chlj ). and actually go a bit further on several respects. It furnishes a 
lot of interesting examples where all the concepts studied in this book occur, and 
provides also an important tool for the applications to Selmer groups. The first 
half of this chapter only concerns eigenvarieties and may be read independently, 
whereas the second one depends on chapters 1 to 5. 

Finally, in chapters 8 and 9 we prove our main results, and we refer to those 
chapters for precise statements. 

As a parallel goal, we made considerable efforts all along the redaction of this 
book to develop concepts and techniques adapted to a proper study of eigenvarieties. 
We hope that the reader will enjoy playing with them as much as we did. 
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1. PSEUDOCHARACTERS, REPRESENTATIONS AND EXTENSIONS 

1.1. Introduction. This section is devoted to the local (in the sense of the etale 
topology) study of pseudocharacters T satisfying a residual multiplicity freeness 
hypothesis. Two of our main objectives are to determine when those pseudochar- 
acters come from a true representation and to prove the optimal generalization of 
"Ribet's lemma" for them. 

Let us precise our main notations and hypotheses. Throughout this section, we 
will work with a pseudocharacter T : R — > A of dimension d, where A is a local 
henselian commutative ring of residue field k where d\ is invertible and R a (not 
necessarily commutative) A-algebrsI^. To formulate our residual hypothesis, we 
assum that T ®k : R®k — > k is the sum of r pseudocharacters of the form tr pi 
where the piS are absolutely irreducible representations of R®k defined over k. Our 
residually multiplicity free hypothesis is that the pi's are two by two non isomorphic. 
In this context, "Ribet's lemma" amounts to determine how much we can deduce 
about the existence of non-trivial extensions between the representations pi from 
the existence and irreducibility properties of T. Before explaining our work and 
results in more details, let us recall the history of those two interrelated themes : 
pseudocharacters and the generalizations of "Ribet's lemma". 

We begin with the original Ribet's lemma ( |Rit Prop. 2.1]). Ribet's hypotheses 
are that d = r = 2, and that A is a complete discrete valuation ring. He works with 
a representation p : R — > M2{A), but that is no real supplementary restriction 
since every pseudocharacter over a strictly complete discrete valuation ring is the 
trace of a true representatiorF^. Ribet proves that if p K {K being the fraction 
field of A) is irreducible, then a non-trivial extension of pi by p2 (resp. of p2 by pi) 
arises as a subquotient of p. This seminal result suggests numerous generalizations 
: we may wish to weaken the hypotheses on the dimension d, the number of residual 
factors r, the ring A, and for more general A, to work with general pseudocharacters 
instead of representations. We may also wonder if we can obtain, under suitable 
hypotheses, extensions between deformations pi and p2 of pi and p2 over some 
suitable artinian quotient of A, not only over k. 

A big step forward is made in the papers by Mazur- Wiles and Wiles ( |MaWj . [W] ) 
on Iwasawa's main conjecture. As their works is the primary source of inspiration 
for this section, let us explain it with some details (our exposition owes much 
to |HaPi| : see also |BCh21 §2]). They still assume d = r = 2, but the ring A now is 
any finite flat reduced local ylo-algebra A, where Aq is a complete discrete valuation 
ring. Though the notion of pseudocharacter at that time was still to be defined, 
their formulation amount to consider a pseudocharacter (not necessarily coming 
from a representation) T : R — > A, where R is the group algebra of a global Galois 
group. The pseudocharacter is supposed to be odd which implies our multiplicity 
free hypothesis. They introduce an ideal I of A, which turns out to be the smallest 

^In the applications, R will be the group algebra A[G] where G a group, especially a Galois 
group. However, it is important to keep this degree of generality as most of the statements 
concerning pseudocharacters are ring theoretic. 

^"Since it is allowed to replace by a separable extension, this assumption is actually not a 
restriction. 

"'^"'^We leave the proof of this assertion to the interested reader (use the fact that the Brauer 
group of any finite extension of K is trivial, e.g. by |S1| XII §2, especially exercise 2]). 



p-ADIC FAMILIES OF GALOIS REPRESENTATIONS 



11 



ideal of A such that T A/I is the sum of two characters pi, P2 ■ R — ^ ^ /I 
deforming respectively pi and p2- Assuming that I has cofinite length /, their result 
is the construction of a finite ^//-module of length at least I in Ext^yj^(/9i, ^2)- 
We note that it is not possible to determine the precise structure of this module, so 
we do not know if their method constructs, for example, I independent extensions 
over k of p2 by pi or, on the contrary, one "big" extension of p2 by pi over the 
artinian ring A/ 1, that would generate a free A//- module in Ext^y^^ (pi , /92 ) • 

The notion of pseudocharacter was introduced soon after by Wiles in dimension 
2 ([W]), and by Taylor in full generality ([T]), under the name of pseudorepre- 
sentation. Besides their elementary properties, the main questions that has been 
studied until now is whether they arise as the trace of a true representation. Taylor 
showed in 1990, relying on earlier results by Procesi, that the answer is always 
yes in the case where A is an algebraically closed field of characteristic zero; this 
result was extended, with a different method, to any algebraically closed field (of 
characteristic prime to dl) by Rouquier. The question was settled affirmatively in 
1996 for any local henselian ring A, in the case where the residual pseudocharacter 
T is absolutely irreducible, independently by Rouquier ( [Rouj ) and Nyssen ( |Nys| ). 

We now return to the progresses on Ribet's lemma. 

Urban's work ([U]) deals with the question of obtaining, using notations of the 
paragraph describing Mazur- Wiles modules, a free A/I-module of extensions of pi 
by p2- His hypotheses are as follows : the dimension d is arbitrary, but the number 
r of residual factors is still 2. The ring A/I is an arbitrary artinian local ring, 
and the pseudocharacter T is (over A/ 1) equal to tr pi +tr /92, but he also assumes 
that T comes from a true representation p (at least over A/ 1), which moreover 
is modulo the maximal ideal of A a non-trivial extension of pi by p2- Then he 
proves that p is indeed a non trivial extension of pi by p2- Thus he obtains a more 
precise result than Mazur and Wiles, but with the much stronger assumption that 
his pseudocharacter comes from a representation that gives already the searched 
extension modulo the maximal ideal. Our work (see ^1.7p will actually show that 
the possibility of producing a free A/I-module of extensions as he does depends 
fundamentally on that hypotheses, which is very hard to check in practice excepted 
when A is a discrete valuation ring, or when T allows to construct only one extension 
of pi by p2. 

One of us studied ([B2j) the case of an arbitrary number of residual factors 
r (and an arbitrary d) but as Ribet with A a complete discrete valuation ring. 
The main feature here is that the optimal result about extensions becomes more 
combinatorially involved. Assuming that p is generically irreducible, we can say 
nothing about the vanishing of an individual space of extensions Ext]^^f^{pi, pj). 
What we can say is that there are enough couples (z, j) in {1, ... , r}^ with non-zero 
Extjj^^ (pi , Pj ) for the graph drawn by the oriented edges {i,j) to be connected. 
This result was soon after extended to deal with extensions over A/ 1 assuming the 
residual multiplicity one hypothesis, in a joint work with P. Graftieaux in |BGj . 
The combinatorial description of extensions we will obtain here is reminiscent of 
the results of that work. 

Let us conclude those historical remarks by noting that two basic questions are 
not answered by all the results mentioned above : about Ribet's lemma, is it 
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possible to find reasonable hypotheses so that two independent extensions of pi by 
p2 over k exist ? About pseudocharacters (over a strictly local henselian ring A, 
say), for which conceptual reasons a pseudocharacter may not be the trace of a true 
representation ? 

In this work, we will obtain the most general form of Ribet's lemma (for any A 
and T, and implying all the ones above) as well as a satisfactory answer to both 
questions above and more. Indeed we will derive a precise structure theorem for 
residually multiplicity free pseudocharacters, and using this result we are able to 
understand precisely and to provide links (some expected, others rather surprising) 
between the questions of when does a pseudocharacter come from a representation, 
how many extensions it defines, and how its (ir)reducibility behaves with respect 
to changing the ring j4 by a quotient of it. 

We now explain our work, roughly following the order of the subparts of this 
section. 

The first subpart ^1.21 deals with generalities on pseudocharacters. There A is 
not local henselian but can be any commutative ring. Though this part is obvi- 
ously influenced by |Rou| . we have tried to make it self-contained, partly for the 
convenience of the reader, and partly because we anyway needed to improve and 
generalize most of the arguments of Rouquier. We begin by recalling Rouquier's 
definition of a pseudocharacter of dimension d. We then introduce the notion 
of Cayley-Hamilton pseudocharacter T : it means that every x in is killed by 
its "characteristic polynomial" whose coefficients are computed from the T{x^), 
i = 1,. . . ,d. This notion is weaker than the notion of faithfulness that was used 
by Taylor and Rouquier, but it is stable by many operations, and this fact al- 
lows us to give more general statements with often simpler proofs. This notion 
is also closely related with the Cayley-Hamilton trace algebras studied by Procesi 
(see |Pr2j ). Every 74-algebra R with a pseudocharacter T has a bunch of quotients 
on which T factors and becomes Cayley-Hamilton, the smallest of those being the 
unique faithful quotient i?/KerT. We also prove results concerning idempotents, 
and the radical of an algebra with a Cayley-Hamilton pseudocharacters, that will 
be useful in our analysis of residually multiplicity free pseudocharacters. Finally, 
we define and study the notion of Schur functors of a pseudocharacter. 

In ^1.3l and ^1.4^ we study the structure of the residually multiplicity free pseudo- 
characters over a local henselian ring A. We introduce the notion of generalized 
matrix algebra, or briefly GMA, over A. Basically, a GMA over A is an ^-algebra 
whose elements are square matrices (say, of size d) but where we allow the non diag- 
onal entries to be elements of arbitrary A-modules instead of ^ - say the (i, j)-entries 
are elements of the given ^-module Aij. Of course, to define the multiplications 
of such matrices, we need to suppose given some morphisms Aij (^a — *■ ^i,k 
satisfying suitable rules. The result motivating the introduction of GMA is our 
main structure result (proved in ^1.4p . namely : \i T : R — > A is a residually 
multiplicity free pseudocharacter, then every Cayley-Hamilton quotient of i? is a 
GMA. Conversely, we prove that the trace function on any GMA is a Cayley- 
Hamilton pseudocharacter, which is residually multiplicity free if we assume that 
AijAj^i C m (the maximal ideal of ^4) for every i ^ j, which provides us with many 
non trivial examples of such pseudocharacters. This result is a consequence of the 
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main theorem of our study of GMA's ( ^1.3p which states that any GMA over A 
can be embedded, compatibly with the traces function, in an algebra M(i{B) for 
some explicit commutative A-algebra B. Those two results take place in the long- 
studied topic of embedding an abstract algebra in a matrix algebra. It should be 
compared to a result of Procesi ( |Pr2j ) on embeddings of trace algebras in matrix 
algebras : our results deal with less general algebras R, but with more general A, 
since we avoid the characteristic zero hypothesis that was fundamental in Procesi's 
invariants theory methods. 

In ^1.51 we get the dividends of our rather abstract work on the structure of 
residually multiplicity free pseudocharacters. Firstly, for such a pseudocharacter, 
and for every partition of {1, . . . ,r} of cardinality we prove that there exists a 
greatest subscheme of Spec^ on which T is a sum of k pseudocharacters, each of 
which being residually the sum of tr pi for i belonging to an element of the partition. 
We also show that this decomposition of T as a sum of k such pseudocharacters is 
unique, and that those subschemes of Spec {A) do not change if R is changed into a 
quotient on which T factors. They are called the reducibility /oc0 attached to the 
given partition, and they will become one of our main object of study in sectional 
Moreover, if S is any Cayley-Hamilton quotient of R, hence a GMA defined by 
some ^-modules ^jj 's, we give a simple and explicit description of the ideals of the 
reducibility loci in terms of the Ai j. 

Secondly, we construct submodules (explicitly described in terms of the modules 
Aij) of the extensions modules Ext/j(/9j, Pi). This is our version of "Rib et's lemma" , 
as it provides a link between non-trivial extensions of pj by pi and the irreducibility 
properties of T encoded in its reducibility loci, and we show that it is in any 
reasonable sense optimal. 

Nevertheless, and though its simplicity, this result may not seem perfectly sat- 
isfactory, as it involves the unknown modules Aij^s. It may seem desirable to get 
a more direct link between the module of extensions we can construct and the 
reducibility ideals, solving out the modules Aij. However, this is actually a very 
complicated task, that has probably no nice answer in general, as it involves in the 
same times combinatorial and ring-theoretical difficulties : for the combinatorial 
difficulties, and how they can be solved (at a high price in terms of simplicity of 
statements) in a context that is ring-theoretically trivial (namely A a discrete val- 
uation ring), we refer the reader to [BGj ; for the ring-theoretical difficulties in a 
context that is combinatorially trivial we refer the reader to ^1.71 In this subpart, 
we make explicit in the simple case r = 2 the subtle relations our results implies 
between, for a given pseudocharacter T, the modules of extensions that T allows 
to construct, the existence of a representation whose trace is T, the reducibility 
ideal of T and the ring-theoretic properties of A. We also give some criteria for our 
method to construct several independent extensions. Finally, let us say that the 
final sections of this paper will show that our version of Ribet's lemma, as stated, 
can actually easily be used in practice. 

In ^1.61 we determine the local henselian rings A on which every residually multi- 
plicity free pseudocharacter comes from a representation. The answer is surprisingly 



We stress the reader that we could not define those loci without the assumption of residually 
multiplicity one (see [BCh3] ). 
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simple, if we restrict ourselves to noetherian A. Those ^'s are exactly the unique 
factorization domains. The proof relies on our structure result and its converse. 

Finally, in §1.81 we study pseudocharacters having a property of symmetry of 
order two (for example, autodual pseudocharacter). It is natural to expect to 
retrieve this symmetry on the modules of extensions we have constructed, and this 
is what this subsection elucidates. Our main tool is a (not so easy) lemma about 
lifting idempotents "compatibly with an automorphism or an anti-automorphism 
of order two" which may be of independent interest. 

It is a pleasure to acknowledge the influence of all the persons mentioned in 
the historical part of this introduction. Especially important to us have been the 
papers and surveys of Procesi, as well as a few but illuminating discussions with 
him, either at Rome, the ENS, or by email. 



1.2. Some preliminaries on pseudocharacters. 

1.2.1. Definitions. Let vl be a commutative rin^^ and R an ^-algebra (not neces- 
sarily commutative). Let us recall the definition of an A-valued pseudocharacter on 
R introduced by R. Taylor in [Tl §1]. Let T : R — > A be an A-linear map which is 
central, that is such that T{xy) = T{yx) for all x, y £ R. For each integer n > 1, 
define a map Sn{T) : i?" — > A by 

S„(r)(x) = e{a)T%x), 
o-eS„ 

where : R^ — > A is defined as follows. Let x = (xi, x„) G R^. If o" is a cycle, 
say (ji, then set T"'{x) = T{xj^ ■ ■ -Xj^), which is well defined. In general, 

we let T'^{x) = 111=1 ^'^'(^)' where a = \Yi—iCfi is the decomposition in cycles of 
the permutation a. We set Sq{T) := 1. 

The central function T is called a pseudocharacter on R if there exists an integer 
n such that 5„+i(T) = 0, and such that n\ is invertible in R. The smallest such n 
is then called the dimension of T, and it satisfies T{1) = n (see Lemma ll.2.51 (2)i^. 

These notions apply in the special case where R = A[G\ for some group (or 
monoid) G. In this case, T is uniquely determined by the data of its restriction to 
G (central, and satisfying Sn+i{T) = on G""^^). 

liT : R — > A is an 74-valued pseudocharacter on R of dimension d and if A' is 
a commutative A-algebra, then the induced linear map T ® A' : R® A' — > A' is 
an ^4'- valued pseudocharacter on R of dimension d. 



In all the paper, rings and algebras are associative and have a unit, and a ring homomorphism 
preserves the unit. 

"'^^The definition of a pseudocharacter of dimension n used here looks slightly more restrictive 
than the one introduced in [T] or [Rou] . as we assume that n\ is invertible. This assumption on 
n! is first crucial to express the Cayley-Hamilton theorem from the trace, which is a basic link 
between pseudocharacters and true representations, and also to avoid a strange behavior of the 
dimension of pseudocharacters with base change. Note that Taylor's theorem concerns the case 
where A is a field of characteristic 0, hence n! is invertible. Moreover, Lemma 2.13 of [Rou] does 
not hold when d\ is not invertible, hence this hypothesis should be added a priori in the hypothesis 
of Lemma 4.1 and Theorem 5.1 there (see also remark [T]2]6| . 
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1.2.2. Main example. Let V := A'^ and p : R — > End^(y) be a morphism of A- 
algebras. For each n > 1, V^^n carries an ^-linear representation of S„ and a di- 
agonal action of the underl yin g multiplicative monoid of i?". If e = ^^-eSn ^('^)<7 ^ 
j4[6„], then a computatioro shows that for x S 

tr(xe|y®^") = 5„(tr(p))(x). 

As e acts by on V"^^^ if n > d, the central function T := tr {p) is a pseudochar- 
acter of dimension d (assuming that d is invertible in A). Moreover, when p is an 
isomorphism, an easy computation using standard matrices shows that T is the 
unique ^-valued pseudocharacter of dimension d oi R = Md{A). By faithfully flat 
descent, these results hold also when Endyi(y) is replaced by any Azumaya algebra 
of rank d^ over A, and when tr is its reduced trace. 

It is known that a pseudocharacter T : R — > A arises from a representation 
of R in an Azumaya algebra as above, essentially uniquely, under some suitable 
irreducibility hypothesis: when A is a field and T is absolutely irreducible ([Xl thm. 
1.2] in characteristic 0, relying on the work of Procesi in |Prl| . and |Rou[ thm. 4.2] 
in any characteristic by a different proof, see these references for the definition of 
absolutely irreducible), and more generally when T®A/m is absolutely irreducible 
for all m G Specmax(74) ((RouJ thm. 5.1], |Nys| when A is local henselian). One 
main goal of this section is to study the general case where A is local and A/m 
is reducible and satisfies a multiplicity one hypothesis (def. 11.4.11 ^1.6p l. 

1.2.3. The Cayley-Hamilton identity and Cayley-Hamilton pseudocharacters. Let 
T : R — > j4 be a pseudocharacter of dimension d. For x £ R, let 

P,,t{X) ■■=xUY^ tl}!lsk{T){x, . . . , x)X^-'' G A[X]. 

k=l 

In the example given in ^1.2.21 Px^xiX) is the usual characteristic polynomial of x. 
We will say that T is Cayley-Hamilton if it satisfies the Cayley-Hamilton identity, 
that is if 

for all xeR, P^^rix) = 0. 

In this case, R is integral over A. The algebra R equipped with T is then a Cayley- 
Hamilton algebra in the sense of C. Procesi |Pr21 def. 2.6]. 

An important observation is that for a general pseudocharacter T : R — > A of 
dimension d, the map R — > R, x Px,t{x), is the evaluation at (x, . . . ,x) of a 
d-linear symmetric map CH(T) : R'^ — > R, explicitly given by: 

CH(r)(xi, ...,xd):= ^^^(-l)l^l5,_|7|(T)({x,, i ^ /})x,(i) • • • x,([,[), 

1,(7 

where / is a subset of {1, ... , d} and a a bijection from {1, . . . , |/|} to /. A first 
consequence of the polarization identity ( |BkiH Alg., Chap. I, §8, prop. 2], applied 
to the ring Symm^(itl)) is that T is Cayley-Hamilton if and only if CH(T) = 0. 



For instance, reducing to the case where R = EndA(l^) and using the polarization identity 
for symmetric multi-linear forms, it suffices to check it when x = {y,y, - ■ ■ ,y) (see also [Prll §1.1], 
[Roul prop. 3.1]). 
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In particular, if T is Cayley-Hamilton then for any A-algebra A', T ® A' is also 
C ay ley-Hamilton . 

In the same way, we see that for xi, . . . , Xd+i S i?, we have 

(1) 5d+i(T)(xi, . . .,Xd+i) = d\T{CB.{T){xi, . . .,Xd)xd+i), 

hence a good way to think about the identity Sd+i (T) = defining a pseudochar- 
acter is to see it as a polarized, A-valued, form of the Cayley-Hamilton identity. 

1.2.4. Faithful pseudocharacters, the kernel of a pseudocharacter. We recall that 
the kernel of T is the two-sided ideal Ker T of R defined by 

KerT := {x £ R, Wy £ R,T{xy) = 0} 

T is said to be faithful when KerT = 0. If — > S is a surjective morphism of 
A-algebras whose kernel is included in KerT, then T factors uniquely as a pseu- 
docharacter Ts : S — > A, which is still of dimension d, and which will be often 
denoted by T. In particular, T induces a faithful pseudocharacter on R/KeiT. 

Assume that T is faithful, then T is Cayley-Hamilton by the formula ^ above 
(see also [Roul lemme 2.12]). More generally, let {Ti)l^-^ be a family of pseudochar- 
acters R — > A such that the integer d := dimTi -|- • • • -|- dimT^ is invertible in A. 
Then T := Tj is a pseudocharacter of dimension d, and for all x £ R, 

r 

Px,T = llPx,T, 
i=l 

(we may assume that r = 2, in which case it follows from |Roul lemme 2.2]). 
As a consequence, Px,t{x) G (KerTi)(Kerr2) • • • (Ker T^) C Pl^KerTj, hence T : 
R/{riiKerTi) — > A is Cayley-Hamilton. The following lemma is obvious from the 
formula of Px^riX), but useful. 

Lemma 1.2.1. Let T : R — > A be a Cayley-Hamilton pseudocharacter of dimen- 
sion d, then for each x E KerT we have x'^ = 0. In particular KerT is a nil ideal, 
and is contained in the Jacobson ideal of R. 

Remark 1.2.2. If A' is an ^-algebra and T is faithful, it is not true in general 
that T fSi A' is still faithful. Although we will not need it in what follows, let us 
mention that this is however the case when A' is projective as an ^-module (so e.g. 
when A is a field), or when A' is flat over A and either R of finite type over A (see 
[Rout prop. 2.11]) or A is noetherian (mimic the proof loc. cit. and use that A-^ is 
flat over A for any set X). 

1.2.5. Cayley-Hamilton quotients. 

Definition 1.2.3. Let T : R — > ^ be a pseudocharacter of dimension d. Then 
a quotient 5 of i? by a two-sided ideal of R which is included in Ker T, and such 
that the induced pseudocharacter T : S — > A is Cayley-Hamilton, is called a 
Cayley-Hamilton quotient of {R,T). 

Example 1.2.4. (i) i2/KerT is a Cayley-Hamilton quotient of {R,T). 

(ii) Let / be the two-sided ideal of R generated by the elements Px,t{x) for all 
x £ R. Then := R/I is a Cayley-Hamilton quotient of (i?,T). Indeed, 
/ C KerT by ([T|) and T is obviously Cayley-Hamilton on Sq. 



p-ADIC FAMILIES OF GALOIS REPRESENTATIONS 



17 



(iii) Let S be a commutative A-algebra and p : R — > M^(i3) be a representation 
such that tr op = T. Then p{R) is a Cayley-Hamilton quotient on T. Indeed, 
Ker p is obviously included in Ker T and T is Cayley-Hamilton on p{R) by 
the usual Cayley-Hamilton theorem. 

The Cayley-Hamilton quotients of (i?, T) form in a natural way a category : 
morphisms are ^-algebra morphisms which are compatible with the morphism from 
R. Thus in that category any morphism Si — > S2 is surjective, and has kernel 
KerTs^ which is a nil ideal by Lemma ll.2.1[ Note that 5*0 is the initial object and 
R/KeiT the final object of that category. 

1.2.6. Two useful lemmas on pseudocharacters. Let T : R — > A be a pseudochar- 
acter of dimension d. Recall that an element e G R is said to be idempotent if 
= e. The subset eRe C R is then an A-algebra whose unit element is e. 

Lemma 1.2.5. Assume that Spec{A) is connected. 

(1) For each idempotent e € R, T[e) is an integer less or equal to d. 

(2) We have T(l) = d. Moreover, if A' is any A-algehra, the pseudocharacter 
T A' has dimension d. 

(3) If e ^ R is an idempotent, the restriction ofT to the A-algehra eRe is a 
pseudocharacter of dimension T{e). 

(4) IfT is Cayley-Hamilton (resp. faithful), then so is Tg. 

(5) Assume that T is Cayley-Hamilton. Ifei,...,er is a family of (nonzero) 
orthogonal idempotents of R, then r < d. Moreover, if T(e) = for some 
idempotent e of R, then e = 0. 

Proof — Let us prove (1). By definition of Sd+i{T) and |Roul cor. 3.2], 

(2) 5,+i(r)(e,e,...,e)= e(a)T(e)H = r(e)(r(e) - 1) • • • (r(e) - d) = 

in A, where is the number of cycles of a. The discriminant of the split polynomial 
X{X—1) ■ ■ ■ (X—d) £ A[X] is dl , hence is invertible in A. As Spec (A) is connected, 
we get that T(e) = i for some i < d. This proves (1). 

To prove (2), apply (1) to e = 1. We see that r(l) = z is an integer less 
than d. But following the proof of [Rou^ prop. 2.4], there is x £ A — {0} such 
that x{T[l) — d) = 0, Then x{i — d) = 0, and because i — d is invertible if non 
zero, we must have i = d = T{1). In particular, S(i{T){l, 1, . . . , 1) = T(1)(T(1) — 
1) . . . (r(l) — d-\-l) = d\is invertible, hence Sd{T fSi A'){1, . . . , 1) is non zero, which 
proves (2). 

Let Te := T^eRe ■ C-Re — > A. For all n, we have Sn{Te) = S'„(T)|(ej:jg)n+i , so that 
Te is a pseudocharacter of dimension < d. As e is the unit of eRe, and T(e)! is 
invertible in A by (1), part (2) implies that dimTg = T(e). 

If X € eRe and y G R, then T{xy) = T{exey) = T{xeye) = Te(xeye), hence Tg 
is faithful if T is. Assume now that T is Cayley-Hamilton and fix x G eRe. Let us 
compute 

eCH(T)(x,...,x,(l-e),...,(l-e)) 

where x appears r := T(e) times. As x(l — e) = e(l — e) =0, we see that the 
only nonvanishing terms defining the sum above are the ones with (/, a) satisfying 
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\I\ < r and (t({1, . . . , |/|}) C {1, • • • ,r}. For such a term, it follows from \Kou\ 
lemme 2.5] that 

Sd-\i\{T){{xi,i ^ I}) = Sr^\i\{T){x, . . . ,x)Sd-r{T){l - e, . . . , 1 - e). 

As we have seen in proving part (2) above, and by (3), S(i-r{T){l — e, . . . , 1 — e) = 
S'rf_r(Ti_e)(l — e, . . . , 1 — e) = (d — r)! is invertible. We proved that: 

eCH(r)(x, . . . , :e, (1 - e), . . . , (1 - e)) = il^ll!!cH(re)(x, . . . , x)e, 

hence Tg is Cayley-Hamilton if T is. 

Let us prove (5), we assume that T is Cayley-Hamilton. Let e be an idempotent 
of R. If e satisfies T{e) = 0, then we see that Pe,T(-^) = X'^, hence e'^ = e = by 
the Cayley-Hamilton identity. As a consequence of (1), if e is nonzero then T{e) is 
invertible. Assume now by contradiction that ei, . . . , e^+i is a family of orthogonal 
nonzero idempotents of R. Then we get that S'rf+i(ei, . . . , e^+i) = T{ei) ■ ■ ■ T{ed+i), 
which has to be invertible and zero, a contradiction. □ 

Remark 1.2.6. Lemma 2.14 of |Rouj is obviously incorrect as stated, and must 
be replaced by the part (5) of the above lemma (it is used in the proofs of Lemma 
4.1 and Theorem 5.1 there). 

We conclude by computing the Jacobson radical of R when T is Cayley-Hamilton. 
In what follows, ^ is a local ring with maximal ideal m and residue field k := A/m. 
We will denote by R the A:-algebra R0a k = R/mR, and by T the pseudocharacter 
T®k:R — >k. 

Lemma 1.2.7. Assume that T is Cayley-Hamilton. Then the kernel of the canon- 
ical surjection R — > R/KerT is the Jacobson radical rad(i?) of R. 

Proof — Let J denote the kernel above, it is a two-sided ideal of R. By |Roul 
lemma 4.1] (see precisely the sixth paragraph of the proof there), i?/(KerT) is a 
semisimple /c-algebra, hence rad(i?) C J. 

Let X G J ; we will show that 1 + x £ R* . We have T{xy) £ m,yy £ R, hence 
T(x*) G m for all i, so that by the Cayley-Hamilton identity x'^ G m(A[x]). Let us 
consider the commutative finite A-algebra B := A[x\. Then B is local with maximal 
ideal (m,x), as B/mB is. As a consequence, 1 + x is invertible in B, hence in R. 
As J is a two-sided ideal of R such that 1 + J C i?*, we have J C rad(i?). □ 

1.2.7. Tensor operations on pseudocharacters. In this section we assume that A is 
a Q-algebra. All the tensor products involved below are assumed to be over A. 

Let R be an ^-algebra, T : R — > A be a pseudocharacter of dimension d, and m 
a positive integer. We define T®™- : Ji^"^ — > j[ ^s the A-linear form that satisfies 

(3) T{xi(^ ■ ■ ■ (g, Xm) =T{xi) . . .T{Xm)- 

Let us denote by ii®™'[(3m] the twisted group algebra of 6m over R"^^ satisfying 

a ■ Xi(g) ■ ■ ■ ^ Xm = X^(^i) (g) • • • (gi 2;cr(m) ' f'"- 
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We can then extend T®™ to an yl-linear map R'^"^[&m] — > ^ by setting 

U{xi • • • (8) Xm • (j) := T'^ixi, ■■■ , Xm) 
(see ^1.2. H note that this map coincides with T*^™ on the subalgebra i?®*"). 
Proposition 1.2.8. T*^™ and U are both pseudocharacters of dimension d™. 

Proof — By |Pr2j . there is a commutative j4-algebra B, with A C B, and a 
morphism p : R — > Md{B) = EndB(-B'^) of A-algebras such that tr p{x) = T{x)1b 
for every x £ R. Let p^"" : R®"^ — > Endij((B'^)®'") = Mdm{B) be the mth tensor 
power of p. The equahty trp®™'(z) = T'^™(z)1b follows from ^ for pure tensors 
z E i?^™ and then by ^-linearity for all z. We deduce tr p®"^ = T as A C B. Thus 
T®"^ is a pseudocharacter, being the trace of a representation. 

We can extend the morphism p®™ : i?®"* — > EndB((-B'^)®™') into a morphism 
p' : i?®""[em] — > Ends ((5'')®™) by letting act by permutat ions on the m 
tensor components of (^B"^)®^. It is an easy computation to check that the trace of 
p' is U . So [/ is a pseudocharacter. □ 



Remark 1.2.9. It should be true that more generally, if for i = 1, 2, Tj : Ri — > A 
is a pseudocharacter of dimension di , and if T : i?i i?2 — > ^ is the A- linear map 
defined by 

T{xi0X2) =Ti{xi)T2{x2), 

then r is a pseudocharacter of dimension did2- It is probably possible to deduce 
directly the formula S'rfjrf2+i(T) = from the formulas S'd.+i(Ti) = 0, i = 1,2, but 
we have not written down a prooF^. 

To conclude this paragraph, we give an application of the preceding proposition 
to the construction of the Schur functors of a given pseudocharacter in the case 
when R := A[G] with G a group or a monoid. 

Let T : A[G] — > A be pseudocharacter and let m > 1 be an integer. There is a 
natural A-algebra embedding 

: A[G] i?^™[6™] = A[G" X e„] 

extending the diagonal map G — > G"*. Let e G Q[(3m] be any central idempotent. 
As the image of im commutes with &m, the map 

: A[G] -^A, x^ U{i^{x)e), 

is a pseudocharacter by Proposition 11.2.81 



Note also that the proof of the proposition above would break on the fact that if pi : Ri — > 
Md{Bi) are representations of trace Ti given by [Pr2] . it does not follow from A (Z Bi that the 
map A — > El ®a B2 is injective, so that we cannot find a representation whose trace is T, but 
only a representation whose trace coincides with T after reduction to the image of A in B\ ®a B2. 
However this line of reasoning would imply the result that T is a pseudocharacter in two cases : if 
A is reduced, because in that case, we can take Bi = B2 equal to the product of algebraic closures 
of residue fields of all points of Spec (A), and pi : Ri — > Md{B) be the "diagonal" representation 
deduced from Ti ; and if A is local henselian, Ti residually multiplicity free (see >il.4.ip . since in 
this case we may use Proposition II . 3 . 13l to produce representations pi : R — > Md{Bi) of trace T 
such that yl is a direct factor of Bi, so that we know that A C Bi ®a -82- 



20 



J. BELLAiCHE AND G. CHENEVIER 



Remark 1.2.10. (i) In the special case when e = :^{Ylcre& ^i'^)^)^ then we 
set as usual A'"(T) := T^ Note that T^g) = ^S^m{T){g^- ■ ■ ,g) for g e G. 
(ii) It follows easily from the definitions that when T (resp. Ti and T2) is the 
trace of a representation G — > GL{V) (resp. of some representations Vi 
and V2), then T*^ (resp. T1T2) is the trace of the representation of G on 
e(y®'") (resp. on Fa)- 

1.3. Generalized matrix algebras. 

Let di, . . . ,dr be nonzero positive integers, and d := di + ■ ■ ■ + dr- 
1.3.1. Definitions, notations and examples. 

Definition 1.3.1. Let A be a commutative ring and R an ^-algebra. We will say 
that R is a generalized matrix algebra ( GMA) of type (di, . . . , dr) if R is equipped 
with: 

(i) a family orthogonal idempotents ei, . . . , e,- of sum 1, 

(ii) for each i, an ^-algebra isomorphism tpi : CiRei — > M^, (A), 

such that the trace map T : R — > A, defined by T{x) := Yll^i ti {ipi{eixei)), 
satisfies T{xy) = T{yx) for all x,y G R. We will call £ = {ei^iil^i^ii = 1, . . . , r} the 
data of idempotents of R. 

Remark 1.3.2. If i? is a GMA as above, then R equipped with the map T(»)l/j 

is a trace algebra in the sense of Procesi |Pr2| . 

Notation 1.3.3. If {R,£) is GMA as above, we shall often use the following nota- 
tions. For 1 < i < r,l < k,l < di, there is a unique element E^''' S CiRci such that 
il)i{E^'^) is the elementary matrix of M^. (^) with unique nonzero coefficient at row 
k and column /. These elements satisfy the usual relations 

Cj = "^^KkKdi ^i'^ J AEj'^ is free of rank one over A. Clearly, the data of 
the E^''' satisfying these last three conditions is equivalent to condition (ii) in the 
definition of R. For each i, we set also Ei '■= E-' . 

Example 1.3.4. Let ^ be a commutative ring, and -B be a commutative A-algebra. 
Let Aij, 1 < i,j < r, be a family of A-submodules of B satisfying the following 
properties: 

(4) For ah i, j, k, Ai^i = A, Ai,jAj,k C ^i,fc 
Then the following A-submodule R of M^^B) 

/ Md,{Al,l) Md,,d2{M,2) ... Md,,dMl,r)\ 
Md2,dAM,l) MdM2,2) ... Md,,dM2,r) 

(5) . : •. : 

\Md,,dMr,l) Md,4Mr,2) ... MdMr,r) j 

is an ^-subalgebra. Let Cj S Md{B) be the matrix which is the identity in the i^^ 
diagonal block (of size di) and elsewhere. As Ai^i = A, Ci belongs to R, and in R 
we have a decomposition in orthogonal idempotents 

1 = ei + 62 H \- er- 
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We also have canonical isomorphisms ipi : eiRei — > M^^. (^). Hence R together 
with {ei,ij)i,i = 1, . . . , r} is a GMA, and the trace T is the restriction of the trace 
of Md{B). Note that assuming d\ invertible in A, ^1.2.21 shows that T is a pseudo- 
character of dimension d over R, which is Cayley-Hamilton (see ^1.2. 3p . 

The GMA R is called the standard GMA of type {di,. . . ,dr) associated to the 
A-submodules Aij ofB. 

1.3.2. Structure of a GMA. Let R be GMA of type {di,...,dr). We will attach to 
it a canonical family of ^-modules Aij C R, 1 < i, j < r, as follows. Set 

For each triple 1 < i,j,k < r, we have 

in R, hence the product in R induces a map 

^i^j,k • '^ifj ^j,k ^ 

Moreover, T induces an ^-linear isomorphism 

Ai^i ^ A. 

By Morita equivalence, the map induced by the produclF^ of R 

CiREi (g) Ai^j ® EjRcj — > CiRcj 

is an isomorphism of CiRci (8) eji?°PPej-modules. In particular, with the help of ipi 
and ipj, we get a canonical identification 

as a module over CiRci (8> ejR^^^ej = Md^{A) Cg> Mdj{A)°^'P . Moreover, in terms 
of these identifications, the natural map induced by the product in R, CiRej 
ejRek — > CiRck, is the map Md^^^iAij) O Mdj,dki-^j,k) — > Afrf^,dfc(A,fc) induced 
by ^i,j,k- 

To summarize all of this, there is a canonical isomorphism of A- algebra 

/ MdMl,l) Md,,d2iM,2) ••• Md,,dMl,r)\ 

Md,,dM2,l) MdM2,2) ... Md,,dM2,r) 
(6) . . . . 

V Md,^d2i-Ar,2) ... MdMr,r) J 

where the right hand side is a notation for the algebra that is 0j j Md^^dj{-^i,j) as 
an 74-module, and whose product is defined by the usual matrix product formula, 
using the fij^kS to multiply entries. Moreover, we have canonical isomorphisms 
Ai^i A. By an abuse of language, we will often write this precise isomorphism 
as an equality Ai^i = A. 

Let us consider the following sets of conditions on the (pij^^s: 

(UNIT) For all i, Ai,i = A and for all (fi^ij ■ A Aij — > Aij (resp. 
(ft J J ■ Aij (8) A — > is the A- module structure of Aij. 

(ASSO) For all i,j,k,l, the two natural maps Aij<SiAj^k'^-Ak,i — > -^1,1 coincide. 

the tensor products below are assumed to be over A. 
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(COM) For all i,j and for all x G Aij, y G Aj^i, we have fij,i{x<Siy) = <Pj^ij{y<Six). 

Lemma 1.3.5. The (fij^k's above satisfy the conditions (UNIT), (ASSO) and 
(COM). The (pij,i 's are nondegenerate if and only if T : R — > A, x ® y ^ 
T{xy), is nondegenerate. 

Proof — First, (ASSO) follows from the associativity of the product in R. To 
check (UNIT), we must show that for all i,j, and for all x,y ^ R, then EixEiyEj = 
T{EixEi)EiyEj and EixEjyEj = T{EjyEj)EixEj. As T{R) = ^ is in the center 
of R, it suffices to check that for all i, and for all x e R, 

EixEi = T{EixEi)Ei, 

but this is obvious. The property (COM) holds as T{xy) = T{yx) for all x,y & R, 

Note that ii x E R and i ^ j, T{eixej) = T{ejeix) = 0. Hence for x G Aij and 
y G Ai'j' with i' ^ j or j' ^ i, we have T{xy) = Yll=i T{eixyei) =0. □ 

Reciprocally, if we have a family of A-modules Aij, ^ < i, j < r, equipped with 
A-linear maps (pij^k ■ Aij Aj^k — ^ A,fc satisfying (UNIT), (ASSO) and (COM), 
then we leave as an exercise to the reader to check that R := ®i,jMci,.^dj{Aij) has a 
unique structure of GMA of type (cZi, . . . , dr) such that for all i,j, EiREj = Aij. 

1.3.3. Representations of a GMA. If R is an A-algebra, we will call representation 
of R any morphism of ^-algebras p : R — > Mn{B), where i? is a commutative 
^-algebra. If R is equipped with a central function T : R — > A, we will say that 

/5 is a trace representation if tr o p[x) = T{x)1b for any x £ R. 

Let {R,£) be a GMA of type (di, . . . ,dr). We will be interested by the trace 
representations of R, and especially by those that are compatible with the structure 
£, as follows: 

Definition 1.3.6. Let B be a commutative A-algebra. A representation p : R — > 
M(i{B) is said to be adapted to £ if its restriction to the A-subalgebra ®\^ieiRei is 
the composite of the representation 0[=i'0i by the natural "diagonal" map M^^ {A)® 
■■■®MdM) ~^Md{B). 

Obviously, an adapted representation is a trace representation. In the other 
direction we have : 

Lemma 1.3.7. Let B he a commutative A-algehra and p : R — > Md{B) he a 
trace representation. Then there is a commutative ring C containing B and a 
P G GLd{C) such that PpP~^ : R — *■ Mrf(C) is adapted to £. Moreover, if every 
finite type projective B -module is free, then we can take C = B. 

Proof — As tr op = T, the p{Ef'^ys form an orthogonal family of d idempotents of 
trace 1 of Mrf(i?) whose sum is 1. As a consequence, in the i?-module decomposition 

B'' = e,,kP{E^'')iB% 

the modules p{E^'^){B'^ys are projective, hence become free (of rank 1) over a 
suitable ring C containing B (and of course we can take C = i? if those modules 
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are already free). We now define a C-basis fi,-- - ifd of as follows. For each 
1 < i < r, choose first gi a C-basis p{El'^){C'^). Then for 1 < A; < dj, 

/di+---+di_i+fc := p{E^'^){gi) 

is a C-basis of p{EY'){C'^). By construction, in this new C-basis, p is adapted to 
S. □ 

Let us call C the natural covariant functor from commutative ^-algebras to 
sets such that for a commutative A-algebra B, G{B) is the set of representations 
p : R — > M(i{B) adapted to £. 

Let -B be a commutative algebra and p G G{B). By a slight abuse of language 
we set Ei := p{Ei) G Md{B). By definition, for each p{EiREj) = Eip{R)Ej, 
hence it falls into the -B-module of matrices whose coefficients are everywhere, 
except on line di + ■ ■ ■ + di-i + 1 and row di + ■ ■ ■ + + 1. We get this way 
an A-linear map fij : Aij — > B, whose image is an ^-sub module of B which we 
denote by Aij. Hence 

Proposition 1.3.8. The subalgebra p{R) of Md{B) is the standard GMA of type 
(di, . . . ,dr) associated to the A-submodules Aij of B (see example \1.3.4^ . 

Moreover, the /jj's have the two following properties: 

(i) fi^i is the structural map A — > B, 

(ii) the product ■ : B ® B — > B induces the ipij^^s, i.e. 

V^, j, k, fi^k ° Vi,j,k = fi,j ■ fj,k- 
This leads us to introduce the following new functor. If i? is a commutative A- 
algebra, let F{B) be the set of {fi,j)i<i,j<r, where fij : Aij — > B is an ^-linear 
map, satisfying conditions (i) and (ii) above. It is easy to check that is a covariant 
functor from commutative A-algebras to sets. In the discussion above, we attached 
to each p £ G{B) an element fp = (/ij) G F{B). 

Proposition 1.3.9. p ^ fp induces an isomorphism of functors G F. Both 
those functors are representahle by a commutative A-algebra iJ""™. 

Proof — Let i? be a commutative A-algebra and / := {fij) G F{B). Then / 
induces coefficient-wise a natural map 

Pf:R = ®i,jMd^,d,{Aij) ®i,jMd^A,{B) = Md{B). 

This map is by definition a morphism of A-algebra which is adapted to £. We get 
this way a morphism F — > C which is obviously an inverse of p ^ fp constructed 
above. 

To prove the second assertion, it suffices to prove that F is representable. If M 
is an A-module, we will denote by Symm(M) := ©fc>oSymm'^(M) the symmetric 
A-algebra of M. We set 

fi:=Symm(0A,i). 

Let J be the ideal of B generated by all the elements of the form b® c — (p{b c), 
where b £ Aij, c £ Aj^k and ip = fij,k, for all i, j and k in {1, ... , r}. It is obvious 
that 5"°''' := B/I, equipped with the canonical element {fij : Aij 5"°''')ij G 
FlB^'^"), is the universal object we are looking for. □ 
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1.3.4. An embedding problem. It is a natural question to ask when a trace algebra 
(i?, T) has an injective trace representation of dimension d, that is, when it can 
be embedded trace compatibly in a matrix algebra over a commutative ring. A 
beautiful theorem of Procesi jPr2j| gives a very satisfactory answer when A is a 
Q-algebra : {R, T) has an injective trace representation of dimension d if and only 
if T satisfies the d-th Cayley-Hamilton identity (see |Pr2j and ^1.2.3p . 

Assume that {R,£) is a GMA. Then we may ask two natural questions : 

(1) Is there an injective d-dimensional trace representation of i? ? 

(2) Is there an injective d-dimensional adapted representation of i? ? 

Actually, it turns out that those questions are equivalent. Indeed, \i p : R — > 
M(i{B) is an injective trace representation, then Lemma 11.3.71 gives an injective 
adapted representation R — > Md{C) for some ring C D B. By elementary reasoning, 
question (2) is equivalent to the following questions (3) and (4). 

(3) Is the universal adapted representation p : R — > Mci(i?"°'^) injective ? 

(4) Are the universal maps fi,j : Aij — > j^umv j^jgctives ? 

For a GMA for which we know a priori that T is a Cayley-Hamilton pseudochar- 
acter of dimension d (residually multiplicity free Cayley-Hamilton pseudocharacters 
over local henselian rings are examples of such a situation - see ^1.4p . Procesi's re- 
sult gives a positive answer to question (1), hence to questions (2) to (4) as well, 
in the case where A is a Q-algebra. We shall give below a positive answer in the 
general case to those questions. As a consequence, by Proposition ll.3.8[ any GMA 
is isomorphic to some standard GMA of Example 11.3.41 and its trace is a Cayley- 
Hamilton pseudocharacter of dimension d. Note that it does not seem much easier 
to prove first this last fact. 

This result (the positive answer to questions (1) to (4)) will be used in its full 
generality only in the proof of the Theorem ll.6.31 (and here only for r = 2), and also 
to prove the converse of Theorem 11.4.41 (i) (see Example II. 4. 2p . In particular, it is 
not needed for the Galois theoretic applications of the following sections. However, 
we shall use several times this result in a special case (see ^1.3.5l below) where there 
is a much simpler proof, and where more precise results are available. Hence, for 
the commodity of the reader, we first give the proof in this special case. 

1.3.5. Solution of the embedding problem in the reduced and nondegenerate case. 
Let / = {l,...,r} and assume that we are giv en a family of A-modules Aij, 
i,j G I, and for each i,j, k in I an A-linear mapo 

which satisfy (UNIT), (ASSO) and (COM). We denote by F again the functor 
from commutative j4-algebras to sets which is associated to this data, as defined in 

Lemma 1.3.10. (i) Assume that the Aij 's are free of rank 1 over A, and that 
the (pij^k ore isomorphisms. Then there is a (fij) G F{A) such that the 
fij 's are isomorphisms. 



the tensor products below are assumed to be over A. 
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(ii) The relation i ^ j if, and only if, Aij is free of rank one and fij^i is an 
isomorphism, is an equivalence relation on I. Moreover, if i ^ j ^ k, then 
^i,j,k is an isomorphism. 

Proof — We show first (i). Let eij be an j4-basis of Aij. As ^ij,k is an iso- 
morphism, there exists a unique Xij^k £ A* such that (pij^kisij ® ej^k) = ^i,j,kei,k- 
Let us fix some io S /. For all i,j, set /Xjj := \,io,j- We claim that the A-linear 
isomorphisms fij := Aij — > A defined by fij{eij) = satisfy (fij) S F{A). 
It suffices to check that for all i,j,k, we have HijfJ-j^k = \,j,klJ'i,k- But this is the 
hypothesis (ASSO) applied to i,io,j and k. 

Let us show (ii). By (UNIT) we have i ^ i, and by (COM) i ~ j implies j ~ i. 
If z ~ J and j ~ A; we claim that fij^k and is an isomorphism. It will imply that 
Ai^k and Ak,i is free of rank 1 over A, and that (pi^k,i is an isomorphism by (ASSO), 
hence i ^ k. Using (UNIT) and (ASSO), we check easiljEl the equality of linear 
maps 

^i,k,i ° i^i,j,k ® ^k,j,i) = ^j,k,j ■ ■ ® •^j,k ® Ak,j ® Aj^i > A. 

As z ~ j and j ~ k, it implies that ^ij,k is injective. The surjectivity of ^ij^k comes 
from the fact that the natural map 

*^i,k ^ ^kj ^ *^^,/^; 

is an isomorphism (as j ~ k) whose image is contained in lva.{ipi^j^k) by (ASSO). □ 

Before stating the main proposition of this subsection, we need to recall some 
definitions from commutative algebra. If yl is a commutative ring, recall that the 
total fraction ring of A is the fraction ring Prac(^) := S~^A where 5" C A is the 
multiplicative subset of nonzerodivisors of A, that is / G S" if and only if the map 
g 1-^ gf, A — > ^4, is injective. We check at once that the natural map A S~^A 
is injective and flat, and that each nonzero divisor of S~^A is invertible. Of course, 
5""^^ is the fraction field of j4 if j4 is a domain. 

Proposition 1.3.11. Assume A is reduced. The following properties are equiva- 
lent: 

(i) A has a finite number of minimal prime ideals, 

(ii) A embeds into a finite product of fields, 

(iii) S~^A is a finite product of fields. 

If they are satisfied, S~^A = Wp Ap where the product is over the finite set of 
minimal prime ideals of A. 

Proof — It is clear that (i) is equivalent to (ii). Note that Spec(S'^^yl) C Spec(yl) 
is the subset of prime ideals that do not meet S. For P any minimal prime ideal 
of A, remark that the image of / in = Frac(A/P) is not a zero divisor of this 
latter ring by flatness of j4p over A, so S r\ P = %. In particular, A and S~^A have 

1% (x,y,z,t) G (A,i X Aj,u X Ak,j X Aj,i), using (ASSO), (ASSO) again, and (UNIT), we 
have with the obvious notations: {xy)(zt) — x{y{zt)) — x{{yz)t) = (yz)(xt). In general, to check 
this kind of identities with values in some Ak,i, it suffices to do it in the GMA of type (1, 1, ... , 1) 
defined by the Ai.j, which might be a bit easier (e.g. in the proof of Proposition 1 1 .3.13]) . 
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the same minimal prime ideals, and (iii) implies (i). Moreover, if A has a finite 
number of minimal prime ideals, say Pi, ... , P^, then we have an injection 

n 

1=1. ..r 

so 

(7) 5 = A\ (Pi U • • • U Pr) . 

Assume now that (i) holds, we will show (iii) as well as the last assertion of the 
statement. As A and S~^A have the same minimal prime ideals, we may assume 
that S~^A = A, i.e. that each nonzerodivisor of A is invertible. By d?]), we get 
that for each maximal ideal m of A, m G Uj=i...rPj. By [Bki21 Chap. II, §1.1, Prop. 
2], this implies that each Pj is maximal, hence 

n 

i=l...r 

and we are done. □ 

An A-module M is said to be torsion free if the multiplication by each f £ S 
on M is injective, i.e. if M factors through an S"^^- module. An ^-submodule M 
of 5^^^ is said to be a fractional ideal of S^^A if fM C A for some f £ A which 
is not a zerodivisor. Assume that A is reduced and that S~^A = Kg is a finite 
product of fields. Note that if As = Im (A — > Ks), then As is a fractional ideal 
of K. As a consequence, M C -fC is a fractional ideal if, and only if, for each s, 
Im (M — > Ks) is a fractional ideal of Ks- We will often denote by K the total 
fraction ring S^^A. 

Proposition 1.3.12. Assume that A is reduced and that its total fraction ring K 
is a finite product of fields. Assume moreover that the maps fij^i ■ Aij<^Aj^i — > A 
are nondeaenerat^\ 

Then there exists (fij) G F{K) such that each fij : Ai,j — > K is an injection 
whose image is a fractional ideal of K. Moreover, if A = K is a field, the relation 
i ^ j if, and only if, Aij ^ coincides with the one of Lemma \1.3.1(K 

Proof — Write K = Y\s as a finite product of fields. As Ai^j embeds into 
Y{om.A{Aj^i, A) by assumption, it is torsion free over A, hence embeds into Ai^j^K. 
As A ^ IT is an injection into a fraction ring, we check easily that v^i ® K is 
again nondegeneratCJ, hence so are the ipij,i(E) K^s. By (ASSO) applied to i,j,i,j, 
and by (COM) and (UNIT), we have: 

hence Aij Ks has i^g-dimension < 1 and Aij is isomorphic to a fractional ideal 
of K. It remains only to construct the injections fij of the statement. By what 
we have just seen, we can assume that A = K is a field, and in this case each Aij 
is either or one dimensional over K, and the '■Pij/s are nondegenerate, hence 
isomorphisms. 



^'^That is, that the induced maps Ai,j — > HomA(.4j,i, ^4) are injective. 

^-'^If A is any commutative ring with total fraction ring A, and M any A-module (not 
necessarily of finite type), then the natural map S~^\ioraA{M, A) }iorag-ij^{S~^ Al, A) is 
injective. 
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For i,j £ I, say i ~ j if Aij 7^ 0. As the ^Pij^i are isomorphisms, this relation 
coincides with the one defined in Lemma 11.3.101 (ii) . On each equivalence class of 
the relation ~, we define some /ij's by Lemma 11.3.101 (i), and we set fij := if 
« 9^ j- □ 



1.3.6. Solution of the embedding problem in the general case. Same notations as in 
^1.3.51 We recall that B^^^" is the universal A-algebra representing F (see Propo- 
sition [Oj]) . 

Proposition 1.3.13. The universal maps fij : Aij — > B are A-split injections. 

Proof — We use the notations of the proof of Proposition ll.3.9[ Recall that 
/ = {1, . . . ,r} and set $7 := {(i,j), j G /, i / j}; if x = {i',j') £ Q we will write 
i{x) := i' and j{x) := /. 

If 7 = {xi, . . . , Xs) is a sequence of elements of Q such that for all G {1, . . . , s— 1} 
we have j{xk) = i{xk+i), then we will say that 7 is a path from i{xi) to j{xs), and 
we will set A^ := Ai(^xi).j{xi) ® • • • 'JJ -^i{xs).j{xs)- If moreover i{xi) = j{xs), we will 
say that 7 is a cycle. In this case, rot(7) := (x^, xi, . . . , Xg-i) is again a cycle. Let 
j G I, 7 a path from i to j, and ci, . . . , c„ a sequence of cycles (which can be 
empty). We will call the sequence of paths T = (ci,... ,c„,7) an extended path 
from i to j. If F is such a sequence and {i',j') G we denote by Fj/ the total 
number of times that {i',j') appears in the c^'s or in 7. It will be convenient to 
identify with the set of oriented graph^ with set of vertices I, by associating 
to r = (Tjj)(jj)gQ the graph with Tij edges from i to j. If F is an extended path 
from i to j, we shall say that t(F) := (Fj/j/) G is the underlying graph of F. 

Let deg : — > be the map such that, for r G N^,i G /, deg(r)i is the 
number of arrows in r arriving at i minus the number of arrows departing from i. 
If {i,j) G il, let T{i,j) be the graph with a unique arrow, which goes from i to j. 
If i G /, set T{i,i) = 0. The following lemma is easily checked. 

Lemma 1.3.14. Let i,j G /. 

(i) IfT is an extended path from i to j, then deg(r(F)) = deg(T(i, j)). 

(ii) If T is a graph such that deg(r) = deg(r(i,j)), then r = r(F) for some 
extended path F from i to j. If moreover Ti'ji 7^ and Tji^^' 7^ for some 
i',j', k' G /, then we can assume that the sequence F has a path containing 
{{i' , j'), {j' , k')) as a subpath. 

By (ASSO), for each path 7 from i to j, we have a canonical contraction map 
ip-y : A-y — > Aij. If 7 is a cycle, ip-y goes from A.y to A by (UNIT), and the 
assumption (COM) implies that '^rot{7) = o rot, where rot : .Ai.ot(7) — > -^7 is the 
canonical circular map. We claim now that the following property holds: 

(SYM) For any cycle c having some (i',j') G in common with some path 7', 
the map Lpc<S>id : Ac ^ Ay — > Ay is symmetric in that two Ai'j'^s. 

Indeed, by the rotation property we can assume that c begins with {i',j'), and 
by (ASSO) and (UNIT) that 7' = {i',j'). By (ASSO) and (UNIT) again, we can 



In an oriented graph, we authorize multiple edges between two vertices i and j, with i ^ j, 
but we do not authorize edges from a vertex to itself. 
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assume then that c = ((«',/), in which case it is an easy consequences of 

(ASSO) (apphed with (UNIT) and (COM). 

Fix i,j £ I. Let T = (ci, . . . ,c„,7) be an extended path from i to j. We can 
consider the following A- linear map ipr ■ • • • Ac„ Ay — > Aij, 

\Xk\ (11'^'='= ) '^7(2/)- 

\k=l ) \k=\ ) 

By the property (SYM), c^r factors canonically through a map 

: ® Symm^'=.'(A,/) — > Aij. 

It is clear that: 

(i) for any permutation a E e„, = ^(ci,...,c„,7)' 

(ii) as the ^c^'s are invariant under rotation, ^(rot(ci),...,c„,7) = ^(ci....,c„,7)- 

Let 7 = (xi, . . . , Xg) be a path from i to j and c = (yi, . . . , y^/) be a cycle. We 
will say that 7 and c are linked at i' £ I if there exists S 7 and y^/ S c with 
same origin, that is such that i{xk) = i{yk') = Then can consider the path 
7 U c := (xi, . . .,Xk-i,yk', ■ ■ ■,ys',yi, ■ ■ ■,yk'~i,Xk, ■ ■ -^Xs), which still goes from i 
to j. Then we see that Tp^ij^ = Tp^^^, and it does not depend in particular on the i' 
such that 7 and c are linked at i'. As a consequence, going back to the notation of 
the paragraph above, we have: 

(iii) if 7 and ci (resp. ci and C2) are linked, then ^(ci,„,,c„,7) = ^(c2,...,c„,7Uci) 

(resp. ^(ci,c2,...,c„,7) = ^(ciUc2,C3,...,c„,7))- 

Let now T' be another extended path from i to j. Then using several times the 
"moves" (i), (ii) and (iii), we check at once that = 'ipj-i. Let r G satisfies 
deg(r) = deg(r(i,j)). By Lemma [1.3.141 (ii), we can choose an extended path F 
from i to j with underlying graph r, and define 

'^T-=¥r, Symm^''''(^fc,;) — > Aij, 

which does not depend on F (whose associated graph is r) by what we said above. 

Let us finish the proof of the proposition. The ^-algebras B and is natu- 
rally graded by the additive monoid N^. We have B = (B^-^^nBr, where Br = 
(^^_^^- Symm"^'-^' (^jj). The map deg : Q — > is additive, hence we get a iJ- 
graduatiorEl on B. Obviously, if n G lI , then Bn = ©rgN",deg{T)=n '^t- For this 
latter graduation, the ideal J C ;S is homogeneous, hence B^'^^^ is also graded by 

Fix now i,j E I, and let n := deg(r(f,j)). If deg(r) = n, we constructed above 
a map Tp^ : Br — > Ai,j. By summing all of them we get an A-linear map: 

ip„ . Bn > Aij- 

We claim that 'i^^i-^n) = 0. Assuming that, Tp^ factors through a map 

V'n • )n ^ AiJ' 



23a ctually, it is even graded by the subgroup of whose elements [rii) satisfy nt = 0. 
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Let fij : Aij — > (-B^'^'^)„ denote the canonical map. Then by construction, 
V'n ° fi,j = '^T(i,j) is the identity map. It concludes the proof. 

Let us check the claim. Let b G ^j'j', c G Aj',k' and ip = ipi'j^k'^ for some 
{j',k') S il. By j4-linearity, is suffices to show that Tp^ vanishes on the 
elements of the form x = f®{b®c — ip(b (8) c)), where / is in Bt for some graph 
r satisfying deg(T + r(i', k')) = n. By Lemma ll.3.141 (ii), we can find an extended 
path r from i to j with underlying graph T + T{i' ,j')+T{j' , k'), such that some path 
7' of r contains ((«', j'), A;')) as a subpath. Let T' be the extended path from i to 
j obtained from T by replacing 7' = (• • • , [j' , k'), ■ ■ ■) hy {■ ■ ■ , (i', k'), ■■■). 

By construction, 'ipY{f ® c ® h) = ^r'(/ ® fi^ ® c)), hence ^(2;) = 0. □ 

Remark 1.3.15. When r = 2, a slight modification of the above proof shows that 
the A-linear map A©0„>-^ (Symm"(^i,2) © Symm"(^2,i)) — ' -B""", induced by 
/i^2 and /2,i, is an isomorphism. This describes B^'^" completely in this case. 

As we have noted in 31331 we have : 

Corollary 1.3.16. If {R,£) is a GMA of type {di, . . . ,dr), and if d\ is invert- 
ible in A (where d = di + ■ ■ ■ + dr), then the trace T of R is a Cayley-Hamilton 
pseudocharacter of dimension d. 

1.4. Residually multiplicity-free pseudocharacters. 

1.4.1. Definition. In all this section, ^ is a local henselian ring (see [Raj), m is the 
maximal ideal of A, and k := A/m. Let R be an A-algebra and T : R — > j4 be a 
pseudocharacter of dimension d. Let R .= R ©^ k and T := T ©^ k : R — > k be 
the reductions mod m oi R and T. 

Definition 1.4.1. We say that T is residually multiplicity free if there are rep- 
resentations Pi : R — > Mii.{k), i = 1, . . . ,r, which are absolutely irreducible and 
pairwise nonisomorphic, such that T = "^^^^tr pi. 

We set di := dim pi, we have Yl'i=i d-i = d. 

Example 1.4.2. Let us give an important example. Let {R,£) be a GMA ( ^1.3.ip . 
then its trace T : R — > j4 is a Cayley-Hamilton pseudocharacter by Corol- 
lary [T3T6J We use the notations of ^1.3.21 Assume moreover that for all i ^ j, we 
have 

T{AijAj^i) C m. 

Now, for each i, let pi : R — > Md^{k), r 1— > ['ilji{eirei) modm). Then we see 
easily that the piS are pairwise non isomorphic surjective representation j^. and 
that T = Yl^s=i Pii hence T is residually multiplicity free. The main result of this 
section will show that this example is the general case. 



Note that the maps /ij : Ai.j — > fc, defined to be if i 7^ j, and A k \i i = j, define an 
element of F(k). 
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1.4.2. Lifting idempotents. Let A, R and T be as in ^1.4.1^ and assume that T is 
residually multiplicity free. In particular, we have some representations pi : R — > 
Md^{k) as in definition 11.4. II 

Lemma 1.4.3. Suppose T Cayley-Hamilton. There are orthogonal idempotents 
ei, . . . , Cf, in R such that 

(1) EI=ie. = l. 

(2) For each i, T[ei) = di 

(3) For all x £ R, we have T{eixei) = trpi{x) (mod m) 

(4) Ifi / j, T{eixejyei) £ m for any x,y £ R. 

(5) There is an A-algebra isomorphism ipi : CiRei — > M^. (^4) lifting {pi)\e^Re^ '■ 
CiRci — > Md^{k), and such that for all x G eiRei, T{x) = tr{'ipi{x)). 

Moreover, if e'^, . . . ,e'j. is another family of orthogonal idempotents of R satisfying 
(3), then there exists x £ 1 + rad(i?) such that for all i, = xeiX~^ . 

Proof — Let p : R — > Md{k) be the product of the piS. Because the piS are 
pairwise distinct, the image of p is \Yi=i Md^ik). As p is semisimple, [H thm. 1.1] 
implies that Ker p = Ker T. We have the following diagram 

(8) i?/Ker f '^^^'^ Ul=i (k) 




which commutes by assumption on T, and whose first row is an isomorphism. Let 
us call €i, for / = 1, . . . , r, the central idempotents of R/KeiT corresponding to the 
unit of Md-{k) in this decomposition. 

Bythe Cayley-Hamilton identity, and following |Bki2[ chap. III,§ 4, exercice 
5(b)]^, there exists a family of orthogonal idempotents G i?, i = 1, . . . , r, with 
ei lifting the e^. The element 1 — Cj is an idempotent which is in the radical 
of R by Lemma 11.2.71 hence it is 0, which proves (1). By Lemma ll.2.5f l) T(ej) is 
an integer less than d, and because T(ej) = T(ej) = di, we have T(ej) = di, which 
is (2). 

The assertion (3) follows from the diagram ([8]). In order to prove (5) it suffices 
to show that the image of Cixejyci is zero in R/KerT. But this image is eixejyei 
which is zero by the diagram ([5]), and we are done. 

Now consider the restriction Tj of T to the subalgebra CiRci (with unit element 
Ci) of R. By Lemma 11.2.5( 3). Tj is a pseudocharacter of dimension di = T{ei), 
faithful if T is. By (3), T, is moreover residually absolutely irreducible. If we had 
assumed T faithful, we could have applied [Roul thm. 5.1 or cor. 5.2] and get (5). 
As we assume only T Cayley-Hamilton, we have to argue a bit more. By Lemma 
11.2.51 (41. Tj is Cayley-Hamilton, hence we may assume that r = 1, and we have to 
prove that R = Md{A). By Lemma [1.2.71 and [Bki2i, chap. III,§ 4, exercice 5(c)], we 
can lift the basic matrices of i?/Ker (pi) = Md^{k), i.e. find elements (-E'^'Oi<fc,«<d 

^^The statement is that if A is an henselian local ring, 7? an A-algebra which is integral over A, 
and I a two-sided ideal of R, then any family of orthogonal idempotents of R/I lifts to R. Note 
that is stated there with R a finite A-algebra, but the same proof holds in the integral case. 
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in R satisfying the relations e'^'^E'^''^' = 6i^k'E'^'^' ■ By Lemma [1.2.51 (1), for each 
k e {1,... ,d} we have T{E''''') = 1. By Lemma [L23] (4) , : E^^'^RE^^'' — > A 
is Cayley-Hamilton of dimension 1, hence is an isomorphism and E^'^RE^'^ = 
AE^'^ is free of rank 1 over A. Now, if X G E^^^RE^^\ then 

X = E^'\E^^^x) = E^\T{E^^^x)E^^^) = T{E^'^x)E^^^ £ AE^^\ 

hence R = i AE^'K This concludes the proof of (5) (we even showed that 
Rouquier's Theorem 5.1 holds when faithful is replaced by Cayley-Hamilton). 

To prove the last assertion, note first that the hypothesis on the e- means that 
e'- = Ei, hence by the work above the properties (1) to (5) hold also for the e^'s. As 
CiRci ~ Mrf. (A) is a local ring, the Krull-Schmidt-Azumaya Theorem [CurReH thm. 
(6.12)] (see the remark there, [CurReil prop. 6.6] and [CurReil chap. 6, exercise 
14]), there exists an x £ R* such that for each i, xe^x"^ = e[. Up to conjugation 
by an element in '^■{eiRei)*, we may assume that x G 1 + rad(i?). □ 



1.4.3. The structure theorem. Let A, R, T be as in ^1.4.21 



Theorem 1.4.4. (i) Let S be a Cayley-Hamilton quotient of{R,T). 

Then there is a data £ = {eijil^i,! < i < r} on S for which S is a 
GMA and such that for each i, ipi^ k = {pi)\eiSei- Two such data on S are 
conjugate under S* . Every such data defines A-submodules Ai,j of S that 
satisfy 



AijAj^k ^ Ai^k^ T . Ai 



A, T{AijAj^i) C m 



and 



S ~ 



^dl,d2(A,2) 



Md,,dA^l,r) \ 
Md,,dM2,r) 

MdMr,r) J 



(ii) Assume that A is reduced, and that its total fraction ring K is a finite 
product of fields. Take S = R/KerT. Choose a data £ on S as in (i). 
Then there exists an adapted infective representation p : S — > Md{K) 
whose image has the form 



( MdMi.i) Md,^dMi.2) 

Md^^dM2,l) MdM2,2) 



Md,4Ml,r) \ 
Md^4M2,r) 



\ Mrf,,,rf,(A,l) Md^^d^i^ra) ••• MdMr,r) ) 

where the Aij are fractional ideals of K that satisfy 

^i,j-^j,k C j4j^fc, Ai^i = A, AijAj^i c m. 

Moreover the Aij's are isomorphic to the Ai,j's of part (i), in such a way 
that the map Aij <^a Aj^^ — ^ ^j,fc given by the product in K and the map 
Aij <SiA Aj^k — *■ Ai^k given by the product in R coincide. 
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(iii) Let P G Spec(A), L := Frac(A/P), and assume that T ® L is irreducibl^^. 
If S is any Cayley-Hamilton quotient of {R,T), then S L is trace isomor- 
phic to Md{L). In particular, T ® L is faithful and absolutely irreducible. 

Proof — As 5" is Cayley-Hamilton, Lemma [1.4.31 gives us a data £^ = {cj, V'i, 1 < 
f < r} satisfying (i). 

Assume now moreover that A is as in (ii), and set S := R/KeiT. Since T 
is faithful on S, Lemma 11.3.51 proves that the <fi,j/s are nondegenerate. Then 
Proposition 11.3.121 gives us a family of injections fij : Aij — > L, (fij) £ FiL) 
whose image are fractional ideals. Set Aij := fi,j{Aij). By Proposition 11.3.91 (fij) 
defines an adapted representation p : S — > Md{L) that satisfies (ii). 

Let us prove (iii) . Note that A jP is still local henselian and that S ® A jP is 
a Cayley-Hamilton quotient of {R® AjP^T ® A/P), hence we may assume that 
A \s n domain and that P = 0. In this case, we check at once that the natural 
map (Ker T) ® L — > Ker (T ® L) is an isomorphism. By this and by (i) applied 
to T : S/KeiT — > A, we see that S' := {S L)/(Kerr ® L) is a GMA of 
type {di, . . . ,dr) over L whose trace T (gi L is faithful. As T ® L is irreducible by 
assumption, Proposition 11.3.1^ implies that S' is trace isomorphic to Md{L), as 
the equivalence relation there may only have one class. Let us consider now the 
surjective map 

: 5 — > {S L) / {Ker T0L) ^ Md{L). 

By Lemma ll.2.1i its kernel is in rad(S' (g) L). By an argument already given in part 
(5) of Lemma ll.4.31 (using the lifting of the E^'^^s of M^^L) to S L, and checking 
that they span S f^i L hj Lemma 11.2.51 (1) and (4)), is an isomorphism, which 
concludes the proof. □ 

Remark 1.4.5. If A is reduced and noetherian, it satisfies the conditions of (ii), 
hence the ^i./s and R/KerT are finite type torsion free yl-modules. 

1.5. Reducibility loci and Ext-groups. 

1.5.1. Reducibility loci. Let A be an henselian local ring, R an j4-algebra and T : 
R — > A a residually multiplicity free pseudocharacter of dimension d. We shall 
use the notations of ^1.4.1[ 

Proposition 1.5.1. Let V = iVi, . . . ,Vs) be a partition o/{l, . . . ,r}. There exists 
an ideal Ip of A such that for each ideal J of A, the following property holds if and 
only if I-p C J : 

{dec-p) There exists pseudocharacters Ti, . . . ,Ts : R<Si A/ J — > A/ J such that 

(i) T0A/J = ZUTi, 

(ii) for each I £ {1, . . . , .s} , Ti k = J2ieVi ^^Pi- 

If this property holds, then the Ti 's are uniquely determined and satisfy KerTi C 
Ker{T(g)A/J). 



'This means that T Cg) L is not the sum of two L- valued pseudocharacters on S ^ L. 
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Moreover, if S is a Cayley-Hamilton quotient of (R, T) then, using the notations 
of Theorem \1.4-4l have (for any choice of the data 8 on S) 

i,j are not in the same Vi 

Proof — Let 5" be a Cayley-Hamilton quotient of {R,T). We can then chose a 
GMA data £ for S as in Theorem 11.4.41 (i) , and consider the structural modules 
A,i = EiSEj. We set 

Iv{T,S,£):= T{A,,Aj,i). 

i,j are not in the same Vi 

By Theorem ll.4.41 (i). I-p{T, S, £) does not depend on the choice of the data £ used 
to define it. We claim that it does not depend on S. Indeed, we check at once that 
the image of £ under the surjective homomorphism ip : S — > R/KeiT is a data of 
idempotents for R/KeiT (and even that tfj is an isomorphism on (Bl^iCiSei). As 
T o ip = T, we have that 

which proves the claim. We can now set without ambiguity Ip := I'p{T). As a first 
consequence of all of this, we see that if J C j4 is an ideal, then I'p{T ® A/ J) is the 
image in A/ J of I'p{T). 

To prove the proposition we are reduced to show the following statement: 
T : R — > A satisfies Ip = if and only if we can write T = Ti -\- ■ ■ ■ + Tg as a 
sum of pseudocharacters satisfying assumption (ii) in {dec-p). 

Let us prove first the "only if part of the statement above. Let S = R/KerT 
and fix a GMA data £ as in Theorem ll.4.41 (i). Set 

(9) fi := 2] e S, 

then 1 = /i + • • • + is a decomposition in orthogonal idempotents. In this setting, 
the condition Ip = means that for each /, 

(10) TifiSil - fi)Sfi) = 0. 

As a consequence, the two-sided ideal fiS{l — fi)Sfi of the ring fiSfi is included 
in the kernel of the pseudocharacter Tj^ = T^fjRfi '■ fiRfi — > A (see Lemma [1.2.51 
(3)). The map T; : R — > A defined by Ti{x) := T{fixfi) is then the composite of 
the A-algebra homomorphism 

(11) S fiSfi/{fiS{l - fi)Sfi), X ^ fixfi + fiS{l - fi)Sfu 

by Tj; , hence it is a pseudocharacter. As 1 = /i + • • • + /s, we have T = Ti + • • • + Ts, 
and the T/'s satisfy (ii) of (dec-p) by Lemma 11.4.31 (3), hence we are done. In 
particular, we have shown that Ip always satisfies (dec-p). 

Let us prove now the "if part of the statement. Let K = Pl^KerTj, by as- 
sumption K C KerT. By ^1.2.31 T : R/K — > A is Cayley-Hamilton, hence 
we can choose a data £ for S := R/K and consider again the // G S"s defined 
from the e^'s as in formula Q above. To check that Ip = 0, it suffices to check 
that Ip{T,S,£) = or, which is the same, that T{fiSfi'Sfi) = for / 7^ /'. As 
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T = Ti + • • • + Ts, it suffices to show that for ah x £ S, Ti{fi'x) = if I ^ I' . But 
if I 7^ I', Ti{fi) is in the maximal ideal m by assumption (ii) of (deep) and Lemma 
03] (3). By Lemma 03] (1), it implies that Ti{fii) = 0. By Lemma03](5), we 
get S KerT;, what we wanted. 

In particular, we proved that for all x G 5, Ti{x) = T{fix). As a consequence, 
KerT^ C KerT, K = KerT, S = R/KeiT, and the T/'s are unique. □ 

Definition 1.5.2. We call I-p the reducibility ideal of T for the partition V. We 
call the closed subscheme Spec {A/ I-p) of Spec A the reducibility locus of T for the 
partition V . When V is the total partition {{!}, {2}, . . . , {r}}, we call I-p the total 
reducibility ideal and Spec (A/I-p) the total reducibility locus of T . 

Note that I-p C Ipi if V is a finer partition than V . 

1.5.2. The representation pi. We keep the assumptions of ^1.5.11 and we assume 
now that {i} € V. Then for each ideal J containing Ip, there is by Proposition 11.5.1] 
a unique pseudocharacter Tj : R®A/ J — > A/ J with Ti®k = iv pi and T = Ti + T' 
with T' ® k = "^j^i^^ Pi- If J C J', the pseudocharacter Ti : A/, J' — > J' is 
just Ti (da/ J R/J', hence it is not dangerous to forget the ideal J in the notation. 
As Pi is irreducible, we know that there is a (surjective, unique up to conjugation) 
representation pi : R/JR — > M^;. (j4/J) of trace Ti which reduces to pi modulo m. 

Definition 1.5.3. If {i} G P and J D Ip, we let pi : R/JR — > Md^{A/ J) be the 
surjective representation defined above. 

As usual, by a slight abuse of notation, we will denote also by pi the i?- module 
{A/ J)'^^ on which R acts via pi. It will be useful for the next section to collect here 
the following facts which are easy consequences of the proof of Proposition II. 5. It 

Lemma 1.5.4. Let S he a Cayley-Hamilton quotient of {R,T), V a partition of 
{1, . . . ,r} such that {i} £ V and J D Ip. 

(i) Ifj^i, e,{S/J)ej{S/J)e, = 0. 

(ii) The canonical projection 

ai^i : S/JS — > ei{S/JS)ei ~ Md^A/J), x i-^ CiXCi, 

is an A/ J -algebra homomorphism and satisfies T o Oi^i = Tj. As a conse- 
quence, Pi factors through S/JS, Oi^i ~ pi, and Pi{ek) = 6i,k^d. 

(iii) Assume moreover that {j} £ V for some j ^ i, then we have 

ai,j{xy) - {ai^i{x)aij{y) + aij{x)ajj{y)) G ^ ei{S / J)ek{S / J)ej, Mx,y £ R, 

where Oij : S/JS — > ei{S / J S)ej , the canonical projection. 

Proof — The idempotent // corresponding to {i} is then e^. Note that 6^(5/ J5)(l— 
ei){S / J S)ei is a two-sided ideal of ei{S / J S)ei ~ Mii^{A/J) whose trace is by as- 
sumption and formula (jlOp . which shows (i). As a consequence, aj^j coincides with 
the map in formula pi|) (with of course S replaced by S/JS), which proves (ii). 
The last assertion is immediate from the fact that Cixyej — {eix{ei + ej)yej) lies in 

e,{S/JS){l - {e, + ej)){S/JS)ej = e,{S/JS)ek{S/JS)ej. 
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I. 5.3. An explicit construction of extensions hetweens the pi 's. We keep the as- 
sumptions of §1.5.11 and we fix a Cayley-Hamilton quotient S of (i?, T). We fix a 
data £ on S, using Theorem 11.4.41 (i), such that {S,£) is a GMA and set 

We have by definition A'^ j C Aij. 

Fix i ^ j £ {l,...,r}. Let V be any partition of {l,...,r} such that the 
singletons {i} and {j} belong to V, and J an ideal containing I-p. By Definition 

II. 5. 3^ for k = i,j, we have a representation : R/JR — > Mci^{A/ J). By an 
extension of pj by pi we mean a representation R/JR — > Endy^/j{V) together 
with an exact sequence of i?/Ji?-module — > pi — > V — > pj — > 0. Hence V 
is in particular a free A/J-module of rank di + d2- Such an extension defines an 
element in the module Ext]^ppf {pj, pi). 

Theorem 1.5.5. There exists a natural injective map of A/ J -modules 
iij : HomA{Aij/Aij,A/J) ^ Ext\ij^{pj,pi). 

Proof — The map j is constructed as follows. Pick an / G Hom.A{Aij / A[ ^A/ J). 
We see it as a linear form / : Ai^j — > A/ J , trivial on -4.- j. It induces a linear appli- 
cation, still denoted by / : Mii-^dj{-^i,j) — > Mdi4j{A/ J). We consider the following 
linear application R — > S — > M^^.^^^. (^/J), 

no^, ^ ^ ( °»'»(^) (mod J) f{ai,j{x)) 

^ ' ^ y Ojjix) (mod J) 

By assumption, / is trivial on Ylk^i,j ^^d„d^{Ai^k)Md^^dj{Akj) C Md^^djiA'^j), 
hence Lemma 11.5.41 (ii) and (iii) show that the map (jl2p is an A/J-algebra ho- 
momorphism which is an extension of pj by pi. As a consequence, it defines an 
element ii,j{f) in Ext]^^jj^{pj,pi). 

It is clear by the Yoneda interpretation of the addition in Ext^ that the map 
^■i,jif) is linear. Let us prove that ijj is injective. Assume H,j{f) = 0. This 
means that the extension is split. As it factors by construction through S/JS, it is 
certainly split when restricted to any subalgebra of S/ JS. Let us restrict it to the 
subalgebra eiS/JSej (without unit, but we can add A/J{ei + ej) if we like). The 
restricted extension is 

/(a.j(x)) 


and such an extension is split if and only if / = 0. □ 

The construction above is a generalization of the one of Mazur and Wiles, directly 
giving the matrices of the searched extensions. We will give a second construction 
in the next subsection, more in the spirit of Ribet's one, which will realize the 
extensions constructed before as subquotient of some explicit i?-modules. Our 
second aim is to characterize the image of Lij and to verify that this image is the 
biggest possible subset of the above Ext-group seen by S. 
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1.5.4. The projective modules Mj and a characterization of the image of Lij. We 
keep the assumptions and notations of ^1.5.3i For each i, we define the A-modules 

M, ■.= SEi = ®]=^ejSEi. 

Note that Mj is a left ideal of 5, hence an S-module. It is even a projective 
5-module as 5 = © ^(l - Ei). 

Theorem 1.5.6. Let j E {1, . . . ,r}, V a partition containing {j} and J an ideal 
containing I-p, then 

(0) there is a surjective map of S -modules Mj/JMj — > pj whose kernel has 
the property that any of its simple S-subquotients is isomorphic to for 
some k ^ j. Moreover Mj is the projective hull of pj (and of pj) in the 
category of S-modules. 

Let i ^ j ^ {!,..., r}, V a partition containing \i} and {j}, and J is an ideal 
containing I-p. Then moreover: 

(1) the image of the map tij of Theorem \1.5.5\ is exactly Ext\;^jg{pj, pi) C 

^^^R/jniPj^ Pi)' 

(2) any S/ JS -extension of pj by pi is a quotient of Mj/JMj © pi by an S- 
submodule whose every simple S-subquotient is isomorphic to some pk for 
k^j. 

Proof — First note that we may replace A by A/J and S by S/JS, that 
is we may assume that J = in j4 (which simplifies the notations). Indeed, 
{S/JS)Ej ~ Mj ©A A/J = Mj ©5 S/JS = Mj/JMj. Hence assertions (1) and 
(2) are automatically proved for A once they are proved for A/J. As for assertion 
(0), if we know the corresponding assertion for A/J, namely "The S / J S-module 
Mj/JMj is the projective hull of pj" , then (0) follows, because the map of S- 
modules Mj — > Mj/JMj — > pj is essential as JS C mS C rad(S'), and because 
Mj is projective. 

Assume that V contains {j} and that J D Ip. Let us consider the natural exact 
(split) sequence of ^-modules 

(13) — > Nj := Qi^jCiSEj — > Mj — > CjSEj — > 0. 

We claim that Nj is an S'-submodule of Mj, and that Mj/Nj ~ pj. It suffices 
to show that for k ^ j, CjSe^Nj C A'^-. But this follows from Lemma 11.5.41 (i), 
as CjSekScj =0. As a consequence, Mj/Nj ~ CjSEj is an 5-module, which is 
isomorphic to pj by Lemma 11.5.41 (ii) . 

Let us prove the first assumption in (0). Recall that by lemma [T. 2. 71 we have 

r 

S/Ys.d{S)^\{^ndk{-pi) 

1=1 

(see the formula ([8]) in the proof of lemma [1.4.3p . So if [/ is a simple S'-subquotient 
of Nj, then U pk for some k £ {1, ■ ■ ■ ,r}. But by construction, CjNj = 0, hence 
CjU = 0, and Pj{ej) = 1 by Lemma ll.4.3t so k ^ j and we are done. 

We prove now that Mj — > pj is a projective hull. We just have to show that 
this surjection is essential. If Q C Mj is a S'-submodule which maps surjectively to 
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Mj/Nj = ej{Mj /Nj), then ejQ C ejSEj maps also surjectively to Mj/Nj, hence 
CjQ = CjSEj. But then Ej G Q, hence Q = Mj, and we are done. 

Now we suppose that V contains {i} and {j}. Let us apply Homs'(— ,/9j) to the 
exact sequence (fT3|) . As Mj is a projective S'-module, it takes the form: 

— > Homs(pj,pi) — > Hom5(Mj,pi) — > Horns (/Vj, ft) ^ Ext5(/3j,pi) — > 

We claim first that 5 is an isomorphism. We have to show that any 5-morphism 
Mj — > Pi vanishes on Nj. But by Lemma [1.5.4l (ii), \lk ^ j we have CkPj = 0. We 
are done as A'^- = Ylkj^j ^k^j by definition. 

It is well known that if / G }iom.s{N j , pi) , we have the following commutative 
diagram defining 



(14) 




where Q is the image of the S'-linear map u : A'^j 



MjBpi, ix,0)-{OJ{x)). 



This will prove (2) if we can show that each simple subquotient of Q is isomorphic 
to some pk with k ^ j. But as in the proof of (0), this follows from the fact that 
ejQ = u{ejNj) = 0. 

We claim now that we have a sequence of isomorphisms 

RomsiNj,pi) ^ Rome^seAeiSEj/{'^ eiSekSEj),pi) 

^ HomA(Aj/(y^ Ai^kAk,j),A) 

The first one is induced by the restriction map, the fact that it is an isomorphism 
is a simple matter of orthogonal idempotents, using that CkPi = if k ^ i and 
that Nj = (Bk^jCkSEj. The second one is induced by the Morita equivalence 

A = E,A^e^Sei = MdM)- 

It is now easy, using the diagram and the fact that {Mj ® pi)/Q is naturally 
isomorphic as ^-module to GjSEj © CiSEi, to check that in terms of the isomor- 
phisms above, the map 6 is exactly the map ^ j given by formula (jl2p . which proves 
(1). ' □ 



Remark 1.5.7. By the same method, we could give an expression for the higher 
Ext-groups Ext^^j^(/9j , ft) in terms of the Aij''s. For example, when r = 2, the ex- 
act sequence (fT3|) implies that Ext|yj^(pj, pj) — > Ex.t\^j{Aij (E) A/ J, A/ J). How- 
ever, for the usual applications of pseudocharacters, it is less interesting because 
when n > 2, the natural map 

Ext5/js(ft,ft) — > Ext^/j^(pj,ft) 

is not in general injective, and we usually only care about the extensions between 
the ft's in the category of representations of R, not of its auxiliary quotient S. 
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Remark 1.5.8 (Dependence on S). All the constructions of ^1.5.31 and ^1.5.41 de- 
pend on the choice of a Cayley-Hamilton quotient S of (i?,T). If — > S2 is 
a morphism in the category of Cayley-Hamilton quotients (cf. I1.2.5p . then it is 
surjective and we have obviously Ext ^ j g_^{p j, pi) C Extg_^^jg_^{pj, pi). Thus our 
methods construct the biggest group of extensions when working with S = Sq, 
and the smallest when S = R/KerT. We stress that even in the most favorable 
cases, the inclusion above may be strict : an example will be given in Remark ll.6.51 
below. However, we will not be able to get much information about the Ext^yj^g 
except when S = R/KevT. On the other hand, as proved in Prop osition 11.5.1] the 
reducibility ideals do not depend on S. 

Remark 1.5.9. Assume we are under the assumptions of Theorem ll.5.61 We claim 
that for i ^ j, the natural inclusion 

Exts/j5(pj,pi) — > Exts{pj,Pi) 

is an isomorphism. Indeed, let U be an S'-extension of pj by pi, we have to show 
that JU = 0. But for f & J, the multiplication by / induces an S-linear map 

Pj — > Pi, 

which is necessarily as Homs^pj, Pi) = }ioms/js{pj, pi) = by Lemma [1.5.41 (i). 

1.5.5. Complement: topology. We keep the hypotheses of §1.5.11 We assume more- 
over that A is a Hausdorff topological ring such that the natural functor from 
the category of topological Hausdorff finite type ^-modules to the category of A- 
modules has a section endowing A with its topology. We fix such a section, hence 
every finite type ^-module is provided with an Hausdorff ^-module topology, and 
any ^-linear morphism between two of them is continuous with closed image. For 
example, this is well known to be the case when ^ is a complete noetherian local 
rings, and it holds also when A is the local ring of a rigid analytic space at a closed 
point (see |BCh2[ §2.4]). 

Proposition 1.5.10. Assume that R is a topological A-algebra and that T : R — > 
A is continuous. 

(i) Let I be an ideal containing I-p where V is a partition containing {i}. Then 
the representation pi : R/IR — > Md^[A/I) is continuous. 

(ii) Let I he an ideal containing L-p where V is a partition containing {i} 
and {j}, i 7^ j. If A is reduced and S = R/KerT, then the image of 
Lij of Theorem \1.5.5\ falls into the A-submodule of continuous extensions 

Proof — By Lemma 11.5.41 (ii), we can find e G R such that for all x £ R, 
Ti{x) = T{ex) (any lift of the element G S/JS loc. cit. works for e), which 
proves (i). Let us show (ii). Fix / G liomA{Aij/A'^j,A/I). By the formula 
()12p defining Lij{f), it suffices to show that the natural maps vTjj : R — > •^ij, 
X EixEj, are continuous. Note that this makes sense because by Theorem ll.3.21 
(iii), the Aij^s are finite type A- modules. Let us choose a family of ^-generators 
xi, . . . ,Xn of Aj^i. As T : S — > A is faithful by assumption, and by Lemma [1.3.51 
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the map 

n 

fi : Aij — > Y\_A nix) = {T{xxs))s, 

s=l 

is injective. By assumption on the topology of finite type A-modules, the map 
above is an homeomorphism onto its image. It suffices then to prove that fi o 
is continuous, what we can check componentwise. But for each s, o 7rj.j)s is the 
map X I— > T{exfg), where {e,f,g) G denote any hft of {Ei, Ej,Xs) E S^. This 
concludes the proof. □ 



1.6. Representations over A. We keep the notations and hypotheses of §1.4.11 
A is local henselian and dl is invertible in A. In this subsection we are mainly 
concerned with the following natural question which is a converse of Example ^1.2.21 
: if T : R — > A is a residually multiplicity free pseudocharacter of dimension d, 
does T arise as the trace of a true representation R — > Mrf(A) ? 

When T is residually absolutely irreducible, the theorem of Nyssen and Rouquier 
( |Nys| , [Rout corollaire 5.2]) we recalled in ^1.2.21 shows that the answer is yes. Al- 
though for a given residually multiplicity free pseudocharacter, it may be difficult 
to determine if it arises as the trace of a representation (see next subsection for 
interesting particular cases), it turns out that there is a simple sufficient and (al- 
most) necessary condition on A for this to be true for every residually multiplicity 
free pseudocharacter of dimension d on A. 

Proposition 1.6.1. Assume that A is a factorial domain. Then any residually 
multiplicity-free pseudocharacter T : R — > A of dimension d is the trace of a 
representation R — > Md{A). 

Proof — We use the notations of ^1.4.1l for T. As j4 is a domain, its total fraction 
ring is a field K. By the point (i) of Theorem 11.4.41 there is a data £ on R/KerT 
that makes it a GMA, and by the point (ii) of the same theorem, there is an adapted 
(to £) representation p : R/KerT — > Md{K) whose image is the standard GMA 
(see example ll.3.4p attached to some fractional ideals Ai^j of K, i,j e {1, . . . ,r}. 

Let w be a (discrete) valuation of A. Let Vi_j be the smallest integer of the form 
v{x) for a nonzero x £ Ai_j, this makes sense since Aij is a fractional ideal. Because 
Ai^i = A, AijAj^i C A and Ai^jAj ^ C Aj^fc, we have 

(15) Vi^i = 0, Vij + Vj^i > 0, Vij + Vj^k > Vi,k 

Because A is factorial, there exists for each i an element Xi £ K* such that 
v{xi) = Vi^i for every valuation v of A. Let P be the following diagonal matrix : 

Let p' := P~^pP. Then p' is adapted to £ and its image is the standard GMA 
attached to the modules A[^ = XjX~^Aij. 
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If X G A[j, and u is a valuation on A, we have v{x) > v{xj) — v{xi) + Vij = 
— Vi^i + f j.j which is nonnegative by (|15p . Hence x £ A since A is factorial, and 
A'- J C A. That is, p' is a representation R — > Mii{A) of trace T. □ 

Remark 1.6.2. Let A be a valuation ring of fraction field K, with valuation 
V : K* — > r, where F is a totally ordered groups and assume v{K*) = T. 

Then the proof above shows that the result of Proposition 11.6.11 holds also for 
this ring A if the ordered group V admits infima. Indeed, it suffices to define fjj 
to be the infimum of the v{x) with x G Ai^j nonzero, and to choose Xi G K* such 
that v{xi) = vi^i, which is possible by the assumption v{K*) = T. 

Consider for example a valuation ring A as above, with F = M (such a valuation 
ring exists by [Bki21 chapitre VI, §3, n° 4, example 6]). Then the result of Propo- 
sition 11.6.11 holds for A, even if A is a non factorial domain {A has no irreducible 
elements !). Note however that A is non noetherian. 

If on the contrary we do not assume that F admits infima, the result fails as 
showed for the ring Oc^ in |BChKL| remark 1.14]. 

We are now interested in the converse of Proposition ll.6.11 Because of the remark 
above, we shall assume that A is noetherian. 

Theorem 1.6.3. Assume d > 2 and A noetherian (in addition of being local 
henselian). If each residually multiplicity free pseudocharacter of dimension d is 
the trace of a representation R — > Mci{A), then A is factorial. 

Proof — We claim first that the hypothesis implies the following purely module- 
theoretical assertion on A: 

For every A-modules B and C , and every morphisms of A-modules (f) : B®C — > 
m such that 

(16) 0(6, c)b' = <i){b\ c)b, for any b,b' £ B, c G C, 

there exist two morphisms f : B — > A, and g : C — > A such that (j){b ® c) = 
f{b)g{c) for any b £ B , c £ C . 

Let us prove the claim. Let B, C be two ^-modules with a morphism (j) : B ® 
C — > A satisfying the property above. Set Ai^2 '■= B, Ai^2 = C, Ai^i = A 
for i = 1,2, (/)i,2,i := 02,i,2(c b) = 4>{b c), and 4>i,i,jj 'PiJJ be the structural 
morphism. Then we check at once that these Aij's and </>ij,fc's satisfy the properties 
(COM), (UNIT), and (ASSO) (see OTSj) . and thus defines a GMA {R,£) whose 
they are the structural modules and morphisms. As (j){B ® C) <Z m, we are in the 
case of Example 11.4.21 and the trace function T : R — > A of {R, £) is a residually 
multiplicity free pseudocharacter of dimension d. 

The hypothesis of the theorem then implies that there is a trace representation 
R — > M(i{A). Because A is local, every finite- type projective A- module is free and 
by Lemma [1.3.71 there is an adapted (to £) representation p : R — > Mrf(A), that 
is an element of G{A) where the functor G = Gr^s is the one defined in ^1.3.31 
By Proposition 11.3.91 F{A) is not empty. If {fij) G F(A), then by definition 
{f,g) := {fi,2, /2,i) satisfies the claim, and we are done. 

Using the assertion above, we will now prove in three steps that ^ is a factorial 
domain. 
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First step: A is a domain. 
Choose an X G A, X ^ 0, and let / be its annihilator. Set B = A/xA, C = I 
and let 4> : B fSi C — > A be the morphism induced by the multiplication in A. 
Then (j)(B C) = I G m and the property ()16p is obvious. Thus there exist 
/ : B — > A and g : C — > A such that (j)(J) (g) c) = f{b)g{c) for any b G B, c G C. 
As xC = xl = 0, we have xg{C) = hence g{C) C /. As xA/xA = xB = we 
have also f{B) C /. Hence I = (f){B (g) C) = f{B)g{C) C fl. Because A is local 
and noetherian, this implies / = 0. Hence ^4 is a domain. 

Second step: if A is a domain, then A is normal. 
Let K be the fraction field of A. Assume, by contradiction, that A is not normal, 
and let B <Z K he. a. finite ^-algebra containing A, but different from A. Let 
C = {x G K ; xB C A}. We have then: 

i. by definition, C is a i?-sub module of K (hence an A-module too). 

ii. C <Z A, because 1 G B. Hence C is an ^- ideal. 

iii. We have C C m. Indeed, C is an A-ideal by ii. As A is local, we only have 
to see that C ^ A. But if 1 G C, i? C C C ^ by i. and ii. , which is absurd. 

iv. C is non zero : if (pi/qi) is a finite family of generators of B as an A-module, 
with Pi, Qi G A, 0, then ^H^qi G C. 

Now let (j) : B 0^ C — > K be the map induced by the multiplication in K. By 
iii. (f)[B ® C) Cm. Moreover, hypothesis (|16p is obviously satisfied. Thus there 
exist two morphisms / : B — > A and g : C — > A such that 0(6 c) = f(b)g{c) 
for any b G B , c G C . Since B K = K, f ® K : K — > K is the multiplication 
by some element x G K*, and so is /. As C (8)^ K = K hy iv. , g has to be the 
multiplication by x~^. We thus get 

(17) xB C A, and x"^C C A. 

The first relation implies x E C, so 1 G x~^C. As x^^C is a S-module, B C x^^C 
and by the second relation, B C A, which is absurd. (The reader may notice that 
this step does not use the noetherian hypothesis). 

Third step : if yl is a normal domain, then A is factorial. 
We may assume that the Krull dimension of A is at least 2, because a normal 
noetherian domain of dimension < 1 is a discrete valuation ring, hence factorial. 
Let C he an invertible ideal of A, and set B = mC~^ C K. Let cp : B (Si a C — > m 
be induced by the multiplication in K. Then reasoning as in the second step above, 
we see that there is an x € K* such that xmC~^ C A and x~^C C A, as in (jl7p . 

Now, since A is normal and noetherian, it is completely integrally closed, and 
even a Krull ring r [Bki2l chapter VH, §1, n° 3, coroUary]). Recah from [Bki2l 
chapter VH, §1, n'' 2, Theorem 1] the ordered group D{A) of divisorial fractional 
ideals of A, and the projection div from the set of all fractional ideals of A to D{A). 
Since x~^C C A, we have (using |Bki21 chapter VH, §1, n'^ 2, formula (2)]) 

divx"^ +divC = div(x-^C) > 0, 

that is divC > divx. From xmC~^ C vl we have 

divx + divm + divC""'^ > 0, 

but since m has height greater than 2, divm = by [Bki21 chapter VH, §1, n° 
6, corollary (1)], and since A is completely integrally closed, divC~^ = — divC by 
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[Bki21 chapter VII, §1, 2, corollary]). Hence divx > divC. Thus divx = divC, 
and if C is divisorial, then C = Ax is principal. But a Krull ring where every 
divisorial ideal is principal is factorial, cf. }Bki2[ chapter VII, §3, n" 1]. □ 

When a trace representation p : R — > M^(A) does exist, we may ask what are 
its kernel and image. In some favorable cases, we can give a satisfactory answer : 

Proposition 1.6.4. Assume A is reduced with total fraction ring K a finite product 
of fields Kg. Let T : R — > A be a residually multiplicity free pseudocharacter and 
assume T Kg irreducible for each s. If p : R — > Mii{A) is a trace representation 
then Kerp = KerT and p{R) ®K = K[p{R)] = Md{K). 

Proof — We have obviously Kerp C KerT. Set S := p{R) C Md{A), which is 
a Cay ley-Hamilton quotient of (i?, T). To show that T : S — > A is faithful, it 
suffices to show the last statement. By the irreducibility assumption and Theorem 
11.4.41 (iii), S (Si K is (trace) isomorphic to Md{K). As a consequence, the injective 
map p® K : S ® K — > Mfi{K) is an isomorphism, which concludes the proof. □ 

Remark 1.6.5. The proof above shows in particular that under the hypotheses of 
the proposition, the only Cayley-Hamilton quotient of R that is torsion free as an 
^-module is R/KeiT. We stress the reader that we cannot omit the hypothesis 
"torsion free". Here is a counter-example : with the notations of the proof of 
TheoremdAl take A = Zp, and set B = Zp, C = Zp^Z/pZ and let </> : 5 (g) C — > 
Zp be defined by (8) (c, c')) = pbc. As it is clear that (j) satisfies (fT6|) . those 
data define a GMA R of type (1,1). Its trace function T is a Cayley-Hamilton 
residually multiplicity free pseudocharacter. Hence R is Cayley-Hamilton, we have 
R = Sq in the notation of ^1.2.51 but R ^ R/KerT because KerT ~ Z/pZ. 
Moreover this example provides a case where ^^^So/pSo^P'^^ P'^'^ dimension 2 
whereas '^^t^(^R/KcrT)/p(R/KevT)iPi^ P2) has dimension 1. 

I. 7. An example: the case r = 2. 

Let A be a reduced, noetherian, henselian local ring and T : R — > ^ be a 
multiplicity free, d-dimensional, pseudocharacter. As before, K is the total fraction 
ring of A, which is a finite product of fields Kg. In this subsection, we investigate 
the consequences of our general results in the simplest case where T is the sum of 
only two irreducible pseudocharacters trpi and tr p2. Note that in this case, the 
only reducibility locus is the total one, of ideal Ip with V = {{1},{2}}. 

Let S" be a given Cayley-Hamilton quotient of {R, T) We are first interested in 
giving a lower bound on the dimension of Ext^y^^(/3i, /92)) hence of Extjjy^^(pi, /02)- 

Proposition 1.7.1. Let n be the minimal number of generators of I-p. Then 

{dirnkExt],i^g{pi,P2)){dinikExt]./^g{p2,pi)) > n 

Proof — By Remark 11.5.81 we may and do assume S = R/KerT. Let p : 
R/KeiT — > Md{K) be as in Theorem 11.4.41 whose we use notations. If i 7^ j, let 
njj be the minimal number of generators of the finite j4-module Ai^j. By Theorems 

II. 5.51 and 11.5.61 ^-iid by Nakayama's lemma, njj = dim^ Ext^yj^^(pj, pj). On the 
other hand, since /-p = Ai^2^2,i) we have ni^2'i-2,i ^ and the proposition follows. 
□ 
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This easy observation is one of the main theme of the paper: to produce many 
extensions of pi by p2 we shall not only produce a pseudodeformation of tr pi + 
tr p2 , but to do it sufficiently non trivially so that the reducibility locus of the 
pseudodeformation has a big codimension. A very favorable case occurs of course 
when I-p is the maximal ideal m. In this case, the above result writes 

(dimfcExt^y^5(^i,P2))(dimfcExt^/„5.(p2,Pi)) > dimfcm/m^ > dim A. 
When moreover T is the trace of a true representation, we can say more: 

Proposition 1.7.2. Assume that each T^Kg is irreducible, that I-p is the maximal 
ideal and that there is a trace representation R — > M^iA), then 

max(dimfc Ex^/^sCpi, P2), dim^ Exts/^g{p2, pi)) > dim^ m/m^ 

Proof — Again we may and do assume that S = R/KeiT. Moreover we also have 
p{R) = R/KerT = S by Proposition 11.6.^ By Lemma 11.3.71 and Lemma 11.3.81 we 
may assume that the image of p is a standard GMA attached to ideals Ai,2, ^2,1 
of A. Then Ai^2 and ^2,1 are ideals of A such that Ai_2^2.i = I-p = m. Hence 
'm C Ai^2 and m C ^2,1 > but we cannot have Ai^2 = ^2,1 = hence one of those 
ideals is m. The proposition follows. □ 



Remark 1.7.3. The inequality above does not hold when T has no representation 
over A. Indeed set A = y, z\\/{xy — z^) which is a complete noetherian normal 
local domain, but not factorial. Let K be its fraction field, and Ai^2 = + zA, 
^2,1 = ^A + Ain K, Ai^i = ^2,2 = A. Let R be the standard GMA of type (1, 1) 
associated to these Ai^j C K. As ^1,2^2,1 = "i, the trace T of i? is an 74-valued 
residually multiplicity free pseudocharacter. Its reducibility locus I-p = ^1,2^2,1 = 
(x, y,z) = m is the maximal ideal of A, and T®K is obviously irreducible but m/m? 
has dimension 3, whereas dim^ Ext}j/^^(pi, P2) = dim^ Ext]^/^^ (p2 , Pi ) = 2. 

We now give a result relating the Ext groups and the existence of a trace repre- 
sentation over A : 

Proposition 1.7 A. Assume that each T Kg is irreducible. The two following 
assertions are equivalent: 

(i) There is a representation p : R — > M^^A) whose trace is T, and whose 
reduction modulo m is a non split extension of pi by p2, 

(ii) £^xif^/Kerr)/m(i?/KerT)(Pi'P2) has k-dimcnsion 1. 

Moreover, if those properties hold, then the representation p in (i) is unique up to 
isomorphism. 



Proof — Let us prove first (i) ^ (ii). Fix p as in (i). By reasoning as in the proof 
of the proposition above, we can assume that p{R) is the standard GMA attached 
to some ideals Ai^2, ^2,1 of A for image, and has KerT for kernel. Hence 

V Md2,di{A2,i) Md^{k) 
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where Aij is the image of the ideal Aij in A/m = k. The hypothesis tehs us that 
^1,2 = and ^2,1 7^ 0, hence Ai^2 C m and A2^i = A. But 

Ext(^/KerT)/m{fl/KerT)(/'l'P2) ^ HoHlfc (^2,1 , fc) = 

which is (ii). 

Let us prove (ii) =^ (i). Let p : R — > Md{K) be a representation as in The- 
orem 11.4.41 (ii) , whose kernel is Ker T and whose image is the standard GMA of 
type {di,d2) attached to fractional ideals ^i,2) ^2,1 of A. Since 

k ~ Extf^/KerT)/m(i?/KerT)(Pl./'2) ^ Homfc(yl2,l, k), 

we have A2^i/mA2^i ~ k hence by Nakayama's lemma ^42,1 = fA for some f G K. 
By Theorem 11.4.41 (iii). A2,iK = K, hence / S K*. Then, if we change the basis of 
A*^, keeping the di first vectors and multiplying the ^2 last vectors by /, we get a 
new representation p' : R — > Gh2{A) whose image is the standard GMA attached 
to A[ j, with ^2,1 = ^2,1// = A, hence A[ 2 C m. It is then clear that the reduction 
modulo m of that representation is a non split extension of pi by p2- We leave the 
last assertion as an exercise to the reader. □ 

In the same spirit, we have 

Proposition 1.7.5. Assume that each T Kg is irreducible. The two following 
assertions are equivalent: 

(i) ^Xif^/KerT)/m(/?/i^err)(Pl'P2) and ^2;if^/iferT)/m(iJ/iferT),T(P2, Pi) have k- 

dimension 1. 

(ii) The reducibility ideal I-p is principal, with a non-zero divisor generator. 

Proof — We will use the notations p and Ai^2, ^2,1 of the part (ii) (i) of the 
proof of the above proposition. 

Proof of (i) =^ (ii). Reasoning as in the proof of the proposition above, we see 
that Ai^2 = fA and ^2,1 = f'A with /, f gK*. Hence I-p = ^1,2^2,1 = ff'A with 
//' G K* n A. Hence the ideal I-p is generated by //' which is not a zero divisor. 

Proof of (ii) =^=- (i). By hypothesis, Ai_2^2,i = fA with / not a zero divisor. 
Hence there is a family of aj G ^1,2, bi G ^2,1 such that Y2^=i^i^i ~ /• 
X G ^1,2 J then xbi G fA so we can write abi = fxi for a unique Xi G A. Hence 

fx = '^{aibi)x = '^ai{xbi) = ^Cj/xj. 

iii 

Because / is not a zero divisor, x = ^Ojrrj. This shows that the Oj generate 
Ai^2, and the morphism A" ^i,2) {xi, . . . , Xn) ^ ^ ajXj has a section x ^ 
(xi, . . . , Xn). Hence Ai^2 is projective of finite type, hence free, and since Ai^2 C K, 
it is free of rank one. The same argument holds of course for ^2,1; and we conclude 
by Theorems 11.5.51 and 11.5.61 (i) applied to J = m and S = R/Ker T. □ 



1.8. Pseudocharacters with a symmetry. 
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1.8.1. The set-up. In this section we return to the hypotheses of ^1.4.11 : A is 
a local henselian ring where d\ is invertible, T : R — > ^ is a d-dimensional 
pseudocharacter residually multiplicity free. 

Moreover, in this section, we suppose given an automorphism of A-module r : 
R — > R, which is either a morphism or an anti-morphism of ^-algebra and such 
that = idR. We note that in both cases T o r is a pseudocharacter on R of 
dimension d, and we assume 

(18) ToT = T. 

If B is any A-algebra, and p : R — > Mn{B) is any representation, then we shall 
denote by p"*" the representation por : R — > Mn{B) if r is a morphism of algebra, 
and *(/9 o r) if r is an anti-morphism of algebra. Note that p^ is a representation 
whose trace is (tr p) o r. li p : R — > M(i{K) is a semisimple representation of trace 
T, where i^T is a field, then the hypothesis p8|) is equivalent to 

(19) p^^p 

The hypothesis (jl8p also implies that T o t = T , hence p"*- ~ p. Thus there is a 
permutation a of {1, . . . , r} of order two, such that for each i S {1, . . . , r}, we have 
Ti o T = T^(^i^, and equivalently, pj o r ~ Pcr{i)- This implies di = df,(iy 

Remark 1.8.1. (i) We check at once that the ideal KerT C i? is stable by r, 
hence r induces an automorphism, or an anti-automorphism, on ii/KerT 
which we will still denote by r. 
(ii) In the same vein, we have for each x ^ R an equality of characteristic 
polynomials 

Px,T = Pt{x),Ti 

hence r factors also through the maximal Cayley-Hamilton quotient of R 
(see griSD. 

1.8.2. Lifting idempotents. In the following lemma, A is a local henselian ring in 
which 2 is invertible. 

Lemma 1.8.2. Let S he an integral A-algehra, t an A-linear involution of S which 
is either a morphism or an anti-morphism of algebra, and let L C rad(S') be a 
two-sided ideal of S such that t{L) = L. 

Let (ej), i = \, . . . ,k, be a family of orthogonal idempotents in S/L, and assume 
that the set {€i,i = 1, . . . ,k} C R is stable by r. Then there is a family of orthogonal 
idempotents (e,), i = 1, . . . , k, lifting (ej) and such that {ei,i = 1, . . . , k} is stable 
by T. 

Proof — We prove the lemma by induction on k. It is obvious for k = 0. Assume 
it is true for any k' < k. We will consider two cases. 

First case : r(ei) = ei. Let x be any lifting of ei in S. Set y = (x + r(x))/2. 
Then r(y) = y. Let 5i be the ^-subalgebra of S generated by y. It is a commu- 
tative, finite ^-algebra on which r = Id. Set Ii := L n Si. Then Si/Ii C S/L 
and Si/Li contains the reduction of y which is ei. As A is henselian, there exists 
ei S Si an idempotent lifting ei. Then T(ei) = ei. 
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The A-subalgebrc0 52 := (l-ei)5(l-ei) is stable by r, and if /2 := 1^)82, then 
•5*2/^2 C S/I contains the family £2, • • • ,6^ that is stable by r. By induction hy- 
pothesis, this family can be lifted as an orthogonal family of idempotents 62, • • • , e^, 
stable by r, in 52, and then ei, . . . , is an orthogonal family of idempotents lifting 
€1, . . . ,€k in 5 that is stable by r. The lemma is proved in this case. 

Second case : T(ei) 7^ ei. Then up to renumbering, we may assume that 
r(ei) = €2- We claim that 

there are two orthogonal idempotents ei and 62 in S lifting ei and £2 respectively, 

such that r(ei) = 62- 

This claim implies the lemma since we may apply the induction hypothesis to lift 
the family es, . . . , in (1 — (ei +62)5(1 — (ei +62)) by the same reasoning as above. 
Moreover, in order to prove the claim, we may assume that £1 + £2 = 1- Indeed, 
set e = ei + €2- This is an idempotent of S/I stable by r. By the first case above, 
there is an idempotent e in 5 lifting e and such that r(e) = e. Replacing 5 with 
eSe, and / with I n eSe, we have now ei + €2 = 1, and we are done. To prove our 
claim, we have to distinguish again two cases : 

First subcase : r is an automorphism of algebra. Let / G 5 be any idempotent 
lifting ei. Set /' := /(I - r(/)). Then /'t(/') = /(I - t(/))t(/)(1 - /) = and 
r(/')/' = r(/)(l - /)/(! - r(/)) = 0. Hence the subalgebra 5i of 5 generated by 
/' and t(/') is commutative and stable by r. Moreover, the reduction of /' modulo 
1\ := In Si is ei(l — r(ei)) = ei(l — £2) = ei and the reduction of t(/') is T(ei) = 62- 

Now, let g be an idempotent in 5i lifting ei, and again let g' = g{l-T{g)). The 
same computation as above shows that g'r^g') = T(g')g' = 0, but now, since 5i 
is commutative, g' is an idempotent. Set ei := g', 62 =: T{g'), and the claim is 
proved, hence the lemma in this subcase (we could also have concluded by using 
the fact that the lemma is easy if 5 is a finite commutative ^-algebra). 

Second subcase : r is an anti-automorphism. Let / S 5 be any idempotent lifting 
ei. Set X := fT{f). Then x £ I and r(x) = x. Let 5i be the ^-subalgebra of 5 
generated by x, Ii := I f] Si. This is a finite commutative A-algebra stable by r. 
Note that Ii C rad(5i). Indeed, Ii C rad(5), hence for all y G /i, l + y is invertible 
in 5, hence in Si as it is integral over A. We conclude as Ii is a two-sided ideal of 
Si. In particular, x G rad(5i). Since A is henselian and 2 is invertible in A, there 
exists a unique element u £ 1 + rad(5i) such that v? = 1 — x. Such an element u 
is invertible in Si and satisfies t{u) = u. Set g = u^^fu. Then g is an idempotent 
lifting ei and from ut{u) = v? = 1 — fr^f) we get 

grig) = u~'f{l - fT{f))T{f)u-^ = 0. 

Finally, we set ei = g — \T{g)g and 62 = T{ei) = T{g) — ^T{g)g. Then e, lifts ei 
and we claim that = Cj and 6162 = 6261 = 0. Indeed, this follows at once from 
the following easy fact: 

Let R be a ring in which 2 is invertible, and let e, / be two idempotents of R such 
that ef = 0. // we set e! = (1 — ^)e and f = /(I — |), then e' and f are orthogonal 
idempotents. □ 



Recall that if e G S is an idempotent and I a two-sided ideal of S, then ele = I d eSe and 
rad(e-Re) = erad(_R)e. 
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Lemma 1.8.3. Assume thatT is Cayley-Hamilton. There are idempotents ei, . . . , 
in R and morphisms ip : eiRci — > M(i.{A) satisfying properties (1) to (5) of 
Lemma \1.4-3\ of prop \1.4-3\ and moreover 
(6) For i e {I, . . . , r}, r(ej) = e^(j) . 

Proof — We call €i, i = 1, . . . ,r the central idempotents of R/Kev T. Note that we 
have r(ej) = e^^^iy Applying the preceding lemma to S = R and / := Ker (i? — > 
R/KeiT) = radi? (Lemma ll.2.7p . there exists a family of orthogonal idempotents 
ei, . . . , lifting ei, . . . , that is stable by r. Hence T(ej) = eo-(j) , which is (6), and 
the other properties are proved exactly as in Lemma ll.4.3[ □ 

1.8.3. Notations and choices. Prom now we let 5 be a Cayley-Hamilton quotient 
of R which is stable by r. For example, by Remark 11.8.11 the faithful quotient 
R/KevT has this property. As cr^ = Id, we may cut / into three parts 

with i € /q if and only if a{i) = i, and with cr(/i) = l2- If i G /i and j = cr(i), we 
definitely choose pj := pf, which is permitted since pj and pf- are isomorphic. 

We now choose in a specific way a GMA datum on S taking into account the 
symmetry r. First, Lemma 11.8.31 provides us with a family of idempotents such 
that 

Moreover, by property (5) (actually Lemma 11.4.31 (5)) we also have isomorphisms 
■0i : CiSci — > Mil- {A) for i £ I. We are happy with the ipi for i £ Iq U Ii, but for 
j £ I2, j = cr{i) with i £ Ii we forget about the ^pj given by (5) by setting 

(20) Vi = M) ■= 

Of course, we also have ipi = as = id. From now on, we fix a choice of e^'s 
and ipiS on 5 as above, and this choice makes S a GMA. 

Let i £ Iq. Note that the two morphisms tpi and : CiSci — > M^^iA) have 
the same trace and are residually irreducible. Hence by Serre and Carayol's result 
( |Ca) ). that is also the uniqueness part of the Nyssen and Rouquier's result, there 
exists a matrix Pj £ GLf^. (A) such that ipi = Piip^P~^ . Note that Pi is determined 
up to the multiplication by an element of A* . We fix the choices of such a matrix 
Pi for each i £ Iq. For z G Ii JJ I2 we set Pi := Id. Note that obviously Pi = Pa{i)- 
We have, for any i S I, 

(21) i;^^,)=P,^^p-\ ^, = P,^^^^pr\ 

Lemma 1.8.4. If t is an automorphism (resp. an anti- automorphism) Pf (resp. 
Pi^Ppp^) is a scalar matrix Xild^^ where Xi £ A* (resp. Xi £ {±1}^. 

Proof — Assume that V is an anti-automorphism (we leave the other, simpler, 
case to the reader). Using the two equalities of (pT]) we get 

^i = Pi'p-^^i{Pi'pr^r\ 

hence Pi^P~^ is a scalar matrix Xild with Xi £ A* and we have Xj*Pj = Pi hence 
xf = 1. The result follows since A is local and 2 is invertible in A. □ 
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1.8.4. Definition of the morphisms Tij. Recall from ^1.3l that the idempotent Ei of 
S is defined as il)^^{Ei^i) and that Aij is the A-moduIe EiSEj. Set pi = 'ip~^{Pi) G 
CiSei. This is an invertible element in the algebra CiSei and we denote its inverse 
in this algebra by p~^ . 

Applying (pT|) to T{Ei) we get easily 

T{Ei) = Pa{i)Ea(i)P~li) 

Assume first that r is an automorphism. We have 

r{Aij) = T{Ei) S T{Ej) = p„^i)E^(^i)P~li^ S p^Q)E„^j)p-^.y 
Hence we may define a morphism of ^-modules Ti,j : Aij — > -^(7{i),(7{j) by setting 

Assume now that r is an anti-automorphism. We define similarly a morphism 
Ti,j : Aij — > by setting 

'^hj = ?'cr(i)''"IAJ^'o-{^)• 
Lemma 1.8.5. Assume r is an automorphism (resp. an anti- automorphism) . 

(i) For all i,j, the A-linear endomorphism t^^^^^^^j-^ o nj (resp. Tf^(j)^a{i) ° 
of Aij is the multiplication by an element of A* . 

(ii) For all i,j, Tij is an isomorphism of A-modules. 

(iii) For all i,j,k and x S Aij, y G Aj^k have Tij{x)Tj^k{y) = Ti,k{xy) in 

■^a{i),a{k) (resp. Tj^k{y)nj{x) = Ti^k{xy) in A„l^k),a(i))- 

(iv) We have TijiA'i^^) = A'^^^y^^^^^ (resp. t,^j{A[^^) = A'^^--^^^^^^). 

Proof — The assertion (i) is an easy computation using Lemma 11.8.41 The 
assertion (ii) follows immediately from (i). The assertion (iii) is a straightforward 
computation and (iv) follows from (iii) , (ii) and the definition of the A[ j (see ^1.5.3p . 
□ 



1.8.5. Definition of the morphisms J-ij . Let V hea partition of {1, . . . , r} such that 
the singletons {i} and {j} belong to V. Let I-p be the corresponding reducibility 
ideal. Note that by Lemma 11.8.51 Ip = laCP) so that we may assume without 
changing I-p that the singletons {o"(i)} and {(y{j)} belong to V. Let J be an ideal 
of A containing I-p. 

Recall that we defined a representation pi : R/JR — > M(i{A/J) in Def. 11.5.31 
By point (ii) of Lemma 11.5.41 pi is the reduction mod J of the composite of the 
morphism ijji with the surjection R — > S — > eiSei. Hence we have 

(22) p^n) = npip-'. 

Let c be an extension in Ext^^j^(/>j, /jj). We can see it as a morphism of algebra 

Pc-.R/JR Md^+dM/J) 

f pi{x) c{x) \ 
^ ^ V Pj{x) ) ' 
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where c{x) G Md^^d,{A/J). Then setting Qij = diag(Pi, P_,) G Md^^dj{A/J) we see 
using (|22p that if r is an automorphism, 

(23) Q^,pHx)Qrj = ( P'^if''^ ^"^^^^^^ ) , where c'{x) = c{t{x)) Pr\ 
and that if r is an anti-automorphism, 

(24) Q,,p^(x)Qj = ( P'^^ ^^^^^ ) , where c'(x) = *c(r(x)) 

Hence Qijp-^Q^j represents an element c' in 

Ext^/jfllPaO^/Jaw) (resp. in Ext)j/j^(p^(i) , p^(j)) ) 

and we set 

±ij{c) := c', 

thus defining a morphism 

: ^^^R/jniPj^Pi) — ' Ext^/j^(p^(j),p^(i)) 

(resp. ±ij : Ext}j/j^(pj, pi) — > Ext^/j^(p^(i), p<,(j)) ). 

Note that all we have done also works when R is replaced by its r-stable Cayley- 
Hamilton quotient S, and that the morphisms -Ljj- thus defined on the Ext^^j^'s 
are simply the restriction of the morphisms _Ljj on Ext^^j^. 

1.8.6. The main result. 

Proposition 1.8.6. Ifr is an automorphism, the following diagram is commutative 
HomAiAij/A'i j, A/ J) — ^ Ext\ijg{pj,pi) 

HomA{A^(i),a{j)/A'^(il^y), A/ J) ^ Extl/js{p^(^j),p^(^i^) 

Ifr is an anti- automorphism, the following diagram is commutative 

HomAiAij/A'i j, A/ J) — ^ Ext\ijg{pj,pi) 

/fomA(^^(j),^(i)M;,(j.)^^(i), A/J) ^ Ext\ijs{p„^^,p„^j)) 



Proof — This follows immediately from the definitions of the morphisms Tjj- 
(see ^LKM . U,j (see gLMl especially ([23]) and ([MD) and t^j's (see gTOll . □ 
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1.8.7. A special case. We keep the assumptions of ^1.8. H and the notations above, 
but we assume for simphcity that 

(i) the ring A is reduced, of total fraction ring a finite product of fields K = 

(ii) the pseudocharacters T ® Ks are irreducible, 

(iii) T is an anti-automorphism. 

Let p : S := R/KerT — > M^iK) be a representation as in Theorem 11.4.41 (ii). 
By assumption (ii) above and Theorem 11.4.41 (iii) , p induces an isomorphism 

(25) S<E)aK ^ MdiK). 

For s G {1, . . . , n}, denote by ps the composite S Md{K) — > MdiKg). 

Lemma 1.8.7. For each s G {1, . . . ,n} there exists a matrix Qs G GLd^Kg) such 
that 

(26) pi = QsPsQj\ 

and there is a well- determined sign es = ±1 such that *Qs = esQs- If d is odd then 

€s = 1. 

Proof — The representations ps and are irreducible by hypothesis (ii) and 
have the same trace hence are isomorphic. Moreover ps is absolutely irreducible by 
([^S]) . hence the existence of a Qs such that pj- = QsPsQj^, and its uniqueness up 
to the multiplication by an element on K*. Using that (/O^)"*" = ps, we see that 
^QsQj^ centralizes ps, hence is a scalar matrix. Thus ^Qs = esQs and e<j = ±1. 
The last assertion holds because there is no antisymmetric invertible matrix in odd 
dimension. □ 

We will now relate these signs to other signs, and prove that they are actually 
equal in many cases. Recall that if /c G {1, . . . , r} is such that cr(A;) = k, we fixed in 
grS3]a Pk G GLd^{A) such that = Pki^k^k^^ ^nd we showed that ^Pfc-P^"^ = 
±1 G ^* is a sign in Lemma [1.8.4[ As explained there, P^ is uniquely determined up 
to an element of A* , so this sign is well defined, let us call it e{k). By reducing those 
equalities mod m, e{k) is also "t/ie sigrH^ of the residual representation p^ ^ p^ in 
the obvious sense. 

Lemma 1.8.8. Assume that cr(k) = k for some k G {1, . . . ,r}. Then for each s, 
€s = e{k) is the sign of p^. 

Proof — As r(efc) = eo-(A;) = e^, we have T{ekSek) = CkSck- Recall that by the 
assumptions in ^1.8.31 we have 

P\ekSek = ■ ekRCk ^ Md^{A) 

with tp^ = PfT^i^kPk- For each s G {1, • • • , n}, we also have 

efc = pH^k) = QsPs{ek)Qs^ = QsekQs^y 
so Qs commutes with = *efc, and CkQs and Qs are both symmetric or antisym- 
metric. Since ■0fc '■ ^k{S ®a K)^k — * Md{K) is an isomorphism, we get that for 
some Xs G K*, 

ekQs = KPk^- 
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In particular, the three matrices e^Qs, Qs and (which does not depend on s) 
are simultaneously symmetric or antisymmetric, and we are done. □ 

Let us fix now i ^ j two integers in {1, . . . , r} such that a{i) = j. Under hypoth- 
esis (iii), the morphism _Lj j is an endomorphism of the A-module Ext^^j^(pj, pj) 
and is canonically defined. We will study it using Proposition 11.8.61 and in terms 
of the signs above. Recall that we also defined some j4-linear isomorphism Tij of 

Lemma 1.8.9. The morphism Ti,j : Ai,j — > Aij is the multiplication by the 
element (ei,...,e„) of K* . 

Proof — Let Q £ Gh(i{K) be the matrix whose image in GLrf(i^s) is Qs for s = 
1, . . . , n. The representation p identifies S with a standard GMA p{S) in Aid{K) and 
it follows from (|26|) that the anti-automorphism r on p{S) is the restriction of the 
anti- automorphism M i— > Q^MQ~^. Remember that p{Ei) is the diagonal matrix 
whose all entries are zero but the {di + - ■ •+dj_i + l)*'^ which is one, and similarly for 
p{Ej). Remember also that p identifies Aij = EiSEj with Aij = p{Ei)p{S)p{Ej). 
Since T{Ei) = Ej we have p{Ej) = Q*p{Ei)Q-^ = Qp{Ei)Q-^. Thus the 2 by 2 

submatrix of Q, keeping only the (di H -|- di-i + 1)*^ and (di H -|- dj-i + 

lines and row, is antidiagonal : 

p{Ei)Qp{Ei) p{Ei)Qp{E,) \_(0 (^\^M(K\ 
p{E,)Qp{E,) p{E,)Qp{E,) J-\b ; e^^^2iAj 

But by the lemma we have *(5 = (ei, . . . , en)Q, hence 

b = (ei, . . . ,e„)a. 

Now Tij : Aij — > Aij is by definition the restriction of M i-^ QMQ^^ to Ai j = 
p{Ei)Sp{Ej). By the formula above, this map is the multiplication by ab^^, that 
is by the element (ci, ...,£« 

Thus, by Proposition 11.8.6] and the lemmas above : 

Proposition 1.8.10. (i) // all the signs are equal, then for each pair i ^ j 
with j = a{i) the endomorphism 

±ij : Ext\ijg{pj, Pi) > Extl,^jg{pj, Pi) 

is the multiplication by ei = ±1. 

(ii) If a has a fixed point k, then all the Eg are equal to the sign of pk ~ p^. 

(iii) If d is odd, all these signs are +1. 

Remark 1.8.11. Note that the hypothesis of the corollary holds obviously when 
j4 is a domain. Note also that the fact that _Ljj is the multiplication by ±1 implies 
(and in fact is equivalent to) that every extension p in Ex.tg^jg{pj,pi) is isomorphic 
to p^ as a representation (not necessarily as an extension). 
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2. TrIANGULINE DEFORMATIONS OF REFINED CRYSTALLINE REPRESENTATIONS 

2.1. Introduction. The aim of this section is twofold. First, we study the d- 
dimensional trianguhne representations of 

Gp := Gal(Qp/Qp) 

for any d > 1 and with artinian ring coefficients, extending some results of Colmez 
in [Co2| . Then, we use them to define and study some deformation problems of the 
d-dimensional crystalhne representations of Gp. 

These deformation problems are motivated by the theory of p-adic families of 
automorphic forms and the wish to understand the family of Galois representations 
carried by the eigenvarieties. They have been extensively studied in the special case 
of ordinary deformations {e.g. Hida families), however the general case is more sub- 
tle. When d = 2, it was first dealt with by Kisin in [Kij . He proved that the local 
p-adic Galois representation attached to any finite slope overconvergent modular 
eigenform / admits a non trivial crystalline period on which the crystalline Probe- 
nius acts through ap if Up{f) = apf, and also that this period "vary analytically" 
on the eigencurve. These facts lead him to define and study some deformation 
problem he called in loc. cit. §8. In favorable cases, he was then able to show 
that the Galois deformations coming from Coleman's families give examples of such 
"/i-deformations" (see §10, 11 loc. cit). In this section, we define and study a de- 
formation problem for the d-dimensional case via the theory of (93, r)-modules. It 
turns out to be isomorphic to Kisin's one when d = 2 but in a non trivial way. We 
postpone to sections [3] and H] the question of showing that higher rank eigenvarieties 
produce such deformations. 

The approach we follow to define these problems is mainly suggested by Colmez's 
interpretation of the first result of Kisin recalled above in |Co2j. Precisely, Colmez 
proves that for a 2-dimensional p-adic representation V of Gp, a twist of V admits 
a non trivial crystalline period if, and only if, the {ip, r)-module of V over the 
Robba rin^^ is triangulable ( |Co2l Prop. 5.3]). For instance, the r)-module of 
a 2-dimensional crystalline representation is always trigonalisable (with non etale 
graded pieces in general) even if the representation is irreducible (that is non ordi- 
nary), which makes things interesting. This also led Colmez to define a trianguline 
representation as a representation whose (93, r)-module over 7?. is a successive ex- 
tension of rank 1 (ip, r)-modules. Although this has not yet been proved, it is 
believed (and suggested by Kisin's work) that the above triangulation should vary 
analytically on the eigencurve, so that the general "finite slope families" should 
look pretty much like ordinary families from this point of view^l. 

In what follows, we define and study in details the trianguline deformation func- 
tors of a given d-dimensional crystalline representation for any d, establishing an 



Recall that the category of {(p, r)-modules over the Robba ring TZ is strictly bigger than the 
category of Qp-representations of Gp, which occurs as its full subcategory of etale objects. 

^'^A related question is to describe the yl-valued points, A being any Qp-afSnoid algebra, of the 
parameter space S of triangular ((/?, r)-modules defined by Colmez in | Co2 !, §0.2]. The material of 
this part would be e.g. enough to answer the case where A is an artinian Qp-algebra, at least for 
"non critical" triangulations. See also our results in section |4] 
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"infinitesimal version" of the program above, that is working with artinian Qp- 
algebras as coefficients (instead of general Qp-affinoids which would require extra 
work). This case will be enough for the applications in the next sections and 
contains already quite a number of subtleties, mainly related to the notion "non 
criticality" . We prove also a number of results of independent interest on triangular 
r)-modules, some of them generalizing to the d-dimensional case some results 
of Colmez in [Co2) . Let us describe now more precisely what we show. 

In ^2.21 we collect the fundamental facts we shall use of the theory of {(p, T)- 
modules over the Robba ring TZ. We deduce from Kedlaya's theorem that an 
extension between two etale ((/?, r)-modules is itself etale (lemma l2.2.5p . A useful 
corollary is the fact that it is the same to deform the {ip, r)-module over TZ of 
a representation or to deform the representation itself (Proposition I2.3.12p . We 
prove also in this part some useful results on modules over the Robba ring with 
coefficients in an artinian Qp-algebra. 

In ^2.31 we study the triangular {ip, r)-modules over TZa ■= TZ A where A is 
an artinian Qp-algebra. They are defined as (99, r)-modules D finite free over TZa 
equipped with a strictly increasing filtration (a triangulation) 

of {ip, r)-submodules which are free and direct summand over 7^ J^. When D has 
rank 1 over TZa, we show that it is isomorphic to a "basic" one (5) for some 
unique continuous character W — > A* (Proposition 12.3. ip , hence the graded pieces 
of Filj(Z?)/Filj_i(Z)) have the form TZAiSi) in general. The parameter (5j)j=i,...,rf of 
D defined this way turns out to refine the data of the Sen polynomial of D (Propo- 
sition I2.3.3p . A first important result of this part is a weight criterion ensuring 
that such a (99, r)-module is de Rham (Proposition I2.3.4j) : this criterion appears 
to be a generalization to trianguline representations of Perrin-Riou's criterion "or- 
dinary representations are semistable" ( |PPl Expose IV, Theoreme]). In the last 
paragraphs, we define and study the functor of triangular deformations of a given 
triangular (p, r)-module Dq over TZ: its ^-points are simply the triangular (p, T)- 
modules deforming Dq and whose triangulation lifts the fixed triangulation of Dq. 
In the same vein, a trianguline deformation of a trianguline representation Vq is a 
triangular deformation of its {p, r)-moduleF^ Dq (it depends on the triangulation 
of Dq we choose in general) . The main result here is a complete description of these 
functors under some explicit conditions on the parameter of the triangulation of 
Dq (Proposition EXini). 

In 3131 we show that crystalline representations are trianguline and study the 
different possible triangulations of the {p, r)-module of a given crystalline repre- 
sentation^n V. We show that they are in natural bijection with the refinements of 

■^''it is important here not to restrict to the etale D, even if in some important appUcations this 
would be the case. Indeed, most of the proofs use an induction on d and the Fili(_D) C D will not 
even be isocline in general. 

'^-'^In this section, all the {(f, r)-modules are understood with coefficients in the Robba ring TZ. 
For simplicity, we restrict there to crystalline representations with distinct Hodge- Tate 
weights. In fact, the results of this part could be extended to the representations becoming 
semi-stable over an abelian extension of Qp, and even to all the de Rham representations in a 
weaker form. 
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V in Mazur's sense |Malj . that is the fuh ip-stahle filtrations of DcrysiV). More im- 
portantly, we introduce a notion of non critical refinement in ^2.4.3l bv asking that 
the (/9-stable filtration is in general position compared to the weight filtration on 
Z)crys(^)- We interpret then this condition in terms of the associated triangulation 
of the r)-module (Proposition I2.4."7|) . and compare it to other related definitions 
in the literature (remark I2.4.6P . This notion turns out to be the central one in all 
the subsequent results. The main ingredient for this part is Berger's paper [Bel] , 

In ^2.5^ we apply all the previous parts to define and study the trianguline defor- 
mation functor of a refined crystalline representation. It should be understood as 
follows: the choice a refinement of V defines a triangulation of its {ip, r)-module by 
the previous part, and we can study the associated trianguline deformation prob- 
lem defined above. When the chosen refinement is non critical, we can explicitly 
describe the trianguline deformation functor (Theorem l2.5.8|) . and also describe the 
crystalline locus inside it. A maybe striking result is that "a trianguline deforma- 
tion of a non critically refined crystalline representation is crystalline if and only 
if it is Hodge- Tate" (Theorem 12.5. ip . This fact may be viewed as an infinitesimal 
local version of Coleman's "small slope forms are classical" result; it will play an 
important role in the applications to Selmer groups of the subsequent sections (see 
e.g. Corollarv I4.4.5p . In the last paragraph, we give a criterion ensuring that a 
deformation satisfying some conditions in Kisin's style is in fact trianguline (Theo- 
rem [23]S])- Combined with the extensions of Kisin's work studied in section [21 this 
result will be useful to prove that the Galois deformations living on eigenvarieties 
are trianguline in many interesting caseJ^. 

In a last ^2.61 we discuss some applications of these results to global deformation 
problems. Recall that a consequence of the Bloch-Kato conjecture for adjoint pure 
motives is that a geometric, irreducible, p-adic Galois representation V (say crys- 
talline above p) admits no non trivial crystalline deformatioE0. Admitting this, we 
obtain that the trianguline deformations of V for a non critical refinement J- (and 
with good reduction outside p say) have Krull-dimension at most dim(y) (corol- 
lary 12.6. ip . This "explains" for example why the eigenvarieties of reductive rank d 
have dimension at most d, and in general it relates the dimension of the tangent 
space of eigenvarieties of GL(n) at classical points (about which we know very few) 
to an "explicit" Selmer group. As another good indication about the relevance of 
the objects above, let us just say that when such a {V,J^) appears as a classical 
point X on a unitary eigenvariety X (say of "minimal level outside p"), standard 
conjectures imply that 

K 

R^T^L[[Xi,...,Xd]], 

where R prorepresents the trianguline deformation functor of {V,J-), T is the com- 
pletion of X at X, and k is the morphism of the eigenvariety to the weight space. 



However not in all cases; part of this result may be viewed as a trick allowing to circumvent 
the study of a theory of families of triangular {ip, r)-modules alluded above. 

''^As Q-motives are countable, it is certainly expected that there is non trivial 1-parameter 
p-adic family of motives, but the infinitesimal assertion is stronger. 
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The authors are grateful to Laurent Berger and Pierre Colmez for very helpful 
discussions during the preparation of this section. We started working on the in- 
finitesimal properties of the Galois representations on eigenvarieties in September 
2003, and since we have been faced to an increasing number of questions concerning 
non de Rham p-adic representations which were fundamental regarding the arith- 
metic applications. We warmly thank them for taking the time to think about our 
questions during this whole period. As will be clear to the reader, Colmez's paper 
|Co2| has been especially influential to us. 

2.2. Preliminaries of p-adic Hodge theory and (99, r)-modules. 

2.2.1. Notations and conventions. In all this section, 

Gp = Gal(Qp/Qp), 

is equipped with its Krull topology. Let A be a finite dimensional local Qp-algebra 
equipped with its unique Banach Qp-algebra topology, m its maximal ideal, L := 
A/m. 

By an A-representation of Gp, we shall always mean an j4-linear, continuous, 
representation of Gp on a finite type j4-module. We fix an algebraic closure Qp 
of Qp, equipped with its canonical valuation v, and norm |.|, extending the one of 
Qp (so v{p) = 1 and \p\ = l/p), and we denote by Cp its completion. We denote 
by -Bcrys) -BdR, -Dcrys(— ), -Ddr(— ) ctc... the usual rings and functors defined by 
Fontaine ([EB Exposes II et III]). 

We denote by Qp(l) the Qp-representation of Gp on Qp defined by the cyclotomic 
character 

x-.Gp^ z;. 

If we set Hp := Ker (x) and F := Gp/Hp, then x induces a canonical isomorphism 
r — ^ Z*. Our convention on the sign of the Hodge- Tate weights, and on the 
Sen polynomial, is that Qp(l) has weight —1 and Sen polynomial T + 1. With 
this convention, the Hodge- Tate weights (without multiplicities) of a de Rham 
representation V are the jumps of the weight filtration on -Ddr(^)! that is the 
integers i such that Fir+-^(L'DR(^)) £ Fil*(-^DR(^)), and also the roots of the Sen 
polynomial of V. 

2.2.2. ((/9, T)-modules over the Robba ring TZa- It will be convenient for us to adopt 
the point of view of ((/?, r)-modules over the Robba ring, for which we refer to [F] . 
[UoT] . [Kel] . and [B^ . 

Let TZa be the Robba ring with coefficients in A, i.e. the ring of power series 

f{z) = ^a„(z-l)", an^A 

converging on some annulus of Cp of the form r(/) < 1^; — 1| < 1, equipped with its 
natural j4-algebra topology. If we set 

TZ ■■= TZq^, 

we have TZa = TZ (^q^ A. Recall that TZa is equipped with commuting, A-linear, 
continuous actions of ip and F defined by 

^{f)iz) = f{zn, l{f){z) = /(z^(^)). 
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To get a picture of this action, note that if z £ Cp satisfies 1^ — 1| < 1, we have 

1 

\z"' — 1| = |z — 1| for n G Z*, whereas |zP — 1| = — 1]^ when 1^; — 1| > p ^^'^ ■ 

Definition 2.2.1. A r)-module over TZa is a finitely generated T^A-module D 
which is free over TZ and equipped with commuting, 7^/i-semihnear, continuouj^ 
actions of (/? and F, and such that lZip{D) = D. 

2.2.3. Some algebraic properties of TZa- In the first part of this section, we assume 
that j4 = L is a field, and we will now recall some algebraic properties of modules 
over TZl- 

A first remark is that TZl is a domain. Moreover, although it is not noetherian, 
a key property is that 7^/, is an adequate Bezout domain (see |BeH prop. 4.12]), 
hence the theory of finitely presented T^^-modules is similar to the one for principal 
rings: 

(Bl) Finitely generated, torsion free, T^^-modules are free. 

(B2) For any finite type T^-^-submodule M C TZ^^ there is a basis (cj) of TZ^, and 
elements (/i)i<i<d G (7^L\{0})'^, such that M = ef^JiTZiei. The fi may 
be chosen such that fi divides /j+i in 7^^, for 1 < z < d — 1, and are unique 
up to units of TZl if this is satisfied (they are called the elementary divisors 
of M in TZl). 

Let M C TZl ^ T^L-submodule, the saturation of M in TZ^ is 

M^^* := MnFrac(7^L)", 

and we say that M is saturated if M^^^ = M, or which is the same if TZ^/M is 
torsion frej^. By (Bl) (resp. (B2)) such an M is saturated if, and only if, it is 
a direct summand as T^^-module (resp. if its elementary divisors are units). Note 
also that by property (B2), if M C TZ^ is finite type over TZl, then so is M^^^. 

It turns out that in a {ip, F)-module situation, we can say much more. Let 
t := log(z) E 7^ be the usual " 2i7r-element" . It satisfies ip{t) = pt and 7(t) = x{'~f)i 
for all 7 G F. Note that t is not an irreducible element of TZ, as it is divisible by 
z^" — 1 for all n. 

Proposition 2.2.2. Let D be a {ip,T)-module over TZl o-nd D' a {(p,T)-submodule. 

(i) D"''' = D'[l/t]nD. 

(ii) IfD' has rank 1 over TZl, then D' = t'^D"''*, A: e N. 

Proof — Part (ii) is |Co21 rem. 4.4]. To prove part (i), it suffices to show that 
the product of the elementary divisors of D' is a power of t. But this follows from 
(ii) applied to A^{D') C A^{D) with j = rkn^iD'). □ 



It means that for any choice of a free basis e = {ei)i=i...d of D as 7?.-module, the matrix 
map 7 ^ Meiy) € GLdilZ), defined by 7(ei) — Me(7)(ei), is a continuous function on F. If 
P £ GLd(7?.), then Mp(e)(7) = j{P)Ms{'y)P~^ , hence it suffices to check it for a single basis. 

36 As Frac7?.L = Frac7?.(8)Qp L, an 7?.l -module is torsion free over TZl if, and only if, it is torsion 
free over TZ. 
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We end this section by establishing some basic but useful facts when we work 
with artinian rings; in what follows A is not supposed to be a field any more. 

Lemma 2.2.3. (i) Let E be a free A-module and E' C E a free submodule, 
then E' is a direct summand of E. 

(ii) Let E he a TlA-fnodule (resp. TlA[l/t]-module) which is free of finite type 
as TZ-module (resp. TZ[1 /t]-module), and free as A-module. Then E is free 
of finite type overTZA (resp. TlA[i-/t]). 

(iii) Let D be a finite free IZA-module. Assume that D contains a submodule D' 
free of rank 1 such that D'/mD' is saturated in D/mD as TZ-module. Then 
D' is a direct summand as IZA-suhmodule of D. 

Proof — Let n > 1 denote the smallest integer such that m" = 0. As m is 
nilpotent, the following version of Nakayama's lemma holds for all j4-modules F: 
F is zero (resp. free) if, and only if, F/mF = (resp. Tori {F, A/m) = 0). 
To prove (i), consider the natural exact sequence 

— > Toj:f{E/E',A/m) — > E'/mE' — > E/mE. 

We have to show that the Tor above is zero, i.e. that mE D E' = mE'. But this 
follows from the fact that for a free ^-module F, 

mF = := {/ G F,m''-^f = 0}. 

Let us show (ii) now, set TZ' = TZ[l/t] or TZ. As E is free over A we have mE = 
E[m"~^] hence mE is a saturated T^'-submodule of E. As a consequence, E/mE is 
a torsion free, finite type, TZ'^ = 7^^/m7^^-module, so it is free over TZ'^ by property 
(Bl). As E is free over A, Nakayama's lemma shows that any 7^^-lift {'JZ'j^)'^ — > E 
of an 7^^-isomorphism (TZ'i^)'^ — > E/mE is itself an isomorphism. 

Before we prove (iii), let us do the following remark. 

Remark 2.2.4. Let D be a (99, r)-module free over IZa and Z?' C D be a submodule 
also free over TZa- Then part (i) shows that D' is a direct summand of D as A- 
module. In particular, for any ideal I <Z A, the natural map D' /ID' — > D /ID is 
injective, and D' n ID = ID' . Note that this remark gives sense to part (iii) of the 
proposition (take I = m). 

To prove (iii), let us argue by induction on the length of A to show that D' 
is 7^-saturated in D. We are done by assumption if j4 is a field. Let / C j4 be 
a proper ideal, then D' /ID' C D/ID satisfies the induction hypothesis by the 
remark [2 . 2 . 41 ab ove . hence D' /ID' is a saturated 7^-submodule of D/ID. As ID is 
a direct summand as 7^- module, it is saturated in D, hence we only have to show 
that D' n ID = ID' is saturated in ID. We may and do choose an ideal I of 
length 1. But in this case, ID' C ID is D'/mD' C D/mD, which is saturated by 
assumption. We proved that D' is TZ saturated in D. As a consequence, D/D' is 
7?.-torsion free, and free over A by part (i), hence it is free over TZa by part (ii). 

□ 
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2.2.4. Etale and isocline (p-modules. Assume again that A = L is a, field. Let D 
be a (/j-module over TZl, i.e. a free of finite rank 7?.i-module with a 7?.i-semihnear 
action of (p such that TZl^{D) = D. Recall that Kedlaya's work (see |KeH Theorem 
6.10]) associates to D a sequence of rational numbers si < ■ ■ ■ < Sd (where d is 
the rank of D) called the slopes of D. The 99-module D is said isocline of slope s 
if si = ■ ■ ■ = Sd = s and etale if it is isocline of slope 0. A ((/?, r)-module is etale 
(resp. isocline) if its underlying (/^-module (forgetting the action of T) is. For more 
details see |Kel) . especially part 4 and 6, [Ke2j or, for a concise review, ^Co2 ] . part 
2. 

Lemma 2.2.5. Let — > Di — > D — > D2 — > he an exact sequence of (p- 
modules free of finite rank over TZl. If Di and D2 are isocline of the same slope s, 
then D is also isocline of slope s. 

Proof — Up to a twist (after enlarging L if necessary) we may assume that s = 0, 
that is Di and D2 etale, and we have to prove that D is etale as well. 

Assume that D is not etale, so it has by Kedlaya's Theorem ([Keli Thm 6.10]) 
a saturated (/9-submodule which is isocline of slope s < 0. Note n the rank of 
A^ and consider the (^-module A^D which contains as a saturated v^-submodule the 
(^-module A'^N, of slope ns < 0. By assumption, A^M is a successive extensions 
of (^-modules of the form 

A''{Di)®lA\D2), a + b = n, 

which are all etale (see [Kell Prop. 5.13]). Since A"A^ has rank one, it is isomorphic 
to a submodule of one of those etale (/3-modules A"(Z)i) 0^ A^(D2)- But by [ Ke2l 
Prop. 4.5.14], an etale </?-module has no rank one (/p-submodule of slope < 0, a 
contradiction. □ 

2.2.5. {if, T) -modules and representations of Gp. Works of Fontaine, Cherbonnier- 
Colmez, and Kedlaya, allow to define a (gi-equivalence -Drig between the category of 
Qp-representations of Gp and etale (in the sense of ^2.2.4p {ip, r)-modules over TZ 
C jUo^l prop. 2.7]). By {BeTl §3.4], -Drig(^) can be defined in Fontaine's style: there 
exists a topological ring B (denoted ijt-rig there) equipped with actions of Gp and 
ip and such that B^p = TZ, and 

DHg(F) := {V i?)^^ 

As in Herr's theory, recall that there is an explicit complex of 7^-modules com- 
puting the cohomology of a ((/?, r)-module D (see |Co21 §3.1]), which we will denote 
by W{D). Some properties of these constructions are summarized in the following 
proposition. 

Proposition 2.2.6. (i) The functor Dj-ig induces an 0- equivalence of cate- 
gories between A-representations of Gp and etale [(p,T) -modules over IZa- 
We have rkQ^(y) = rk7^(Aig(l^)). 
(ii) For an A-representation V of Gp, Drig(— ) induces an isomorphism 

,r)-mod (7^A,Aig(l^))=^H^rig(^)). 
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Proof — Part (i) is \Co2\ prop. 2.7], part (ii) follows from (i) and Proposition 
[2X51 □ 



Lemma 2.2.7. An A-representation V of Gp is free over A if, and only if, D^giy) 
is free over TZa ■ 

Proof — Assume first that V is free over A. Let M be any finite length ^-module 
M, and fix a presentation A^ — > A^ — > M — > 0. As the functor Dr\g{—) is 
exact by Proposition 12.2.61 (i), and by left exactness of — ®a Df^^iV), we deduce 
from this presentation that we have a canonical A-linear isomorphism 

Drig{V) ®aM ^ D,ig{V (g>A M). 

In particular, when M = A/m where m is the maximal ideal of A, we get that the 
minimal number of generators of D(y) as T^^i-module is d := rk^(y). In particular, 
there is a T^^-hnear surjection TZ'^ — > Dj-ig{V). As 

i±nD{V) = dimQ^(y) = ddiuiQ^iA) = rk7^(7^1) 

by Proposition 12.2.6] (i). any such surjection is an isomorphism by property (Bl). 

The proof is the same in the other direction using the natural inverse functor of 
D,ig. □ 

2.2.6. Berger's theorem. We will need to recover the usual Fontaine functors from 
Dj-ig(V), which is achieved by Berger's work [Belj and |Be2] that we recall now. 
Let us introduce, for r > G Q, the Qp-subalgebra 

TZr = {f{z) £ TZ, f converges on the annulus p~~ < l^^ — 1| < !}• 

Note that TZ^ is stable by F, and that ip induces a map TZr — > T^pr when r > 
which is etale of degree p. The following lemma is jBe2[ thm 1.3.3]: 

Lemma 2.2.8. Let D be a {ip,T) -module over TZ. There exists a r{D) > 2^ such 
that for each r > r[D), there exists a unique finite free, T-stahle, TZr-suhmodule Dj. 
of D such that TZ ^-jir — ^ D and that TZprDr has a TZpr-basis in ip{Dr)- In 
particular, for r > r{D), 

(i) for s>r,Ds = TZgDr ^ TZg (8)7^^ Dr, 

(ii) ip induces an isomorphism TZpr ®nr,v — > Dpr — > TZpr (^-jir ^r- 

If n(r) is the smallest integer n such that p''^~^{p — 1) > r, then for n > n{r) 
the primitive ^"'-th roots of unity lie in the annuli p^~ < \z — 1\ < 1 and t is a 
uniformizer at each of them so that we get by localization and completion at their 
underlying closed point a natural map 

TZr KnM, n > n(r), r > r(D), 

which is injective with t-adically dense image, where Kn := Qp( ''\/T). For any 
F)-module over TZ, we can then form for r > r(D) and n > n{r) the space 

Dr ®HrKn[[t]l 

which is a ^^[[t]] -module free of rank rk7^(Z)) equipped with a semi-linear contin- 
uous action of F. By Lemma [2.2.81 (i), this space does not depend on the choice of 
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r such that n > n{r). Moreover, for a fixed r, ip induces by the same lemma part 
(ii) — <^TZpr ^n+i[[t]] a F-equivariant, i^„-|_i[[t]]-linear, isomorphism 

(Note that the map ip : TZr — > TZpr induces the inclusion — *■ -f^n+i[[i]] such 
that 1 1— > pt.) 

We use this to define functors 2?sen(-D) and PdR(-D), as follows. Let Koo = 
Un>o-^"' ^ — ^('^) ^ ^ define a -fCoo-vector space with a semi- 

linear action of T by setting 

'DseniD) := {Dr ®7^. K^) ®Kr. K^o- 

By the discussion above, this space does not depend of the choice of n, r. In the 
same way, the Qp-vector spaces 

are independent of n > n(r) and r > r{D). As /Coo((i))^ = Qp> ^dR(-D) so defined 
is a finite dimensional Qp-vector-space whose dimension is less than rk7^(D), and 
(FiP(I?dR(-C)))jez is a decreasing, exhausting, and saturated, filtration on I?dR(-C). 

We end by the definition of Pcrys(^)- Let 

V,,y,{D) ■= D[l/tf. 

It has an action of Qp['/7] induced by the one on It has also a natural 

filtration defined as follows. Choose r > r{D) and n > n(r), there is a natural 
inclusion 

and we denote by ((/9"(Fil*(Pcrys(-D)))jg2 the filtration induced from the one on 
V(iYi{D). By the analysis above, this defines a unique filtration (FiP(Dcrys(^)))iez, 
independent of the above choices of n and r. We summarize some of Berger's results 
( [Bel] , |Be2] . [Coll prop. 5.6])) in the following proposition. 

Proposition 2.2.9. Let V he a Qp-representation of Gp, and 

* £ {crys, dR, Sen}. 
Then 'D^{Di-ig{V)) is canonically isomorphic to D^:(V). 

Definition 2.2.10. We will say that a (not necessarily etale) ((/?, F)-module D over 
TZ is crystalline (resp. de Rham) if I?crys(-D) (resp. PdR(-C)) has rank rk7^(Z)) over 
Qp. The Sen polynomial of D is the one of the semi-linear F-module Psen(-D). 

Due to the lack of references we have to include the following lemma. 

Lemma 2.2.11. Let — > D' — > D — > D" — > be an exact sequence of {ip, F)- 
modules over IZ. If r > r{D),r{D'),r(D") is big enough, then D'^' = Im{Dr — > 
D") and D'r = A- n D' . 
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Proof — Fix ro > r{D),r{D'),r{D"). By Lemma[22Sl 

(27) ^* = U e {Z),Z)',Z)"}. 

r>ro 

We can then find ri > ro such that D'^.^^ C and Im{Dro — > C D'f^. As 
D — > D" is surjective, we can choose moreover some r2 > ri such that Im{Dr2 — > 
D") contains a 7?-ri-basis of Df.'^. The exact sequence of the statement induces then 
for r > r2 an exact sequence of 7^r.-modules 

(28) — > Kr := Drr\D' — > Dr — > D'^ — > 0, 

with Kr D D'^. As is free, this sequence sphts, hence remains exact when base 
changed to IZs, s > r. Using Lemma 12.2.81 (i), this imphes that TZ^K^ = Kg for 
s > r > r2- Moreover, Kr is finite type over TZr- Indeed, is (free of) finite type 
over TZr and the sequence (|28l) sphts. By formula (i27|) . we can then choose rs > r2 
such that C D[.^, and we get that = TlrKr2 = D'^ for r > r^. □ 

2.3. Triangular (99, r)-modules and trianguline representations over ar- 
tinian Qp-algebras. 

In aU this subsection, j4 is a finite dimensional local Qp-algebra with maximal 
ideal m and residue field L := A/m. 

2.3.1. {if, T) -modules of rank one overlZA- We begin by classifying all the (93, F)- 
modules which are free of rank 1 over IZa- Let 5 : Q* — > A* be a continuous 
character. In the spirit of Colmez \Co2\ §0.1], we define the (93, r)-module TZa{5) 
which is IZa as 7^^-module but equipped with the T^-A-semi-linear actions of (/? and 
r defined by 

99(1) ■.= 5{p), 7(1) :=5(7),V7er, 
with the identification x ■ T — > understood. Recall that by class field theory 
X extends uniquely to an isomorphism 6 : W^'' — > Q* sending the geometric 
Frobenius to p, where W C Gp is the Weil group of Qp. We may then view any 5 as 
above as a continuous homomorphism W — > A*. Such a homomorphism extends 
continuously to Gp if v{6{p) mod m) is zero, and in this case we see that 

nA{6) = D,ig{Soe). 

Note that if / C A is an ideal, it is clear from the definition that TZAiS) 0^ 
A/ 1 TZA/iiS mod I). Moreover, if is a (99, r)-module over TZa, we will set 
D{6) ■.= D®nA T^a{S), and 

D^ = {xe D, if{x) = 6{p)x, 7(x) = 6{j)x} ^ D{6-^)^=^'^=^ = H^{D{6-^)). 

Proposition 2.3.1. Any {ip,T) -module free of rank 1 over IZa is isomorphic to 
7^^(5) for a unique 6. Such a module is isocline of slope v{6{p) mod m). 

Proof — By Lemma l2.2.5l a ((/?, F)-module D of rank 1 over TZa is automatically 
isocline of same slope as D/mD. As TZl{6 mod m) has slope v{5{p) mod m), and as 
TZAiS){5') = TZ a{S5'), we may assume that D is etale. But in this case, the result 
follows from the equivalence of categories of Proposition 12.2.6] (i). Lemma 12.2.71 
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and the fact that the continuous Galois characters Gp — > A* correspond exactly 
to the 6 such that v{6{p) mod m) = 0. □ 



2.3.2. Definitions. 

Definition 2.3.2. Let D be a {(p, r)-module which is free of rank d over TZa and 
equipped with a strictly increasing filtration (Filj(Z)))j=o...d '■ 

FMD) := {0} C FMD) C • • • C Fil.p) C • • • C FiU-i{D) C FiUD) := D, 

of ((/?, r)-submodules which are free and direct summand as T^-A-modules. We call 
such a D a triangular ((/?, r)-module over TZa, and the filtration T := (Filj(D)) a 
triangulation of D over TZa_- 

Following Colmez, we shall say that a {(p, r)-module which is free of rank d over 
TZa is triangulable if it can be equipped with a triangulation T; we shall say that 
an ^-representation V of Gp which is free of rank d over A is trianguline if D^^giV) 
(which is free of rank d over IZa by Lemma l2.2.7p is triangulable. 

Let D he a triangular (93, r)-module. By Lemma 12.3. H for each 

gii{D) := Fil,(D)/Fil,_ip), l<i<d, 

is isomorphic to TZA{6i) for some unique 6i : W — > A*. It makes then sense to 
define the parameter of the triangulation to be the continuous homomorphism 

S:= {^^)^=l,..,d■.Q;^{A*)''. 



2.3.3. Weights and Sen polynomial of a triangular {(p,F) -module. As the following 
proposition shows, the parameter of a triangular (ip, r)-module refines the data of 
its Sen polynomial. It will be convenient to introduce, for a continuous character 
5 -.Qp — > A*, its weight: 

V 57/^=1 log(l+p2) 

Proposition 2.3.3. Let D be a triangular {(p,F)-module over TZa <ind 6 the pa- 
rameter of a triangulation of D. Then the Sen polynomial of D is 



lliT-u;{5,)). 



Proof — Assume first that d = 1, i.e. that D = TZa{5). We see that we may 
take r{D) = (p - l)/p and that Dr = ATZr for r > r{D). But then T>seniD) has 
a -RToo-basis on which F acts through (5|p, and the result follows. The general case 
follows by induction on d from the case d = 1 and Lemma 12.2.111 □ 
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2.3.4. De Rham triangular {ip,T) -modules. We now give a sufficient condition on 
a triangular (99, r)-module D over TZa to be de Rham (see definition 12.2.10] ). A 
necessary condition is that the TZA{Si) are themselves de Rham, i.e. that each 
Si := Lo{6i) is an integer (see the proof below). 

Proposition 2.3.4. Let D be a triangular {(p,T) -module of rank d over IZa, and 
let 6 be its parameter. Assume that si := Lo{5i) £ 7L, and that si < S2 < ■ ■ ■ < s^, 
then D is de Rham. 

If, moreover, Dq := D/mD is crystalline and satisfies Hom{DQ, Dq{x^^)) = 0) 
(resp. is semi-stable), then D is crystalline (resp. semi-stable). 

Proof — In this proof, Koo[[i]] will always mean IJn>i 

Assume first that d = 1 and D = TZa{5). If s := a;((5) G Z, then (5|rX* is a finite 
order character of T. So (t^'Kooif*]] ®Qp <^|r)^ has Qp-dimension 1 and is equal to 
{f^Koo ^\r)^ ■ This concludes the case d = 1. 

Let us show now that D is de Rham by induction on d. By Lemma 12.2.111 we 
have for r big enough and i £ Z an exact sequence 

Fir(PdR(Fild-i(Z)))) Fi\\Va^{D)) Fi\\nA{Sa)) 

HHrAFild-i{D)r) ^ K^[[t]]f). 

By the induction hypothesis applied to Fil^_i(Z)), FiP^ (I>dp{(Fil^_i(L'))) has di- 
mension (d — 1) dimQp(^) and FiP(P(jR(Filrf_i(Z?)) = for z > s^-i. By the case 
d = 1 studied above, it suffices then to show that 

But the F-module F\\d-i{D)r (dn,- Koo[[t]]t^'' is a successive extension of terms of 
the form 

The H^{T, — ) of each of these terms vanishes because > if i < d, and 

for j > 0. This concludes the proof that D is de Rham. 

Recall that Berger's Theorem |Be21 theoreme A] associates canonically to any 
de Rham {ip, r)-module D over TZ a filtered ((/?, A^, Gp)-module X{D). We see as in 
Lemma [2.2.71 that X{D) carries an action of A and is free as A-module if (and only 
if) D is free over TZa- Moreover we have 

X{Do) = X[D)/mX{D), where Dq := D/mD. 

But if -Do is semi-stable, the action of the inertia group Ip C Gp on X{D)/mX{D) 
is trivial. As the action of Ip on X{D) has finite image by definition, the /p-module 
X{D) is also trivial. If moreover 

Hom(Z)o,A(x"')) = 0, 

then we get by induction on i > 1 that 

AT : X{D) X{D{x~^))/m'X{D{x-^)) 

is zero, hence = and so D is crystalline. □ 
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Remark 2.3.5. (i) The proposition above may be viewed as a generalization 
of the fact that ordinary representations are semi-stable (Perrin-Riou's The- 
orem [PP^ Expose IV]). 

(ii) There exist triangulable etale ((^, r)-modules of rank 2 over TZl which are 
Hodge- Tate of integral weights < k, but which are not de Rham (hence 
they have no triangulation whose parameter 6 satisfies the assumption of the 
Proposition I2.3.4[ Instead, we have si = k and S2 = with the notation 
of that proposition). For example, this is the case of the r)-module 
of the restriction at p of the Galois representation attached to any finite 
slope, over convergent, modular eigenform of integral weight A; > 1 and Up- 
eigenvalue Op such that v{ap) > k — 1. 

(iii) It would be easy to show that a de Rham triangulable (99, r)-module over TZ^ 
becomes semi-stable over a finite abelian extension of Qp, because it is true 
in rank 1. Reciprocally, a ((/?, r)-module which becomes semi-stable over a 
finite abelian extension of Qp is triangulable over TZl, where L contains all 
the eigenvalues of if (to see this, mimic the proof of Proposition I2.4.r]) . 

2.3.5. Deformations of triangular {ip,T)-modules. 

Let D be a fixed ((/?, r)-module free of rank d over TZl and equipped with a 
triangulation T = (Filj(D))i=o,...,rf with parameters {5i). We denote by C the cat- 
egory of local artinian Qp-algebras A equipped with a map A/m — > L, and local 
homomorphisms inducing the identity on L. 

Let Xd : C — > Set and Xa^q- : C — > Set denote the following functors. For an 
object A of C, Xd{A) is the set of isomorphism classes of couples {Da, tt) where Da 
is a {if, r)-module free over TZa and vr : Da — > D is a 7?.^-linear {ip, r)-morphism 
inducing an isomorphism Da 0a L — > D; Xd^^-IA) is the set of isomorphism 
classes of triples (Da^tt, (Filj(Z)A))) where : 

(i) {Da, {F]li{DA))) is a triangular (99, r)-module of rank d over TZa, 

(ii) TT : Da — > D is a T^A-linear {ip, r)-morphism inducing an isomorphism 
Da(E)aL ^ D such that 7r(Fili(L'A)) = Fili(D). 

There is a natural "forgetting the triangulation" morphism of functors Xl),t — ^ 
Xli that makes in favorable cases Xd^j- a subfunctor of Xd (as in |Co2] . we denote 
by X the identity character Q* — > Q*). 

Proposition 2.3.6. Assume that for all i < j, ^i^J^ ■ Then Xd^t is a 
subfunctor of Xd. 

Proof — We have to show that if A is an object of C, and (D^;^) G Xd{A) 
is a deformation of D, Da has at most one triangulation that satisfies (ii) above. 
That is to say, we have to prove that if T = (Filj(L'A)) is a triangulation of 
Da satisfying (ii), then Fili{DA) is uniquely determined as a submodule of Da, 
Fil2(-DA)/Fili(-CA) is uniquely determined as a submodule of Da/Fi[i{Da), and 
so on. For this note that Filj{D)/Filj^i{D) ~ TZL{6j), and that D/Fi\j{D) is a 
successive extension of TZL{Si) with i > j, so that 

Rom{TZL{Sj),D/Filj{D)) = 

by the hypothesis on the 5i and Proposition 12 . 2 . !2] (ii). So we can apply the following 
lemma, and we are done. □ 
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Lemma 2.3.7. Let (Z)^,7r) G X£){A), 5 : Q* — > A* be a continuous character and 
6 = 5 (mod m). Assume D has a saturated, rank 1, {(p,T)-submodule Dq ~ TZl{6) 
such that [D/DqY = 0. Assume moreover that Da contains a IZ-saturated {lp,T)- 
module D' isomorphic to TZa{5)- Then 5 is the unique character of Q* having this 
property, and D' the unique submodule. 

Proof — We may assume by twisting that 5 = 1 (hence 5 = 1 also) . Let 5' : Q* — > 
A* hfting 1, and assume that Da has some 7?.-saturated submodules Di — > TZa 
and D2 'JIa{5'). By assumption, H^{D/Do) = 0, and Di/mDi = Dq for i = 1, 2 
(see Remark |2. 2. 4p . A devissage and the left exactness of the functor H^{—) show- 
that 

H\Da/D,) = Q, i = l,2. 

This implies that the inclusion H^{Di) — > H^{Da) is an equality, hence 

H\Di) = H^iD^) C D2. 

As Di = TZH^{Di), we have Di C D2, and Di = D2 since Di and D2 are saturated 
and have the same 7^-rank. We conclude that 5' = 1 hy Proposition 12.3.11 □ 

We will give below a criterion for the relative representability of Xo^q- — > X/), 
but we need before to make some preliminary remarks. Let F{—) be the functor 
on (99, r)-modules over TZl defined by 

F{E) = {v e E,3n>l\ V7 G L, (7 - = 0, ((^ - l^v = 0}. 

This is a left-exact functor, and F[E) inherits a commuting continuous action of (p 
and r, hence of Q*, as well as a commuting action of A if does. 

Lemma 2.3.8. 

(i) For any {ip,T)-module E over TZl, F{E) / 44> Hom^^^i^-jiTlL, E) / 0. 

(ii) F{nL{5)) =0if6^ x"^, and F{nL) = L. 

(iii) Let A £ C and 6 : Q* — > A* a continuous homomorphism such that 5 = 1. 
The natural inclusion A C 'R.a{5) induces a Q*p-equivarian^^ isomorphism 
A — > F{TZa{5)), as well as an isomorphism F{TZa{5)) 'S'Qp TZ — > 'R.a{5). 

Proof — Assertion (i) is an immediate consequence of the definition and of the 
fact that Lp and F commute. Let us check assertion (ii). We may assume that 5 = 1 
by (i) and Prop. 12.2.21 (ii). Let 7 G F be a nontorsion element. We claim that for 
/ G TZl and n > 1 

(7-l)"/ = 0^/GL. 

Indeed, we may assume that n < 2. If n = 1, then f{z'^) = f{z) so / is constant 
on each circle 1^ — 1| = r with r > r{f), because 7 is nontorsion and an analytic 
function on a 1-dimensional affinoid has only a finite number of zeros. If n = 2, we 
may assume by absurdum that (7 — !)(/) = 1, which means that 

f{z^) = f{z) + 1 



Note that A C TZa{3) has a natural yl-Unear action of F), hence of Q*, namely via the 
character 5 by definition. 
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on r(/) < 1^ — 1| < 1. But for z a p™-th root of unity in the annulus r(/) < 1^; — 1| < 
1, we get by applying times the previous equation that f{z) = f{z) + p™, a 
contradiction. 

Let us check assertion (iii). It is clear that A C F{TZa{6)). Moreover, as FilZi) = 
L by (ii), the left-exactness of F shows that the lenght of FiJZA{Si)) is less than 
the lenght of A. In particular, the previous inclusion is an equality, and the last 
assertion of the stament holds by definition of 1Za{5)- D 

Proposition 2.3.9. Assume that for all i < j, SidJ^ . Then Xo^t — * Xo is 
relatively representable. 

Proof — By Prop. 12.3.61 we already know that Xq^t is a subfunctor of X/j. By 
|Ma2[ §23], we have to check three conditions (see also §19 of loc.cit.). 

First condition: if A — > A' is a morphism in C and if (Dyi,7r) G XD,r{A), then 

{Da ®a a', tt ®a a') e Xd,t{A'). 

This is obviously satisfied as (Filj(Dyi) (^a A') is a triangulation of Da 0a A' lifting 
D. 

Second condition^^ if A — > A' is an injective morphism in C, and if {Da,'^) G 
XoiA), then 

(Da 0a A', vr <S,A A') G Xd,t{A') =^ (Da, vr) G Xd,t{A). 

Arguing by induction on d = dim?^^ D, it is enough to show that Da has a (92, F)- 
submodule E which is free of rank 1 over TZa, saturated, and such that the natural 
map 

TT : E — > D 

surjects onto Fili(Z?) (the fact that E is a direct summand as T^A-module will follow 
then from Lemma l2.2.3p . By twisting if necessary, we may assume that 5i = 1. 

By (ii) of Lemma 12.3.81 the left-exactness of F, and the assumption on the 6i, 
we have 

(29) F{D) = F{Fili{D)) = L. 

Let Da' = Da (E>a A', T[ := Fili(DA') and Ti := T[ n Da- Lemma [2X8] (h) again 
and a devissage show that F{Da/Ti) C F{Da'/T[) = 0, so the natural inclusions 

(30) F(Ti) ^ F{Da) and F{T[) ^ F{Da') 

are isomorphisms. Moreover, the fact that F(D) = L and another devissagj^ show 
that for each ideal / of A, and each finite lenght ^-module M, if / denotes the lenght 
function (so that L has lenght 1) then 

1{F{IDa)) < /(/) and 1{F{Da 0a M)) < 1{M). 

The inequalities above combined with the exact sequences 

F{Da) F{Da') F{Da 0a a' /A), 

F{mDA) F{Da) F{D), 



This is actually called condition (3) in loc.cit. 
"^^For more details about this devissage, the reader can have a look at Lemma [3.2.9l of the next 
section, in which it is studied in a more general situation. 
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show then that 

(31) KF{Da)) = 1{A), and F{Da) <S)aL^ F{D) = F{¥ih{D)) = L. 

In particular, there is an element v £ F{Da) C Da whose image is nonzero in 
F{D) C Da/ttiDa, thus this element v generates a freS A-submodule of F[Da)- 
By (I3ip we get that F{Da) = Av is free of rank 1 over A and the nonzero map 
there is actually an isomorphism. Of course, the same assertion holds if we replace 
the ^'s in it by A', as A' = F{T[) = F{Da') by Lemma [2X8] (iii) and ([30]). As a 
consequence, the natural map 

(32) F{n)0AA' ^F{Ti) 

is an isomophism, at it is so modulo the maximal ideal0 Set 

E := nF{Ti) C Da- 

We claim that E has the required properties to conclude. Recapitulating, we have 
a sequence of maps 

F{Ti) ®A TIa ^ F{Ti) TIa' ^ F{Ti) ^a' ^a' ^ T[. 

As E is the image of the composition of all the maps above, we get that 

F{Ti)®A Ua^E 

is free of rank 1 over TZa- We already showed that ■k{E) = Fili(L'), hence it only 
remains to check that E is saturated in D a. B ut this holds as E is saturated in T[, 
which is saturated in D'j^, and we are donCj. 

Third condition^ for A and A' in C, if {Da-,tt) G Xd.t{A) and (D^/,7r') G 
Xd,t{A'), then for i? = A x ^ A', the natural object 

{Db = Da xd Da',ttb = vr o pr^ = vr' o prs) 

lies in Xu^TiB). But it is clear that the filtration (Filj(Z?/i) Xd Filj(D^/)) is a 
triangulation oi Db lifting T, and we are done. □ 

Let us consider the natural morphism 

d 

diag : Xd,t — > JJ -^srAD)- 

i=l 

Recall that x is the identity character Q* — > Q*; recall also that x = 2;|x| is the 
cyclotomic character. 

Proposition 2.3.10. Assume that for all i < j, ^i^J^ X^^? then 

(i) Xb),t is formally smooth, 

(ii) for each A G Ob(C), diag{A) is surjective. 



^'^The claim here is that for A £ C, any free A-module M and any v G M, if the image of v 
in M/mM is nonzero, then Av ~ A. Indeed, the assumption imphes that Tor^{M/Av,k) = 0, so 
M/Av is free by Nakayama's lemma (see Lemma. I2.2.3|l and so is Av. 

^^In particular, if we write Tl — TZa'{S), the isomorphism above and Lemma 12.3.81 fiiil show 
that 5(Q;) C a*. 

Actually, using Lemma [7.8.71 we even see that E — Ti. 

*^Precisely, this is what is left to check condition (2) of loc. cit. once (1) and (3) are known 
to hold, because with the notations there AxcBcAxlB if L is the residue field of C. This 
reduction is also explained in the proof of [Ki| Prop. 8.7]. 
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If we assume moreover that 5i5- ^ x for i < j, then 

Proof — Recall that (i) means that for A ^ C and / C j4 an ideal such that 
P = 0, the natural map X£) q-{A) — > X£,^'x{A/ 1) is surjective. 

Assume first that d = 1, so the assumption is empty. The maps diag(^) are 
bijective (hence (ii) is satisfied), and by Proposition 12.3.11 X^^q- is isomorphic the 
functor Homcont(W, — ) which is easily seen to be formally smooth (and even pro- 
representable by Spf(L[[X, y]])), hence (i) is satisfied. 

Let us show now (i) and (ii), we fix ^ G C and / C m an ideal of length 
1. Let U G Xd,t{A/I), and let V = (V-) G ni(^gr,(D)(^)) be any lifting of 
f3^grj([/). We are looking for an element U' G Xj:)^t{A) with graduation V and 
reducing to U modulo /. We argue by induction on d. By the paragraph above, 
we already know the result when d = \. By the case d = 1 again, we may assume 
that gr(^([/) is the trivial ((^, r)-module over 7^^// (note that the assumption on 
the 5i is invariant under twisting), and we have to find a U' whose gr^(C/') is 
also trivial. Let T' denote the triangulation (Filj(D))j=o,...,<i-i of Filrf_i(Z)). By 
induction, ^Fii^-i (D),T' is formally smooth and satisfies (ii), hence we can find an 
element U" G Xyi\j^_^{d),T'{A) hfting V\\d-i{U) and such that grj(?7") lifts Vi for 
i = l,-- - ,d— 1. It suffices then to show that the natural map 

H\U") ^ H\¥i\,^^{U)) 

is surjective. But by the cohomology exact sequence, its cokernel injects to 

But this cohomology group is by assumption and by Lemma l2.3.111 
Let us compute by induction on c? = rk7^(L') the dimension 

Xd := (l\Ta.L{XD,T{L[e])). 

We have seen that xi = 2. We showed above that the natural maps 

XD,r{A) XFii,_,(D),T'{A) X Xg,^(B)(^) 

are surjective. Applying this to ^ = L[e] with = 0, we find that Xd = Xd-i + 2 + n 
where n is the dimension of H^{Fild-iiD){6];^))/ L.[D{5^^)], where [D{5j^)] is the 
class of the extension defined by D{6'^^). But recall that for S ^ x~^ U x^^^ 
H\nL{5)) = for i / 1 and (Xiuil{H^ {nL{5))) = 1 by [Uo2l prop. 3.1], Lemma 
I2.3.11l and [Co21 thm. 3.9]. By the assumptions and the cohomology exact sequence, 
it implies that {¥'Ad-i(D){^d'^)) has dimension d — 1, hence n = d — 2. □ 

Lemma 2.3.11. H^{nA{5)) = if {6 mod m) x^^. 

Proof — By the cohomology exact sequence, we may assume that A = L. But then 
H'^{1Zl{5)) = /^'°(7^L(x<5"^)) = O by [Coll prop. 3.1]. The fact that for any {^,T) 
module D over TZ, we have H^{D) = H'^{D*{x)) should hold by mimicking Herr's 
original argument. We warn the reader that at the moment, there is unfortunately 
no written reference for that result. □ 
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2.3.6. Trianguline deformations of trianguline representations. The notions of the 
last paragraph have their counterpart in terms of trianguhne representations. Let 
y be a trianguhne representation over L, and suppose given a triangulation T on 
D := Drig(^). 

We define the functor 

Xy-.C — > Set 

as foUows: for A G Ob(C), Xv{A) is the set of equivalence classes of deformations 
of V over A, that is, j4-representations Va of Gp which are free over A and equipped 
with an A[G'p]-morphism vr : Va — > A inducing an isomorphism Va ®a L — > V . 
In the same way, we define a functor 

Xy^r '■ C — > Set 

such that Xy^q-^A) is the set of equivalence classes of trianguline deformations 
of (y,T), that is couples (VajTt) G Xy{A) together with a triangulation Filj of 
DrigiVA) which makes (DrigCyA), -Drig(7r), Filj) an element oi XD^q-{A). 

The main fact here is that those functors are not new : 

Proposition 2.3.12. The functor Dj-ig induces natural isomorphisms of functors 
Xy ~ Xo and Xy^r — Xd,t- 

Proof — The second assertion follows immediately from the first one, since 
Xy,T{A) = Xy{A) Xx^(A) Xd,t{^) for any AinC. 

To see that D^g induces a bijection Xy{A) — > Xd{A), we note that the injec- 
tivity is obvious because of the full faithfulness of Drig, and that the surjectivity 
follows from the fact that if {Da,tt) is an element of X£){A), Da is a successive 
extension of D as a (<^, r)-module over TZ, hence it is etale by Lemma l2.2.5| so Da 
is Drig(Kl) for some representation Va over L which is free over A by Lemma [2. 2. 71 
□ 

2.4. Refinements of crystalline representations. (See [MaH §3], |ChH §7.5], 
[BChTj §6]) 

2.4.1. Definition. Let V be finite, d-dimensional, continuous, L-representation of 
Gp. We will assume that V is crystalline and that the crystalline Frobenius (p acting 
on Z)crys(^) has all its eigenvalues in L*. 

By a refinement of V (see [MaH §3]) we mean the data of a full (/j-stable L- 
mtration = (J^i)j=o,...,d of L»crys(V^): 

We remark now that any refinement determines two orderings: 

(Refl) It determines an ordering {ipi, • • • , ipd) of the eigenvalues of defined by 
the formula 

i 

det(r-(^i^j = [](r-v^,)- 

Obviously, if all these eigenvalues are distinct such an ordering conversely 
determines J-. 
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(Ref2) It determines also an ordering (si, • • • , Sd) on the set of Hodge- Tate weights 
of V, defined by the property that the jumps of the weight filtration of 
-Dcrys(^) induced on Ti are (si, • • • , s 

More generally, the definition above still makes sense when D is any crystalline 
(99, r)-module over TZ^ (see definition I2.2.10p . i.e. not necessarily etale, such that 
if acting on Pcrys(-C) = -D[l/t]'" has all its eigenvalues in L*. It will be convenient 
for us to adopt this degree of generality. 



2.4.2. Refinements and triangulations of {ip, T)-modules. The theory of refinements 
has a simple interpretation in terms of {<p, r)-modules that we now clarify. Let D 
be a crystalline {(f, r)-module as above and let he a refinement of D. We can 
construct from a filtration (Filj(L'))j=o,- - 4 of D by setting 

Fik{D) := {n[i/t]j^,)nD, 

which is a finite type saturated 7^-submodule of D by Lemma 12.2.21 

Proposition 2.4.1. The map defined above (J-i) (Filj(L')) induces a bijection 
between the set of refinements of D and the set of triangulations of D, whose inverse 
isTi ■.= V\\i{p)\\ltf . 

In the bijection above, for i = l,...,d, the graded piece Filj(D)/Filj_i(Z)) is 
isomorphic to TZL{5i) where 5i{p) = ipiP~^^ and 5i|r = x~^% where the ipi and Sj 
are defined by (Refl) and (Ref2). 

Proof — We have Ytslc{TZl)^ = L, hence the natural ((/3,r)-map 

D[l/tf (^lTIl-^ D[l/t] 

is injective. But it is also surjective because D is assumed to be crystalline, hence 
it is an isomorphism. We deduce from this that any (99, r)-sub module D' of -D[l/t] 
over TZill/t] writes uniquely as TZiil/t] ®l F = 7?.L[l/t]F, where F = D'^ is a 
-L [93] -sub module of D[l/t^ . This proves the first part of the proposition. 

Let us prove the second part. By what we have just said, the eigenvalues of ip 
on the rank one L- vector space, (Filj(Z))/Filj_i(Z))[l/t])'" is ipi. As a consequence, 
the rank one (99, r)-module Filj(L')/Filj_i(L'), which has the form TZL{5i) for some 
5i by Proposition 12.3. H satisfies 

6i{p) = ipip-^\6iir = X~*' 

for some tj G Z by Proposition 12.2.2] (i). By Proposition 12.3.3] the Sj are (with 
multiplicities) the Hodge- Tate weights of V, and it remains to show that ti = Si. 
We need the following essential lemma. 

Lemma 2.4.2. Let D be a {(p,T)-module overlZA, A G A* , and v £ Vcrys{Dy=^ . 
Then v G FiP(2?crys(£')) if, and only if, vefD. 



As J^i C J-i+i, the weights of JT^ are also weights of J-i+i, hence the definition of the Si makes 
sense. 
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Proof — For n > 1, let t„ := — - G 7^. For r > r(Z)) and n > n(r), then for 
i £ Z, Lazard's theorem shows that 

(33) nr[l/t]nKn[[t]]f = tl'JZr, and -JZril/t] Pi Kn[[t]]f =f'JZr. 

n>n(r) 

Let now D be ((/?, r)-module over TZa- By definition of the filtration on Dcrys(-D), 
we get in particular, for r big enough and n > n(r), 

(34) ip"{Fil\V,,y,{D))) = Pcrys(I)) n tiDr, 

Let G Pcrys(-D) be such that (/9(f) = Xv,X £ A*. Then (f33l) and (p4l) show that 
u G Fir(Pcrys(^)) if, and only if, v G □ 

We now show that ti = ti{D,T) coincides with Sj = Si{D,T) by induction on d. 
Let w / G J^i. As 

V G Firi(^crys(i?))\Fil^l+H^crys(i^)) 

by assumption, Lemma [2.4.21 above shows that t^^^v G D\tD. By Proposition 12.2. 2] 
(ii), this shows that lZJ-it~^^ is saturated in D, hence is Fili(D), and si = ti. Let 
us consider now the ((/?, r)-module 

D' = D/Fili{D). 

It is crystalline with DcrysiD') = Pcrys(-D)/.7-i, with Hodge- Tate weights (with 
multiplicities) the ones of D deprived of si , and has also a natural refinement defined 
by J^- = The weight filtration on Pcrys(-D') is the quotient filtration 

((FiP(i:'crys(^)) + •^i/-^i))jez- As a consequence, Si{D',F') = Si+i{D,T) iii = 
1, • • • , d — 1. But by construction, for z = 1, • • • , d — 1 we have also ti{D\T') = 
ti+i{D, J^). Hence ti = Si for all i by the induction hypothesis. □ 

Remark 2.4.3. In particular. Proposition 12.4.1] shows that crystalline representa- 
tions are trianguline, and that the set of their triangulations are in natural bijection 
with the set of their refinements. 

Definition 2.4.4. Let .7-" be a refinement of D (resp. of V). The parameter of 
{D,J^) (resp. {V,J^)) is the parameter of the triangulation of D (resp. D^ig{V)) 
associated to J-', i. e. the continuous character 

defined by Proposition 12.4.11 

2.4.3. Non critical refinements. Let [D,T) be a refined crystalline ((/?, r)-module 
as in ^2.4i We assume that its Hodge- Tate weights are two by two distinct, and 
denote them by 

ki < ■ ■ ■ < kd. 

Definition 2.4.5. We say that J- is non critical if J- is in general position compared 
to the weight filtration on Pcrys(-D), i.e. if for all 1 < i < d, we have a direct sum 

V,,y,{D) =Ti® Fil'='+l(Pcrys(I))). 

Remark 2.4.6. Assume that D = D^i^iy) for a crystalline V in what follows. 
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(i) If d = 1, the unique refinement of V is always non critical. If d = 2, all 
refinements of D are non-critical, excepted when V is a direct sum of two 
(crystalline) characters. 

(ii) Another natural definition of non criticality would be the condition 

(35) Vi G {1, . . . ,d - 1}, v{ipi) -\ \- v{Lpi) < ki -\ h + fcj+i. 

We call a refinement satisfying this condition numerically non critical. 
The weak admissibility of -Dcrys(^) shows that a numerically non critical 
refinement is non critical in our sense, but the converse is false. However, as 
the following example shows, it may be very hard in practice to prove that 
a refinement is non critical, when it is not already numerically non critical. 

Assume d = 2. The numerical non criticality condition (j35|) reduces to 
v{(pi) < k2', note that this is the hypothesis appearing in the weak form 
of Coleman's classicity of small slope Up-eigenforms result ([Clj). Assume 
{V, J-) is the non ordinary refinement of the restriction at p of the Galois 
representation attached to a classical, ordinary, modular form /. Then T 
satisfies f (vi) = ^2; so it is not numerically non-critical. On the other hand 
J- is non critical if and only if V is not split, which is an open problem when 
/ is not CM (see also |BCh2| for the study of the non ordinary Eisenstein 
points, the CM points can be handled in the same way). Note that from 
the existence of overconvergent companion forms [BrEl Thm. 1.1.3], T is 
non critical if and only if / is not in the image of the Theta operator, which 
is exactly the condition found by Coleman in his study of boundary case of 
his "classicity criterion". We take this as an indication of the relevance of 
our definition of non criticality. 

(iii) [Comparison with the U-non criticality condition of \Chl\ §7.5]) li T is U- 
non critical in the sense of [ChU Def. §7.5], it is numerically non critical, 
hence non critical. However, the [/-non criticality is strictly stronger in 
general, even for d = 2> (see the formula in the example loc. cit.). 

(iv) If ip is semisimple (which is conjectured to occur in the geometric situations), 
we see at once that V always admits a non critical refinement in our sense. 
However, all the refinements of V may be numerically critical. Examples 
occurs already when d = 3. Indeed, ([35]) is equivalent in this case to v{ipi) < 
k2 < v{(p3) (use that v{(pi) + v{(f2) + v{(p3) = ki + k2 + ks)). Thus any V 
with weights 0, 1, 2, semisimple (p, v{ipi) = 1 for i = 1,2, 3, and with generic 
weight filtration, is weakly admissible, hence gives such an example. 

The following proposition is an immediate consequence of Proposition 12.4.11 

Proposition 2.4.7. is non critical if, and only if, the sequence of Hodge- Tate 
weights (sj) associated to T by Proposition \2.4-l\ is increasing, i.e. if Si = ki Wi. 

It is easy to see that non criticality is preserved under crystalline twists and 
duality. However, we have to be more careful with tensor operations, for even 



Mazur introduced in [Mai) a variant of this condition, namely v{ipi-i) < ki < v{ipi+i) for 
i = 2, . . . ,d — 1 which is equivalent to ours for d < 3. 

^^To see this, deduce from the formula of Proposition 7.3 loc. cit. that for each j we have 
Vj < rrij + 1, which is precisely the numerical criterion. 
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the notion of refinement is not well behaved with respect to tensor products. We 
content ourselves with the following trivial results, that we state for later use. 

Lemma 2.4.8. (i) Assume that {D^T) is a refined crystalline (ip,T) -module 
over TZl with distinct Hodge- Tate weights. Then the weight of C 
T)crys{^^{D)) is the smallest Hodge-Tate weight of h}{D). 
(ii) Let Di and D2 be two {if,T) -modules overTZi with integral Hodge-Tate-Sen 
weights, equipped with a one dimensional L-vector space Wi C Vcrys{Di)- If 
the weight of Wi is the smallest integral weight of Di for i = 1 and 2, then 
the weight of Wi l W2 is the smallest integral weight of Di ®tz^ D2 ■ 

2.5. Deformations of non critically refined crystalline representations. 

An essential feature of non critically refined crystalline representations is that 
they admit a nicer deformation theory. 

Let iy, J-) be a refined crystalline representation. Let us call T the triangulation 
of Z?rig(^) corresponding to T as in Proposition 12.4.11 Recall from ^2.3.61 the 
functors Xy = X£,^.^^(y-^ : C — > Set (resp. Xy^r = ^D^i^{v),T) parameterizing the 
deformations of V (resp. the trianguline deformations of iy,T)). We shall use 
also the notation Xy^j^ for Xy^q- and we call a trianguline deformation of {V, T) a 
trianguline deformation of {V,J-'). 

2.5.1. A local and infinitesimal version of Coleman's classicity theorem. 

Theorem 2.5.1. Let V be a crystalline L -representation ofGp with distinct Hodge- 
Tate weights and such that HomGp(y,V{—l)) = 0. Let T be a non critical refine- 
ment ofV and Va a trianguline deformation of {y,T). Then Va is Hodge-Tate if, 
and only if, Va is crystalline. 

Proof — Assume that Va is Hodge-Tate, we have to show that Drig(^) is crys- 
talline by Proposition 12.2.91 By assumption, -Drig(VA) G ^Drig(V'),T(^) for the 
triangulation T of D^\g{V) induced by which has strictly increasing weights Si 
as !F is non critical and by Proposition 12.4.71 As Va is Hodge-Tate, -Drig(VA) satis- 
fies by Proposition 12.3.3] the hypothesis of Proposition I2.3.4| hence the conclusion. 
□ 

This result has interesting global consequences, some of which will be explained 
in ^2.6l below. It is most useful when combined with the main result of the following 
paragraph, which gives a sufficient condition, a la Kisin, for a deformation to be 
trianguline. 

2.5.2. A criterion for a deformation of a non critically refined crystalline represen- 
tation to be trianguline. 

Let D be a [if, r)-module free over TZa, we first give below a criterion to produce 
a ((^, r)-submodule of rank 1 over TZa- This part may be seen as an analogue of 
[U^ prop. 5.3]. 

Lemma 2.5.2. Let D be a {ip,T)-module free over TZa, ^ ■ Qp — ^ ^* be a contin- 
uous character, and 6 := 6 mod m. 
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(i) Let M C be a free A-module of rank 1. Then IZaII/AM is a {ip,T)- 
submodule of D[l/t] which is free of rank 1 over TZA[^/t], and a direct 
summand. 

(ii) Same assumption as in (i), hut assume moreover that 

Im {m — > {D/mDf^ (/L t{D/mD). 

Then TZaM is a {(p,T)-submodule of D which is free of rank 1 overTZA and 
a direct summand. 

(iii) Assume that k £ Z is the smallest integral root of the Sen polynomial of 
D/mD and let X £ A* . Let M C Vcrys{Dy=^ he free of rank 1 over A such 
that 

Y\\^+^{M/mM) = 0. 

Then TZt'^M is a {ip,T)-submodule of D which is free of rank 1 over TZa 
and a direct summand. 

Proof — The natural map 

TZ^Q^M = nA^AM — > TZaM C D 

is injective by a standard argument as (Frac(7^))'" = Qp. As a consequence, TZaM 
is free of rank 1 over TZa- In particular, TZA[^/t]M is free of rank 1 over 7^/i[l/t], 
hence a 7^^[l/t]M direct summand of -C)[l/t] as 7^-module by Proposition 12.2.21 
and we conclude (i) by Lemma [2.2.3l (i) and (ii). To prove (ii), it suffices by Lemma 
[2X3] (iii) to show that Im (7^AM — > D/mD), which is TZA/m{M/mM) by the 
remark [2.2.41 is 7?.-saturated in D/mD. But this is the assumption. 

For part (iii), write M = Av, (p{v) = Xv. Lemma 12.4.21 shows that v G t'^D and 
that V t^^^D/mD. Part (ii) above applied to M' := t'^'M concludes the proof. 
□ 

Remark 2.5.3. When A = L is a field, a ((/?, r)-module D over TZl is triangu- 
lable over T^l if and only if is triangulable over TZL[l/t\ (with the obvious 

definition). However, this is no longer true for a general A. 

An immediate consequence of Lemma 12.5.21 (iii) is the following proposition, 
which could also be proved without the help of {ip, r)-modules (see ^2.51 for the 
definition of C). 

Proposition 2.5.4 (The "constant weight lemma"). Let V be an L -representation 
ofGp and A G L*. Assume that DcrysiV)^^^ has L-dimension 1 and that its induced 
weight filtration admits the smallest integral Hodge-Tate weight kofV as jump. Let 
A £ Ob(C), X' £ A* a lift of X, and Va a deformation ofV such that -Dcrys(VA)'^^''^' 
is free of rank 1 over A. 

Then the weight filtration on L'crys(^)'^^''*' has k as unique jump. In other words, 
k is a constant Hodge-Tate weight ofVA. 

We are now able to give a criterion on a deformation V/i of a refined crystalline 
representation iV^J-) ensuring that it is a trianguline deformation. We need the 
following definition. 
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Definition 2.5.5. We say that the refinement of is regular if the ordering 
(ifi, • • • , ipd) of the eigenvalues of ip it defines has the property 

(REG) for all 1 < i < d, ipi^2 - ■ ■ fi is a simple eigenvalue of A* ((/?). 
In particular, the ipi are distinct, and J-' is the unique refinement such that A*(^j) = 

The next theorem is the bridge between this section and section [3l 

Theorem 2.5.6. Assume that T = {(pi,--- ,'p>d} is a non critical, regular, re- 
finement of V . Let Va_ be a deformation of V , and assume that we are given a 
continuous homomorphism 5 = ((^i)i=i,... : Qp — > A* such that for all i, 

(i) L>crys(A^(VA)(5i • • • 6i)'^^)'P=^^^P>-^'^P'> is free of rank 1 over A. 

(ii) (^i|r mod m = x for some ti G and ipi = {Si{p) mod m)p*' . 

Then Va is a trianguline deformation of {V,J-) whose parameter is ((^ia;*'~'^')i=i,...,d. 

Proof — Note that the assumptions and conclusions do not change if we replace 
each 5i by for rui E Z. Thus we can assume that tj = for all i, i.e. 

5j|r = 1 mod m. 

Fix 1 < i < d and set Wi := A*(F)(gi^^((5i • • • 5i)^^. By assumption (ii), Wi/mWi 
is crystalline with smallest Hodge- Tate weight wi := /ci + • • • + /cj. Moreover, by the 
regularity property of A*(JP"j) = Dcrys{Wi/mWi)'^^'^'^""^K As T is non critical, 
A^(J^i) n ¥iV"-+^{Dc,y^{Wi/mWi)) = 0. Lemma (iii) shows that 

t~^^nLV,,y,{WiY=^^'^p^-^^^p^ c D,,^{Wi) 

is free of rank one over IZa and direct summand. As a consequence, K^{D^\^{yA)) = 
£)rig(Wj(5i • • • 5j)|r) contains a {ip, r)-submodule free of rank 1 and direct summand 
as T^A-module, and isomorphic to TZa{5i ■ ■ ■ 6iX~'^^). It has then the form A*(Dj) 
for a unique {ip, r)-submodule Di C -Drig(^yl) free of rank i and direct summand as 
7?.yi-module. By construction, 

(36) A'{Di) ^nA{Si---6iX-'"') 

By (ii) and the regularity of J^, Di/mDi is the unique a saturated {ip, r)-sub module 
X C Dng{V) such that A*(Pcrys(^)) = -^i, hence 

(37) Di/mDi = Yi\i{D,,^{V)). 

To conclude, it remains only to show that Di C -Dj+i \i Q < i < d — \ (set 
Dq := 0). Indeed, the formula (j36p forces then the parameter of the triangulation 
to be {5iX~^^). 

Let us assume by induction on < j < d that Dj C Di for aW j < i < d (this is 
obvious when j = 0). Let j + 1 < i < we know that Dj C Di, and we want to 

prove that -Dj+i C A- Consider the left-exact functor F{X) := X^^+^^ ^^^^ . Note 
that for i > j + 1, 

F{nL{6iX-^^)) = H\nL{S^5J^^x''^+'-^^)) = 

by assumption (ii) and |Co2l prop. 3.1], as ipi 7^ ipj+i- As a consequence, ([37|) and 
a devissage show that for s > j + 1, 

F{{D/Ds) 0A A/m) = F{Dng{V)/Fih{D,ig{V))) = 0, 
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and another devissage shows that F{D/Ds) = 0. Consider now the exact sequence 

(38) — >Ds/Dj — >D/Dj — >D/Ds — > 0. 

The induction hypothesis shows that TlA{6j-{-ix^^^+^) — > Djj^i/Dj C D /Dj, hence 
applying F to the sequence (p8|) when s = j + 1 we get that the inclusion 

F{D,+r/D^) F{D/Dj) 

is an equality. Applying now F to the exact sequence ()38p for s = i, we get that 
inside D/Dj, we have F{Di/Dj) = F{Dj+i/Dj) C Di/Dj. But Dj+i/Dj ^ 
TlA{Sj+ix^^^+^) is generated as 7^-module by F{Djj^i/Dj), hence Dj+i/Dj C 
Di/Dj. □ 



2.5.3. Properties of the deformation functor Xy^j^- In fact, we can in many cases 
describe quite simply Xy^jr when is non critical. The following results will not 
be needed in the remaining sections, but are interesting in their own. Recall that 
by definition we have a natural transformation 

Xv,:f — > Xy- 

Proposition 2.5.7. Assume that the eigenvalues of ip on DcrysiV) are distinct, 
then Xy^jr is a subfunctor of Xy and Xy^jr — > Xy is relatively representable. 
Moreover, if J- is non critical, the subfunctor Xy^^rys C Xy of crystalline deforma- 
tions factors through Xjr. 

Proof — As the eigenvalues of ip are distinct, the characters 5i of the parameter 6 
of Z)rig(^) associated to T satisfy 5i5~^ for i ^ j (see Prop. I2.4.ip . The first 
sentence thus follows from Prop. 12.3.61 Prop. 12.3.91 using Prop. 12.3.121 

Assume that J- is non critical and let Va be a crystalline deformation of V . 
We have to show that Da '■= -Drig(VA) admits a (necessarily unique) triangulation 
lifting the one associated to J^. As the ipi are distinct, the characteristic polynomial 
of if on Dcrys(^A) writes uniquely as Hil^ ~ -^«) ^ ^[^] with Aj = (pi mod m. As 
Va is Hodge- Tate with smallest Hodge- Tate weight ki, and as J- is non critical. 
Lemma 12.5.21 (iv) shows that 

m'^'v,,y,{DAr=^' 

is a submodule of Da which is a direct summand as T^A-module. We construct this 
way by induction the required triangulation of Da- 

□ 

The main theorem concerning non critical refinements is then the following, 
which may be viewed as a d-dimensional generalization of the results of some com- 
putations of Kisin in [Kij §7 (giving a different proof of his results when d = 2). 

Theorem 2.5.8. Assume that is non critical, that PipJ^ ifi < j, and 

that HomGpiy,y{—l)) = 0. Then Xy^jr is formally smooth of dimension '^('^+^) 
Moreover, the parameter map induces an exact sequence of L-vector spaces: 

Xv,crys(i[e]) Xy^:F{L[e]) HomiZ;,L^) 0. 
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Proof — Let {6i) be the parameter of {V,T). If i ^ j, then 5i5j ^ ^ since 
fi / (fj. Moreover if i < j, then ki < kj and ^i^J^ X^^ as (fi 7^ P~^'Pj by 
assumption. The result follows then from Propositions 12.3. 1012.4.71 12. 3. 41 and 12. 5. 71 
□ 

2.6. Some remarks on global applications. 

We now derive some consequences of these results in a global situation. 

Let y be a finite dimensional L- vector space equipped with a geometric contin- 
uous representation of Gal(Q/Q) and assume that Vp := V\Gp is crystalline, with 
distinct Hodge- Tate weights and distinct Frobenius eigenvalues. 

Let ^ be a refinement of Vp, and recall that Xy^^j^ denote the trianguline defor- 
mation functor of {Vp,J^). Let Xv,t denote the subfunctor of the full deformation 
functor of V consisting of the deformations whose restriction at p is in Xy^^j^ (that 
is, trianguline), and whose restriction at I p satisfies the usual finite condition 
(for example, are unramified at Z if y is). Then Theorems 12.5.11 and 12.5.8] implv : 

Corollary 2.6.1. If J- is non critical, then there is a natural exact sequence 

— > H}{Q,ad{V)) — > Xy,^(L[e]) ^ Hom{Z*p,L). 

In particular, if Hj{Q,ad(y)) = (which is conjectured to be the case if V is 
absolutely irreducible), then dimL{XY^jr(^L[e]) < dimL(V). 

In this setting, the question of the determination of dimi{Xv,jr(^L[e])) seems to 
be quite subtle, even conjecturally. Among many other things, it is linked to the 
local dimension of the eigenvarieties of GL^^, which are still quite mysterious (see 
the work of Ash-Stevens [AshStj and of M. Emerton [Elj ). 

However, there are similar questions for which the theory of p-adic families of 
automorphic forms suggests a nice answeiF^. As an example, let us consider now an 
analogous case where V is an irreducible, d-dimensional, geometric L-representation 
of Ga\{E/E), E/Q a quadratic imaginary field, satisfying V^'* ~ V{d — 1). Assume 
that p = vv' splits in E, fix an identification Gp — > Gal{E^/Ey), and assume 
that Vp := (y^Q^,J-) is crystalline and provided with a refinement J-', with distinct 
Hodge- Tate weights. Let Xy^j^ denote the subfunctor of the full deformation functor 
of V consisting of deformations whose restriction at v is in Xvp^j^, satisfying Va'^'* = 
VA{d — 1) and the / condition outside p. 

Conjecture: Assume that J- is non critical, then Xy^jr is prorepresented by 

Spf(L[[Xi,... ,X,]]) 

and K is an isomorphism. 

In the subsequent paragraph m.6\ we will give more details about the proofs of 
the facts alluded here and we will explain how we can deduce this conjecture in 
many cases assuming the conjectured vanishing of Hj(E, ad{V)), and using freely 
the results predicted by Langlands philosophy on the correspondence between au- 
tomorphic forms for suitable unitary groups G (in d variables) attached to the 



We consider here a simplified setting, an appropriate condition on the Mumford-Tate group 
of V should suffice in general. 



78 



J. BELLAiiCHE AND G. CHENEVIER 



quadratic extension E/Q. As we will explain, we can even get an "i? = T" state- 
ment for Spf {R) = Xjr and T the completion of a well chosen eigenvariety of G at 
the point corresponding to (V^J-). 

To sum up, the eigenvariety of G at irreducible, classical, non-critical points 
should be smooth, and neatly related to deformation theory. By contrast, a much 
more complicated (but interesting) situation is expected at reducible, critical points, 
and this is the main object of subsequent sections of this paper. 
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3. Generalization of a result of Kisin on crystalline periods 

3.1. Introduction. In this section, we solve, generalizing earlier results of Kisin, 
some questions of "Fontaine's theory in family" concerning continuation of crys- 
talline periods. 

Let X be a reduced rigid analytic space over Qp and M a family of p-adic 
representations of Gp = Gal(Qp/Qp) over X, that is, in this section, a coherent 
torsion-free sheaf of Ox-modules with a continuous action of the group Gp. Note 
that we do not assume that Ai is locally free El For each point x G X of residue 
field k{x) the k{x)-vector space Mx is then a continuous representation of Gp, to 
which we can apply the p-adic Hodge theory of Tate and Sen and all their general- 
izations by Fontaine. The questions concerning "Hodge- Tate theory in family" were 
completely solved by Sen : in particular he shows in our context that there exist 
d analytic functions ki, . . . , on X, where d is the generic rank of Ai, such that 
Ki{x), . . . , Krf(x) are the Hodge- Tate-Sen weights of Aix for a Zariski-dense open set 
of X. We shall assume in this introduction, to simplify the discussion, that /ti = 0. 
We shall also assume that in our family the other weight functions K2 , . . . , move 
widely (in a technical sense we do not want to make precise here, but see 13.3.21 
below), as it happens for families supported by eigenvarieties. In particular, the 
families we work with are quite different from the families with constant weights 
studied by Berger and Colmez. 

Suppose we know that Mz is crystalline with positive Hodge- Tate weights for a 
Zariski dense subset Z of points of X and that for all z € Z it has a crystalline period 
that is an eigenvector of the crystalline Frobenius ip with eigenvalue F{z), F being 
a fixed rigid analytic function on X. In other words, assume that Dcrysi^M z)'^^^^^'^ 
is non zero for z G Z. Can we deduce from this that 

(1) for each x in X, Mx has a crystalline period, which is moreover an eigen- 
vector for if with eigenvalue F{x) ? 

Or, more generally, that 

(2) for each x € X, and Spec^ a thickening of x, (i.e. A an artinian quotient of 
the rigid analytic local ring Ox of x at X) M has a non-torsion crystalline 
period over A which is an eigenvector for 99 with eigenvalue the image F of 
F in A ? In other words, is that true that Z)crys(-^ ^ A)'^^^ has a free of 
rank one A-submodule ? 

Kisin was the first to deal with those questions and most of his works in |Kij 
is an attempt to answer them in the case where 7W is a free Ox-module. Under 
this freeness assumption (plus some mild technical hypothesis on Z we will not 
state neither mention further in this introduction), he also proves many cases of 
question (2), although his results are widespread along his paper and sometimes 
not explicitly stated. If we collect them all, we get that Kisin proved that question 
(2) has a positive answer (when M is free) for those x that satisfy two conditions : 

(a) The representation M-x is indecomposable, 

(b) Dcrys(Mx)^=^^''^ has dimension 1. 



Indeed, we will apply the results of this section to modules associated to pseudocharacters in 
the neighborhood of a reducible point, and it is one of the main results of section [1] that they do 
not in general come from representations over free modules. 
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Condition (b) is probably necessary. But condition (a) is not, and appears be- 
cause of the use by Kisin of some universal deformation arguments. In H3.3\ using 
mostly arguments of Kisin, but simplifying and reordering them, we prove that 
when is a locally free module, question (2) has a positive answer for all x sat- 
isfying the condition b) above. We hope that our redaction may clarify for many 
readers the beautiful and important results of Kisin. 

But our main concern here is to generalize those results to the case of an arbitrary 
torsion- free coherent sheaf M. We are able to prove that question (2) (hence 
also question (1)) still has a positive answer in this case provided that x satisfies 
hypothesis (b) above. This is done in ^3.4[ 

Let us now explain the idea of the proof : basically we do a reduction to the case 
where M is locally free. To do this we use a rigid analytic version of a "flatification" 
result of Gruson-Raynaud which gives us a blow-up X' of X such that the strict 
transform M' of M on X' is locally free. Hence we know the (positive) answers to 
questions (1) and (2) for M' and the problem is to "descend" them to A4. This is 
the aim of ^3.2.3i 

For this the difficulties are twofolds. The first difficulty is that if x' is a point of 
X' above x (let us say to fix ideas with the same residue field, since a field extension 
here would not harm) then Ai'^, is not isomorphic to Ai^ but to a quotient of it. 
Since the functor -Dcrys(— )'''^^ is only left-exact, the positive answer to question (1) 
for x' does not imply directly the positive answer for x - and of course, neither for 
question (2). The second difficulty arises only when dealing with question (2) : it is 
not possible in general to lift the thickening Spec (A) of x in X to a thickening of x' 
in X', whatever x' above x we may choosCj- So the direct strategy of descending 
a positive answer to question (2) from a Spec (A) in X' to Spec (A) in X can not 
work. To circumvent the second difficulty, we use a lemma of Chevalley to construct 
a suitable thickening Spec (A') of Spec (A) in X' , and then some rather involved 
arguments of lengths to deal with the first one as well as the difference between 
Spec (vl') and Spec(^). As Chevalley's lemma requires to work at the level of 
complete noetherian ring, and as we have to use rigid analytic local rings when 
dealing with interpolation arguments, we need also at some step of the proof to 
compare various diagrams with their completion. For all these reasons, the total 
argument in ^3.2.31 is rather long. 

Finally let us say that the idea of using a blow-up was already present in Kisin's 
argument in the free cas^f^, and is still present in the locally free case in ^3.3[ This 
is why our descent result of ^3.2.31 is used twice, once in ^3.31 and once in ^3.4[ 
However, were it to be used only in the locally free case, the descent method could 
be much simple 



The reader may convince himself of this assertion by looking at the case where X = 
Spec L[[T'^ ,T'^]] is the cusp and X' — Spec(L[[T]]) the blow up of X at its maximal ideal (that is, 
its normalization). The principal ideal r^L[[r^T^]] has not the form L[[T^,T^]] n T"L[[T]] for 
n > 0, hence A = L[[T^ ,T^]]/{T^) is a counter-example. 

^'^There Kisin does not use the blow-up to make M free, since it already is, but instead to make 
an ideal of crystalline periods locally principal. He does not prove a direct descent result as ours, 
using instead a comparison of universal deformation rings. 

®^The first difHculty above vanishes, since in that case the strict transform of A4 is simply its 
pull-back, and the second may be dealt with much more easily. 
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3.2. A formal result on descent by blow-up. 

3.2.1. Notations. Let X be a reduced, separated, rigid analytic space over Qp, Ox 
(or simply O) its structural sheaf, and let be a coherent O-module on X. For 
X a point of X, we shall note Ox the rigid analytic local ring of X at j;, rux its 
maximal ideal, and k(x) = Ox/rrix its residue field. Moreover, we denote by Mx 
the rigid analytic germ of M. at x, that is Aix = M.{U) (do{u) where U is any 
open affinoid containing x, and by Aix '■= J^x ®Ox ^(^) the fiber of M. at x. 

Let G be a topological group and assume that M. is equipped with a continuous 
O-linear action of G. This means that for each open affinoid U <Z X, we have a 
continuous morphism G — > Ant q(jj'^{M.{U)), whose formation is compatible with 
the restriction to any open affinoid V C U. For x a point of X, Aix (resp. Aix) is 
then a continuous O^-'iG] -module (resp. A;(j;)[G]-module) in a natural way. 

Remark 3.2.1. (On torsion free modules) In this section and the subsequent ones, 
we will sometimes have to work with torsion free modules. Recall that a module M 
over a reduced ring A is said to be torsion free if the natural map M — > M (8)^ K 
is injective where K = Frac(^) is the total fraction ring of A (see ^l.S.Sp . 

If X is a reduced affinoid and Ai a coherent Ox-module, then Ai(X) is torsion 
free over 0{X) if, and only if, A4x is torsion free over Ox for all x £ X. Indeed, 
this follows at once from the faithful flatness of the maps 0{X)x — > Ox and the 
following lemma. 

Lemma 3.2.2. Let A be a reduced noetherian ring and M a finite type A-module. 
The following properties are equivalent: 

(i) M is torsion free over A, 

(ii) M is a submodule of a K -module, 

(iii) M is a submodule of a finite free A-module, 

(iv) Mx is torsion free over Ax for all x € Specmax(A), 

(v) there is a faithfully flat A-algebra B such that M ®a B is a B-submodule 
of a finite free B -module. 

Proof — It is clear that (i), (ii) and (iii) are equivalent (for (ii) ^ (iii) note 
that any i^-module embeds into a free -fC-module as -fC is a finite product of 
fields). The equivalence between (i) and (iv) follows now from the injection M — > 
©aiGSpecmaxAMr, and the fact that Fvac{Ax) is a factor ring of K: namely the 
product of the fraction fields of the irreducible component of Spec(A) containing x. 

Note that condition (iii) is equivalent to ask that the natural map M — > 
iiomA{iiomA{M, A), A) is injective. But this can be checked after any faithfully 
flat extension i? of ^ as the formation of the Horn's commute with any flat base 
change when the source is finitely presented, thus (i) (v). □ 

3.2.2. The left- exact functor D. Fix a point x G X. Let D be an additive left-exact 
functor from the (artinian) category of finite length, continuous, C'l.'lG'] -modules, 
to the category of finite length O^^-modules. Here are some interesting examples: 

(i) Let G := Gp = Gal(Qp/Qp) and let B be any topological Qp-algebra 
equipped with a continuous action of Gp. Assume that B is Gp-regular 
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in the sense of Fontaine \PP\ Expose III, §1.4]. For Q any O^.-module of 
finite length equipped with a continuous Gp-action (hence a finite dimen- 
sional Qp-representation of Gp), we let 

D{Q) := {Q Bf. 

The functor D satisfies our assumptions by loc. cit. . As an example, we 
can take B = Qp or B = Cp above, 
(ii) Fix F G O*. For any Q as above, then 

DiQ) := D+,,{QY=^ = {ve{Q B+,,f-,v{v) = Fv}, 

where -Bcrys is the subring of -Bcrys defined by Fontaine in [PP^ Expose II, 
§2.3], satisfies again our assumptions. 
In the sequel, we will be mainly interested in the case (ii) above. 

3.2.3. Statement of the result. Assume that Mx is torsion free over Ox (recall that 
Ox is reduced). Let vr : X' — > X be a proper and birational morphism of rigid 
spaces with X' reduced. Here birational means that for some coherent sheaf of 
ideals H C Ox, U := X — V{H) is Zariski dense in X (where V{H) is the closed 
subspace defined by H), it is an isomorphism over U, and 7r~^{U) C X' is Zariski 
dense in X' . As an important example, we may take for tt the blow-upF^ of H. Let 
A4' be the strict transform of M by this morphism (see below). 

Proposition 3.2.3. Assume that for all x' G 7t^^{x) and for every ideal I' of Ox' 
of cofinite length, we have 

l{D{M'x'®Ox'/l')) = l{Ox'/l'). 

Assume moreover that 

l{D{Mx)) < 1 

Then we also have, for every ideal I of cofinite length of Ox ■' 

l{D{Mx®Ox/I)) = l{Ox/I). 

Remark 3.2.4. (i) More precisely, we show that Proposition 13.2.3] holds when 
we replace the assumption of A^*^ by the following slightly more general one: 
for any A;(rE)[G]-quotient U of Mx, K^i^)) — 1 (see the proof of Lemma 
13.2.91 which is the only place where the assumption is used), 
(ii) As will be clear to the reader, the analogue of Proposition 13.2.31 in the 
context of schemes instead of rigid analytic spaces would hold by the same 
proof. 

This whole subsection is devoted to the proof of the proposition. Let us fix a 
coherent sheaf of ideals H C Ox such that U := X — V{H) is Zariski dense in X, 
that vr is an isomorphism over U, and that Tr^^{U) C X' is Zariski dense in X'. Let 
us first recall how the strict transform M' of a coherent O^-module is defined: it 
is a coherent Ox'-™odule which is locally the quotient of the coherent sheaf TT*Ai 
by its submodule of sections whose support is in the fiber of vr over V{H) C X. In 
other words, if H' is a coherent sheaf of ideals of Ox' defining the closed subset 



We refer to [GruRI §5.1] for the basics on blow-ups and to [Con2l §2.3, §4.1] for the notion 
of relative Spec and blow-ups in the context of rigid geometry. 
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7r-'^{V{H)) C X', then M' is the quotient of 7r*M by its iJ'°°-torsion. Note that 
it depends on the choice of H in general. This description makes clear that the 
action of G on the Ox-niodule defines an Ox'-hnear continuous action of G 
on A4', and that the natural map tt*M — > A4' is G-equivariant. A useful fact 
about the notion of strict transform is that the subsheaf of //'°°-torsion of Tr*A4 
is precisely the kernel of the natural morphisnj^ ^^*^A — > J*(^*-^|7r-i(c/))- a 
simple application, if M is torsion free then A4' is torsion free as well and does not 
depend on the choice of H as above. 

Since A4x is torsion free over Ox, it can be embedded in a free of finite rank 
O^^-module, so we can choose an injection 

i:Mx^ 

Fix x' £ 7r~^(x), i induces a morphism i' : Ai^ '^Ox ^x' — ^ C"'- We check easily 
using the aforementionned useful fact that the kernel of i' is the submodule of 
M.X '^Ox ^x' whose elements are killed by a power of H'^, so the image of i' is A^^/- 
We thus have a commutative diagram of O^-modules (and even of O^;' -modules for 
the half right of the diagram) 

(39) Mx Mx Ox' — - M'^, 




O"' • 

We call Ox (resp. Ox') the completion of the local ring Ox (resp. of Ox') for 
the mj:-adic (resp. m^-'-adic) topology, and Aix = -Mx ®Ox ^x (resp. M.'^, = 
■M.'^, (^o^i Ox') the completion of Mx (resp. of M'^i). 

As Ox — > Ox' is a local morphism, it is continuous for the m2,.-adic topology 
at the source and the ma;'-adic topology at the goal. This is also true for any 
morphism form a finite type Ox-module to a finite type O^^z-module. Hence such 
a morphism can be extended in a unique continuous way to their completion. We 
get this way morphisms Ox — > Ox' and 

Mx — > Mx'^^oIOx' = (Mx Ox') ®o^, Ox' = Mx Ox' 

the last equality being obtained by applying twice the transitivity of the tensor 
product. We thus have a commutative diagram 

(40) Mx ^Mx®o ^-^x 




Ox ^o] 



We are grateful to Brian Conrad for pointing this to us. Here is the general statement: if 
5 is a rigid space, / C Os a coherent sheaf of ideals, j : U :— S — V{I) ^ 5* the inclusion of 
the complement of V{I) and J- a coherent Os-module, then the I°°-torsion of is the kernel of 
the natural map — > j^J^^jj. Indeed, we may assume that S is afiinoid. Set F — J-{S) and take 
m £ F such that rUs — & F ^ Os for all s € !7 and we want to show that m is killed by a power 
of I{S). The faithfuU flatness of 0(8)3 — > Os shows that the closed points of the support of m lie 
in V{I{S)), and we conclude as 0{S) is a Jacobson ring. 
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The injectivity of the vertical maps comes from the injectivity of the analogue maps 
in (j39p and the flatness of Ox over Ox and of Ox' over Ox' ■ The surjectivity of the 
upright horizontal map comes directly from the surjectivity of the analogue map 
from ([39]) . 

To simplify notations, we shall note A the local ring Ox, k its residue field and 
M the ^-module Mx- We set 

A':= H Ox', 

and we will see it with the product topology. We call M the completion of M, that 
is also M (^lA A. By definition, it is Aix- We set 

M':= n -^l''- 

Note that M' is an A'-module. 

Lemma 3.2.5. For each open (hence cofinite length) ideal J' of A' , 

1{D{M'/J'M')) = 1{A'/J'). 

Proof — Since J' is open. A! j J' is a finite product of finite length rings of the form 
Ox'J J'i- For each such i, J[ is open in O^/ so the ideal J[ := J-HOx'. of Ox', satisfies 
^x'-l J'i = ^x'./ J'i- By the hypothesis of the proposition we are proving, we thus 
have 1{D{M' , /J'^M'j)) = l{dx'/J'i). The lemma then results from the additivity of 
the functor D and of /. □ 



Lemma 3.2.6. ( [KU Lemma 10.7]]ij The morphism A — > A' is injective. 

By (j40p . we have a commutative diagram 
(41) 



A"' 



A" 



The injectivity of the vertical maps is obvious from (j40p and the injectivity of the 
horizontal lower map is Lemma 13.2.61 The injectivity of the upper horizontal map 
follows. 

The following lemma is an application of Chevalley's Theorem (cf. [Mat I ex 
8.6]) which we recall : let A be a complete noetherian local ring, M a finite type 
74-module, / a cofinite length ideal of A and M„ a decreasing, exhaustive (that is 
n„M„ = (0)) sequence of submodules of M. Then for n big enough, M„ C IM. 

Now we go back to the proof of Proposition 13.2.31 Let / be a cofinite length ideal 
of A, and note I C A its completion. We recall also that M C M' by diagram (j4ip . 



Lemma 3.2.7. There exist a cofinite length ideal J C I of A and an open ideal J' 
of A' such that 



^^As stated there, the lemma assumes that vr is a blow-up, but it is only used in the proof that 
TT is proper and birational. 



p-ADIC FAMILIES OF GALOIS REPRESENTATIONS 



85 



(i) J = J'nl, 

(ii) (J'M' n M) C IM. 

Proof — We let := (na;'e7r-i(a;) ^l') ^ Krull's theorem, PlnJ^ = and 

n„(j;M') = o. ^ ^ _ _ 

We set Jn '■= J'n n A, the intersection being in A'. Similarly, we set M„ = 
(j'nM') n M, the intersection being in M' . Then Hn = and n„Mn = 0. 

By Chevalley's theorem, applied twice, once to the finite module M over the 
local complete noetherian ring A, and once to ^ as a module over itself, we know 
that for n big enough, M„ C /M, and Jn C /. 

We fix such an n. We set J := Jn- It is clear that J is of cofinite length 
since it contains m". We thus have by construction J C I, J = Jn H A and 

( j;m') nMciM. 

However, J^ is not open. If is a finite subset of 7r^^(x), we let J'p be the ideal 
Y\x'&F^x' ^ na:'e7r-i(a;)-F ^x' of A'. It is clear that Jn = CifJ'fj and that the J'p 
are open ideals of A'. Because A/ J and M/Mn are artinian, there is a finite F 
such that JpnA = J and JpM' DM = Mn- We set J' equal to this J'n and we 
are done. □ 

By (i) of this lemma, the morphism of ^[G]-modules M — >■ M' induces a mor- 
phism of (A/J)[G]-modules 

/ : M/JM — > M'/J'M'. 

Indeed, the image of JM C M in M' is included in JM' which is included in J'M' . 

We shall denote by K, C and Q the kernel, cokernel and image of /, respectively. 
Thus we have two exact sequences of (A/J)[G]-modules : 

(42) — — ^ M/JM — — ^ 

(43) — >Q — > M'/J'M' — >C — ^ 

Note that the five modules involved here are all of finite length as ^/J-modules. 
Lemma 3.2.8. As an A[G]-module, C is a quotient of {M /JM)®^{A' /J')/{A/J). 

Proof — This is formal. Indeed, we have a commutative diagram, where the 
vertical arrows are surjective : 

M ^M®^A' — >M' 



M/JM 




M'/J'M' 



This diagram makes clear that the map labeled h is surjective, since the one 
labeled s is. Hence the cokernel C of / is a quotient of the cokernel of the map 

labeled g : M/JM — > M (^^A'/J' = {M/JM) <S)^ A! /J' and this cokernel 

is, by right-exactness of the tensor product by M/JM, the module {M/ JM) (g)^ 
{A'/J')/{A/J). □ 
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We now prove an abstract lemma concerning the left-exact functor D and length 
of modules. 

Lemma 3.2.9. Let V be an A-module of finite length with a continuous action of 
G, such that 

l{D{{V^ky') < 1. 

Let N be an A-module of finite length and IT : V <E>A N — > Q o, surjective A[G]- 
linear map. 

(i) l{D{Q))<l{N). 

(ii) Assume that equality holds in (i), and that there is a surjective map of A- 
modules N — > N' such that the natural induced surjection V (8>a — ^ 
V (g)A N' factors through vr. Then l(D{V (g>A N')) = 1{N'). 

(iii) Let J be a cofinite length ideal of A. If 1{D{V / JV)) = 1{A/J), then for 
each ideal J' D J, 1{D{V/J'V)) = 1{A/J'). 

Proof — First remark that the hypothesis 1{D{{V ® ky^) < 1 implies, by left 
exactness of -D, that 1{D{U)) < 1 for any subquotient U of {V k) (as a k[G]- 
module). 

Let us prove (i). There is a filtration Nq C ■ ■ ■ C Ni C ■ ■ ■ C N^^j^-^ = N oi N 
such that Ni/Ni^i ~ k. We denote by VNi the image of V 0a into V 0a ^ and 
by Qi the image of VNi in Q. It is clear that VNi/VNi-i is a quotient V k, 
and that Qi/Qi-i is a quotient of VNi/VNi^i, hence we have l{D{Qi/Qi-i)) < 1 
by the remark beginning the proof. By left exactness of D, this proves (i). Note 
also that if 1{D{Q)) = 1{N), all the inequalities above have to be equalities, so that 
l{D{Qi)) = i for each i. 

Let us prove (ii). In the proof of (i) above, we can certainly choose the Ni such 
that one of them, say A^^, is the kernel of the surjection N — > N' . Then k = 
1{N') - 1{N). We have an exact sequence — > VNk — >V0N — ^ V N' — > 0, 
hence (using the hypothesis) an exact sequence 

^ Qk ^ Q ^ V N' ^ 0. 

Because D is left exact, we have l{D(y N')) > 1{D{Q)) - l{D{Qk)). But by 
hypothesis, we have 1{D{Q)) = 1{N), which implies by the remark at the end of 
the proof of (i) that l{D{Qk)) = k. Hence 

1{D{V N')) > 1{N) -k = 1{N) - {1{N) - 1{N')) = 1{N'). 

The other equality follows from (i), hence 1{D{V N')) = 1{N'). 

The assertion (iii) is a special case of (ii) : apply (ii) to Q = V 0a N = V/IV, 
vr = Id and N' = A/ J'. □ 

Going back to the proof of the Proposition 13.2.31 we get the following lemma. 

Lemma 3.2.10. We have 

(i) l{D{C))<l{A'/J')-liA/J), 

(ii) 1{D{Q)) = 1{A/J), 

(iii) 1{D(M/IM)) = 1{A/T). 



'We view it as a G-module for the trivial action. 
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Proof — Lemma 13.2.81 tells us that C is a quotient of the module 

(M/JM) {A'/J')/{A/J). 

We now apply the point (i) of LemmalMiSto V = M/JM and N = {A' /J') /{A/ J). 
We note that V (8)^ k, that is M 0^ k = M 0^ k, satisfies the hypothesis of Lemma 
[3X9] bv hypothesis. So 1{D{C)) < /(Z)(iV)), hence (i). 
To prove (ii) note that by the exact sequence (03]), 

1{D{Q)) > 1{D{M'/J'M')) -1{D{C)) 

> l{D{M'/J'M'))-l{A'/J') + l{A/J), by(i). 

Since 1{D{M' /J'M')) = 1{A'/J') by the Lemma [3X5] we get 

1{D{Q)) > 1{A/J). 

To get the other inequality, recall that Q is by construction a quotient of Af / JM = 
M®^A/J, so by point (i) of Lemma [3X9] we have 1{D{Q)) < 1{A/J). 

Let us prove (iii). Assertion (ii) of Lemma [3X7] tells that M/JM — > M/IM 
factors through the canonical surjection M/JM — > Q. We apply point (ii) of 
Lemma [HXU] to Q, with V = M/JM, N = A/ J, N' = A/ 1. This is possible 
because 1{D{Q)) = 1{N) by (ii) above, and that gives us 1{D{V ® N')) = 1{N'), 
which is (iii). □ 

Now recall that since / is of cofinite length, A/ 1 ~ A/I and M/IM ~ M/IM. 
Hence by (iii) of Lemma [3.2.101 above. 

1{D{M/IM)) = 1{A/I). 

The proof of Proposition 13.2.31 is complete. 

3.3. Direct generalization of a result of Kisin. 

3.3.1. Notations and definitions. We keep the general notations of paragraph 13. 2. 11 
We fix p a prime number and set 

Gp = Gal(Qp/Qp). 

Recall that a subset Z d X \s said to be Zariski-dense if the only analytic subset 
of X containing Z is Xrcd itself. We shall need below some arguments involving 
the notion of irreducible component of a rigid analytic space, for which we refer to 

We will say that a subset Z d X accumulates at x G X if there is a basis of 
affinoid neighborhoods U oi x such that [/ n Z is Zariski-dense in U . 

3.3.2. Hypotheses. We assume that we are given a couple of maps {F, k) G 0{X)* x 
0{X), and a Zariski-dense subset Z C X satisfying the following conditions. 

(CRYS) For z £ Z, Mz is a crystalline representation of Gp whose smallest Hodge- 
Tate weight is k{z) G Z, and that satisfies -Dcrys(iM2)^=P"^"'^(^) / 0. 
(HT) For any non-negative integer C, if Zq denotes the subset of z & Z such that 
the Hodge-Tate weights of Aiz other than k{z) are bigger that k{z) + C, 
then Zc accumulates at any point of Z. 
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Remark 3.3.1. The assumption (HT) together with the Zariski-density of Z in X 
imply that Z accumulates at each of its points. This stronger density condition on 
Z, introduced in |Ch2j under the terminology "Z is very Zariski-dense in X", turns 
out to be rather well-behaved and allows to avoid some pathological Zariski-dense 
subset @ 

For some technical reasons, we shall also need to know that: 

(*) There exists a continuous character Z* — > 0{X)* whose derivative at 1 is 
the map k and whose evaluation at any point z G Z is the elevation to the 
K{z)-th power. 

Condition (*) allows us to define by composition with the cyclotomic character 
X a continuous character 

^ : ^ Z! ^ 0{Xr 

whose evaluation of at any point z € Z is then the K{z)-th. power of the cyclotomic 
character (whence crystalline). 

Definition 3.3.2. We shall often denote hy k : Gp — > 0{X)* the character tp 
defined above, and if N is any sheaf of ©[GpJ-modules on X, we will also denote 
by N{k) the O-module whose Gp-action is twisted by the character ip. 

3.3.3. The subspace Xfg. The arguments in this part will follow closely Kisin's 
paper |Kil §5]. We want first to apply Kisin's construction |Kil Prop. 5.4] to prove 
that Xfs = X. Precisely, this proposition determines a Zariski closed subspace 
of X (there denoted by Xjg) under the assumption that is a free module (not 
only locally free). However, it is formal that under the weaker assumption "7W is 
locally free", |KH Prop. 5.4] still holds if we relax its condition (2) by asking that 
the maps / considered there fall in an admissible open subset of X on which Ai is 
a free module. 

Indeed, it suffices to apply loc. cit. to an admissible covering (Ui) of X by 
affinoids on which Ai is free. We define Uijg by the Proposition loc. cit. and we 
have to show that they glue, that is Uijs H Uj = Ujjs H Ui. But if U C V are open 
affinoids on which M is free, Vfs = Ufs H ^ by the last assertion of loc. cit. , hence 
the intersections above both coincide with {Ui n Uj)fs. 

We still denote by Xjs the subspace of X defined by the generalization explained 
above of \Ki\ Prop 5.4] when M is locally free. 

Theorem 3.3.3. Assume Ai is locally free. 

(i) For all x G X , then D^j.y^{A4x{K{x)))'^^-^^^^ is nan zero. Moreover, Xfs = 
X. 

(ii) Let X G X and assume that D^^y^{Ai^^ {k{x)))'^^^^^'^ has k{x) -dimension 1. 
Then for all ideal I of cofinite length of Ox, D'^^y^{{Mx/ IMx){k)Y^^ is 
free of rank 1 over Ox/ 1. 

56 As an exercise, the reader can check that there are Zariski-dense subsets of whose inter- 
section with any afiinoid subdomain 1/ C is not Zariski-dense in V . However, if Z is a very 
Zariski dense subset of a rigid space X, then for any irreducible component T of X there is an 
open afSnoid of T in which Z is Zariski-dense. 
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Remark 3.3.4. Part (i) of this theorem is a combination of results of Kisin in [Kij . 
Moreover, he proved loc. cit. some cases of part (ii), essentiahy the cases where 
Aix is an indecomposable /c(x)[Gp]-module (although it is not stated explicitly, this 
is done during the proof of Proposition 10.6 of ^KiJ, page 444 and 445). The proof 
we give here simplifies a bit some arguments of [Kij section 8] and avoids all use of 
universal deformation ring, using some length arguments and our lemma of descent 
by blow-up instead. It also paves the way for the proof of Theorem 13.4. II below. 

Proof — By replacing Ai by M.{k), we may assume that k = 0. Let 

TQ{T) G 0{X)[T] 

be the Sen polynomial of 7W, whose roots at x £ X are the generalized Hodge- Tate 
weights of M.X- Let W C X denote the subset consisting of the points x £ X such 
that the Sen polynomial of has as unique root in the integers N (and which 
is a simple root). 

Lemma 3.3.5. For each admissible open U of X, W OU is Zariski- dense in U. 

Proof — For each A; > 0, and U (Z X admissible open, let Uk denotes the (reduced) 
zero locus of Q{k) in U , so 

W r\U = U -\JUk. 

Let T be a closed analytic subset of U such that U = TU IJfc>o ^k- Let T' be any 
irreducible component of U. If T' ^ T, then T' C Uk for some k by |KH Lemma 5.7]. 
Let T" be an irreducible component of X such that T" CiU D T' , then T" C X^, 
which is not possible by (HT) applied to C = A: -|- 1. Hence T = U, which proves 
the lemma. □ 

To prove that Xjg = X it suffices to show (as Kisin does to prove his Theorem 
6.3) that 

Lemma 3.3.6. The set {x £ W, Z?+yg(A^^)'^='^(^) / 0} is Zariski-dense in X. 

Indeed, by Tate's computation of the cohomology of Cp{i) for i G Z, the natural 
map 

is an isomorphism between A;(x)-vector-spaces of dimension 1 when x G W. In 
particular, if x is in the subset of Lemma 13.3.61 the natural injection 

is an isomorphism, hence x £ Xjg. 

Proof — Let us fix first some z £ Z and choose an open affinoid U C X containing 
z which is small enough so that M is free over U, U is F-small ([Kit (5-2)]), and 
such that Z is Zariski-dense in U (it exists by (HT)). Assumption (HT) implies 
then that Zc OU is Zariski-dense in U for any C. 

We now apply [23 Prop. 5.14] and its corollary [Kil Cor 5.15] to TZ := 0(U), 
M := M.\u, I := Z nU, TZi := k{i) and Ik ■= Z^+sup^, Note that we just 

checked condition (3) there (that is, Ik is Zariski-dense in U) and that condition (2) 



90 



J. BELLAiCHE AND G. CHENEVIER 



follows from our assumption (ii). Moreover, condition (1) follows from (CRYS) and 
the weak admissibility of -Dcrys(-A4^), x ^ Ik, applied to the filtered (/?-submodule 
^trysi^x)'^^^^^^ ■ As a consequence, [Kit cor. 5.15] tells that for all x G U, 
DtrysQ^x)'^^''^''^ + 0. We conclude the proof by Lemma [3X51 □ 

Applying now |Kil cor. 5.16], we first get the point (i) of our theorem 13.3.31 

Remark 3.3.7. (i) We note the extreme indirectness of this method of proof 
(which is entirely Kisin's) : to prove that D^^-yJyM^^'^^^'^^^ ^ for every 
a; G X, knowing that this is true for the points of Z, we use the closed 
set Xfs, which by definition contains the points satisfying this properties 
provided that they are in the set - in particular, not in Z ! 
(ii) The proof of Lemma 13.3.61 shows that if X is an affinoid space, F-small, on 
which M is free, then in the proof of point (i) of Theorem 13.3.31 condition 
(HT) may be replaced by the weaker condition 

(HT') : for every non negative C, Zq is Zariski-dense in X. 

We now prove point (ii) of our Theorem 13.3.31 Let us fix some x ^ X (but 
not necessarily in Z) and choose an F-small open affinoid neighborhood U oi x 
such that ^A is free over U . As U C X = Xfg, by the corollary loc. cit. we get 
that D^j.y^{M-{U))^^^ is generically free of rank 1 over 0{U). More precisely, if 
H C 0{U) denotes the smallest ideal such thalF^ 

then U — V{H) is Zariski-dense in U. Let 

vr : [/' — >U, 

be the blow-up of the ideal H and Ai' the pullback of Ai on U'. 

Lemma 3.3.8. Let x' G U' and let V C U' be a sufficiently small open affinoid 
containing x' . 

(i) The ideal of 0{V) generated by all the coefficients (see the footnote [57|) of 
D+y,{M'{V)Y=^ C M'{V)®Q^Bt,y, IS 0{V) Itself 

(ii) If I' is a cofinite length ideal of O^' then L'+yg(A^^,//'A4^,)'^^^ is free of 
rank 1 over Ox' /I' ■ 

Proof — By the universal property of blow-ups, for V sufficiently small IIO{V) 
is a principal ideal generated by a non zero divisor fy of Oiy). As a consequence, 
the ideal of the statement is OiV) itself, as it contains HOiV) / fv ■ Indeed, it is 
clear that if D'^^y^{M.' iV))^^^ contains fv for some non zero divisor / G 0{V) and 

V G 7W(y)(8'Qpi?fjtyg, it contains v. This proves (i). 

It follows that the natural map D+y^{M'^,/rM'^,y=^ — > D+y^(M'x>)'^=^ is 
non-zero. Moreover D^j.y^{M-x')'^^^ = D^iysi-^^)^^^ ^k{x) k{x'), hence it has 
fc(x')-dimension 1 by assumption on A^^. and part (i) of Theorem 13.3.31 So the first 
assertion of the following lemma (applied to D = L'+yg(— )'^^^, A = O^', J = I', 

V = M'^,/I'M'^,) implies the result. □ 

^'^The Banach C'([/)-module M{U)§)Q^B+y^ is ON-able, H is the ideal of 0(U) generated by 
all the coefficients in a given OTV-basis of all the elements of D'^^y^{M{U))'^^^ . It does not depend 
on the choice of the ON-basis as the ideals of 0{U) are all closed. 
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The following lemma holds in the same context as Lemma 13.2.91 

Lemma 3.3.9. Let J he a cofinite length ideal of A, V a continuous (A/ J)[Gp]- 
module that is free of finite rank over A/, J and such that DiVf^iAk) has k-dimension 
1. Assume moreover that one of the following two conditions holds: 

(i) D{y) — > D{y ®A k) is non-zero, 

(ii) KDiV)) = l{A/J). 

Then D{V) is free of rank one over A/, J. 

Proof — Under assertion (i), the lemma is exactly \Ki\ Lemma 8.6]. Under 
assertion (ii), it can be proved using similar ideas: we prove that D(y (8)a A/ J') is 
free of rank one over A/ J' for any ideal J' containing J, by induction on the length 
of A/J'. There is nothing to prove for J' = m. Assume the result known for ideals 
of colength < k, and let J' be an ideal containing J of colength k. Let J" be an 
ideal such that J' C J" , the first inclusion being proper and of colength one. We 
have (since V 0a A/ J' is free over A/J') an exact sequence : 

D{V k) 0k J" /J' — ' D{V 0A A/J') D{V 0a A/J"). 

By (iii) of Lemma [3X9l 1{D{V 0a A/J')) = 1{A/J') and similarly for J". Hence 
the last morphism of the exact sequence above is surjective. So we have D{V 0a 
A/J')0aA/J" = D{V0aA/J"), hence D{V 0aA/ J')0Ak = D{V 0aA/ J")0Ak. 
By induction, the latter has /c-dimension 1. Hence by Nakayama's lemma, the 
^/J'-module DiV 0a A/J') is generated by a single element and since its length 
is 1{A/J'), it is free of rank one over A/J' . □ 

We can now use our "descent result" (Proposition I3.2.3P for the blow-up vr : 
U' — > U. Assertion (ii) of Lemma 13.3.81 shows that for every x' £ 7r^^(x), and 
every cofinite length ideal /' of O^', 

I {D+^,{M',,, 0o^, 0,,/I')^=^) = 1{0,,/I'). 

Thus by Proposition 13.2.31 we have for every cofinite length ideal / of Ox , 

/ {D+,,{Mx 0o.. Ox//)^=^) = l{Ox/I). 

To conclude that D^^y^{M.x 0ci^ Ox/I)^^^ is free of rank one over Ox/ 1 we simply 
invoke Lemma 13.3.91 (ii) with I = J,V = Q = Mx/ JMx- The proof of Theo- 
rem [333] is now complete. □ 

3.4. A generalization of Kisin's result for non-fiat modules. In this subsec- 
tion we keep the assumptions of ^3.3.21 but we do not assume that M is locally 
free, but only that M is torsion-free. 

Theorem 3.4.1. Let x £ X and assume tha^ D+y,(7W^'(K(x)))^=^(^) has k{x)- 
dimension 1 . Then for all ideal L of cofinite length of Ox , 

I {D+y,{Mx/IMx{K))''=^) = l{Ox/L). 



In fact, the result holds more generally under the assumption of Remark 13.2.41 but we state 
it as such for short. 



92 



J. BELLAiCHE AND G. CHENEVIER 



We will rely on the following flatification result whose scheme theoretic analogue 
is an elementary case of a result of Gruson- Raynaud ( [GruRl Thm. 5.2.2]). Recall 
that X is reduced and separated. 

Lemma 3.4.2. There exists a proper and birational morphism vr : X' — > X (with 
X' reduced) such that the strict transform of M by n is a locally free coherent sheaf 
of modules M' on X' . More precisely, we may choose vr to be the blow-up along a 
nowhere dense closed subspace of the normalization X of X. 

Proof — Let / : X — > X be the normalization of X (see |ConH §2.1]), then X 
is reduced, / is finite (hence proper), and / is birational by [ConH Thm. 2.1.2]. 
Moreover, the strict transform of 7W by / is torsion free as M is, hence by 
replacing {X^^A) by {X,^A') we may assume that X is normal. We may then 
assume that X is connected. 

We claim that there is an integer r > such that for each open affinoid f7 C X, 
M{U) is generically free of rank r over 0{U). If U is connected (hence irreducible), 
let us denote by rjj this generic rank. There is an injective C'(C/)-linear map 
M{U) — > 0{UY^ which is an isomorphism after inverting some / 7^ € 0(U). 
In particular, for each x in a Zariski-open subset of U, we have Mx — > OJJ^- As 
a consequence, for each open affinoid U' C U, the ©^..-module Aix is free of rank 
rjj on a Zariski open and dense subset of U' , thus r^// = ru if U' is connected. 
A connectedness argument shows then that rjj is independent of C/ C X, and the 
claim follows. In particular, for all x ^ X the torsion free O^-module Mx has also 
generic rank r. 

Let us recall now some facts about the Fitting ideals (see Lang XIX, §2], |GruR[ 



§5.4]). For each open affinoid U C X it makes sense to consider the r-th Fitting 
ideal Fr{A4(U)) of the finite 0{U)-module M{U). Its formation commutes with 
any affinoid open immersion so those {Fr{M{U))} glue to a coherent sheaf of ideals 
Fr{M) C Ox- A point x e X lies in V{Fr{M)) if and only if dim^.(^x)(Mx) > r 
and X — V{Fr{Ai)) is the biggest admissible open subset of X on which can be 
locally generated (on stalks) by r elements. By what we saw in the paragraph above, 
X - V{Fr{M)) is actually Zariski dense in X. Moreover, ii x G X - V{Fr{M)) 
then Mx is free of rank r over Ox- Indeed, it can be generated by r elements and 
we saw that 

Mx C Mx Frac(O^) ^ Frac(0^.)' 
for each x £ X, and we are done. 

Let vr : X' — > X be the blow-up of Fr{A4), we will eventually prove that vr 
has all the required properties. Note that X' is reduced as X is and that vr is 
birational as X — V{Fr{M)) is Zariski dense in X. As a general fact, the coherent 
sheaf of ideals Fr{M)Ox' coincides with the r-th sheaf of Fitting ideals Fr{TT*Ai) of 
7r*M, and it is an invertible sheaf by construction. Let Q C tt*M be the coherent 
subsheaf of Fr{M)Ox' -torsion of it*M- We claim that {it*M)/Q is locally free of 
rank r. This can be checked on the global sections on an open affinoid U C X' . 
But if ^ is a reduced noetherian ring and M a finite type j4-module such that M 
is generically free of rang r and whose r-th Fitting ideal Fr{M) is invertible, then 
M/AnnM{Fr{M)) is locally free of rank r by |GruRl Lemma 5.4.3]. This proves 
the claim if we take A = 0{U) and M = -k*{M){U)\ . 
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By definition, the strict transform ^A' of is the quotient of 'K*^A by its 
(-Fr(A^)C'x')°°"torsion. The natural surjective morphism 7r*A^ — > ^A' factors then 
through {■K*M)/Q^ which is locally free of rank r by what we just proved, so 
{■K*Ai)/Q — > M' is locally free of rank r, and we are done. □ 

Proof — (of Theorem 13.4. ip Let us choose a vr as in Lemma 13.4.21 as well as a 
coherent sheaf of ideals H C Ox attached to tt as in ^ 13.2.31 As X — V{H) is Zariski 
dense in X, and as Z accumulates at Z by assumption (HT), Z n (X — V{H)) 
is Zariski-dense in X. Moreover (CRYS), (HT) and (*) are still satisfied when 
we replace Z by Z n {X — V{H)) in their statement, so we may assume that 

zr\V{H) = 0. 

Let us denote by Z' the set of z' G X' such that 'k{z') G Z. Since X' — 
TT-^iViyH)) X - V{H) is Zariski-dense in X' , Z' is Zariski dense in X' . Note 
that for z' G Z\ we have ^A^l = Mz if ^ = T^iz')- Define k' and F' on X' as n o n 
and F OTT. Then it is obvious that X' , Z', M' , F' , k' satisfy the hypothesis (CRYS), 
(HT) and (*). Because M.' is locally free we may apply to it Theorem 13.3.31 at any 
x' ^ X' . This implies Theorem 13 . 4 . 1 1 bv our descent Proposition 13.2.31 □ 

Remark 3.4.3. (i) In the applications of Theorem 13.4.11 to section [H we will 
use some coherent sheaves M on an affinoid X which are in fact direct sums 
of coherent torsion- free O-modules of generic ranks < 1, for which Lemma 
13.4.21 is obvious. 

(ii) As Brian Conrad pointed out to us, there is an alternative proof of the first 
assertion of Lemma r3.4.2l using rigid analytic Quot spaces (see |Con21 Thm. 
4.L3]). 
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4. Rigid analytic families of refined p-ADic representations 

4.1. Introduction. In this section, we define and study the notion oip-adic fami- 
lies of refined Galois representations. As explained in the general introduction, the 
general framework is the data of a continuous d-dimensional pseudocharacter 

T -.G — > 0{X), 

where X is a reduced, separated, rigid analytic space. Here G is a topological group 
equipped with a continuous map Gp = Gal(Qp/Qp) — > G, and we shall be mainly 
interested in the properties of the restriction of T to Gp. The presence of the group 
G is an extra structure that will only play a role when discussing the reducibility 
properties of T, and we invite the reader to assume that G = Gp at a first reading. 

We assume that for all z in a Zariski-dense subset Z C X, the (semisimple, 
continuous) representation of G, whose trace is the evaluation of T at z, has 
the following properties (see ^4.2.3p : 

(i) pz is crystalline, 

(ii) its Hodge- Tate weights are distinct, and if we order them by < • • • < 
Kd{z), then the maps z ^ K-niz) extend to analytic functions on X and each 
difference Kn+i — i^n varies a lot on Z . 

(iii) its crystalline eigenvalues (pi{z), - ■ ■ , (pdiz) are distinct, and their normalized 
versions z Fn{z) := ipn{z)p~'^"^'^^ extend to analytic functions on X. 

These hypotheses may seem a little bit complicated, but this is because we want 
them to encode all the aspects of the families of Galois representations arising on 
eigenvarieties. We refer to ^4.2.31 for a detailed discussion of each assumption. Let 
us just mention two things here. First, although families with "constant Hodge- 
Tate weights" have been studied by several people, the study of the kind of families 
above has been comparatively quite poor let alone works of Sen and Kisin. A reason 
is maybe that the very fact that the weights are moving implies that the generic 
member of such a family is not even a Hodge- Tate representation, and in particular 
lives outside the De Rham world. Second, each pz is equipped by assumption 
(iii) with a natural ordering of its crystalline Frobenius eigenvalues, that is with a 
refinement Tz of pz (hence the name of the families). 

Our aim is the following: we want to give a schematic upper bound of the 
reducibility loci at the points z S Z by proving that the infinitesimal deformations 
of the Pz inside their reducibility loci (that we defined in section [1]) are trianguline, 
and in favorables cases even Hodge- Tate or crystalline. Let us describe now precisely 
our results. 

Assume first that z € Z is such that A"(p2) is irreducible!^ for each n = 1, • • • , d, 
and that Tz is a non critical regular refinement of pz. Then on each thickening A 
of z in X, we show that T A is the trace of a unique trianguline deformation of 
(Pz ,J^z) to the artinian ring A (Theorem 14.4. ip . 

When Pz is reducible, the situation turns out to be much more complicated, but 
still rather nice in some favorable case^. Assume that pz = ©[=i/Oj is multiplicity- 
free. The refinement J^z of pz induces refinements J-'z^i of the pi. This combinatorial 

^'^This irreducibility assumption applies for the A^p^ viewed as G-representations. 
^''in the appUcations to Selmer groups, we will "luckily" be in that case. 
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data is in fact controlled by a permutation a £ &d that we introduce in ^4.4.31 
Assume again that J-z is regular, but not that J-z is non critical. Instead, we 
assume only that each J^z,i is a non critical refinement of pi, and that each J^z,i is 
a " subinterval" of J^z (see §4.4.4|) . As before, we also have to make some explicit 
G-irreducibility assumption on the pi for which we refer to ^4. 4.11 Our main result 
concerns then the total reducibility locus, say Red^, of T at the point z. We show 
that each difference of weights 

is constant on this reducibility locus Red^. We stress here that this result is 
schematic, it means that the closed subscheme Red^ lies in the schematic fiber 
of each map — Ha{n) z. Moreover, on each thickening A oi z lying in the 
reducibility locus Red^ , we show that T A writes uniquely as the sum of traces of 
true representations pi over A, each pi being a trianguline deformation of {pi,J'z,i) 
(TheorerG l4.4.4p . We end the section by giving another proof of the assertion above 
on the weights on the reducibility locus under some slightly different kind of as- 
sumptions (Theorem 14. 4. 6p . 

As an example of application of the results above, let us assume that a acts tran- 
sitively on {1, • • • , d} (in which case we say that J^z is an anti-ordinary refinement), 
so each difference of weights k„ — Km is constant on Red^. If some Km is moreover 
constant (what we can assume up to a twist), we get that all the weights Ki are 
constant on the total reducibility locus at z, hence are distinct integers. In partic- 
ular the deformations pi above of pi are Hodge- Tate representations, and our work 
on trianguline deformations shows then that they are even crystalline (under some 
mild conditions on the pi, see corollarv I4.4.5p . This fact will be very important in 
the applications to eigenvarieties and global Selmer groups of the last section, as 
it will allow us to prove that the scheme Red^ coincides with the reduced point z 
there. 

We end this introduction by discussing some aspects of the proofs and other 
results. We fix z G Z as above, let ^4 := Oz and we consider the composed 
pseudocharacter 

T:G — > 0{X) — > A 

again denoted by T. It is residually multiplicity free and A is henselian, hence T 
fulfills the assumptions of our work in section [TJ Some important role is played 
by some specific j4[G]-modules called Mj (introduced ^1.5.4p whose quite subtle 
properties turn out to be enough to handle the difficulties coming from the fact 
that T may not be the trace of a representation over A. We extend those modules, 
with the action of G, to torsion free coherent O-modules in an affinoid neighborhood 
U oi z in X ( ^4.3.3p to which we apply the results of section [3j 

However, this only gives us a part of the information, namely the one concerning 
the first eigenvalue (pi of the refinement. Indeed, this eigenvalue is the only one that 
varies analytically (if ki is normalized to zero say) and so to which we can apply 
section [3l To deal with the other eigenvalues as well, we will work not only with 
the family T, but with all its exterior powers A^T. Some inconvenience of using 
these exterior products however appears in the fact that our definition of a refined 
family is not stable under exterior powers (see ^4.2.41 and the last paragraph of 
this introduction). This leads us to introduce the notion of p-adic family of weakly 
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refined Galois representations, which is a modification of the one given above where 
we only care about ni and Fi (see Definition ^4.2.7p . Any exterior power of a refined 
family is then a weakly refined family. Let us note here that an important tool to 
get the trianguline assertion at the end is Theorem 12.5.61 of section [2j 

In fact, our results mentioned above have analogues in the context of weakly 
refined families (in which case they hold for every x G X), that we prove in Theo- 
rems 14.3.21 and I4.3.4[ Another interesting result here is the proof (Theorem I4.3.6P 
that there exists a non-torsion crystalline period attached to the eigenvalue ipi in 
the infinitesimal extensions between the pi constructed in section [1] (that is, in the 
image of tij). 

Though the trick of using exterior powers is not at all unfamiliar in the context 
of Fontaine's theory, we have the feeling that it is not the best thing to do here, 
and that the use of exterior products is responsible for some technical hypotheses 
to appear later in this section (e.g. assumptions (REG) and (MF') in ^4.4.ip . But 
we have not found a way to avoid it. Actually, by using only similar arguments as 
in [Ki], it seems quite hard to argue inductively (as we would like to) by "dividing 
modulo the families of eigenvectors for ipi" . Among other things, a difficulty is that 
although the points in Z belong to Kisin's Xjg, they do for quite indirect reasons 
(see e.g. |KH Remark 5.5 (4)]), which makes many arguments there - and here 
also - quite delicate. As a possible issue, our work in this section and in section 
[2] comfort Colmez's idea that the construction of Xfg in [Ki] should be reworked 
from the point of view of {(f, r)-modules over the Robba rinel^ and suggests that 
Xfs should directly contain the points of Z which are non critically refined. As this 
would have led us quite away from our initial aim, we did not follow this approach. 
We hope however that the present work sheds lights on aspects of this interesting 
problem. 

4.2. Families of refined and weakly refined p-adic representations. 

4.2.1. Notations. As in sections [2] and [3l we set Gp = Gal(Qp/Qp). Moreover we 
suppose given a topological group G together with a continuous morphism Gp — > 
G. 

Example 4.2.1. The main interesting example^ are 

(a) G = Gp and the morphism is the identity. 

(b) G = Gk,s = Ga\.[Ks/K) where K is a number field, S a set of places of 

and Kg C K the maximal extension which is unramified outside S; the 
morphism sending Gp to a decomposition group of K at some prime *p of 
K such that Kf^ = Qp. 

If p is a representation of G, it induces a representation of Gp that we shall 
denote by P\Gj,- We will replace p\Q^ by p without further comments when the 
context prevents any ambiguity, for example in assertions such as "/o is Hodge- 
Tate", or "p is crystalline". 

'^"'^E.g. , for any a; in a refined family X, px should be trianguline. 

ctually, our result in the case (a) would implies our result in the case (b), were there not 
the technical, presumably unnecessary, irreducibility hypothesis (MF) in i]4.4.1l below. that we can 
sometimes verify in case (b) and not in case (a). 
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4.2.2. Rigid analytic families of p-adic representations. 

Definition 4.2.2. A (rigid analytic) family of p-adic representations is the data of 
a reduced and separated rigid analytic space X/Qp and a continuou^ pseudochar- 
acter T : G — > 0{X). 

The dimension of the family is the dimension of T; it will usually be denoted by 
d in the sequel. For each point x £ X, we call evaluation of T at x and note 

: G — > k{x), 

the composition of T with the evaluation map : 0{X) — > k{x) at the residue field 
k{x) of X. Then Tx is a continuous A;(x)-valued pseudocharacter. By a theorem 
of Taylor, it is the trace of a (unique up to isomorphism) continuous semisimple 
representation 

Px-.G-^ GUiHx)), 
which is actually defined over a finite extension of k{x). 

In other words, a family of p-adic representations parameterized by the rigid 
space X is a collection of representations {px,x S X} (or even over a Zariski-dense 
subset of X) for which we assume that the traces map T{g) : x ^ ii {px{g)) are 
analytic functions on X for each g £ G, and such that g T{g) is continuous. Ex- 
amples are given by the continuous representations of G on locally free O-modules 
on X, but our definition is more general as we showed in section [L6l In particular, 
the families of p-adic Galois representations parameterized by Eigenvarieties turn 
out to be families in this "weak" sense in general. 

4.2.3. Refined and weakly refined families of p-adic representations. 

Definition 4.2.3. A (rigid analytic) family of refined p-adic representations (or 
shortly, a refined family) of dimension d is a family of p-adic representations (AT, T) 
of dimension d together with the following data 

(a) d analytic functions ki, . . . , G 0{X), 

(b) d analytic functions Fi, . . . , G C(A), 

(c) a Zariski dense subset Z of A; 
subject the following requirements. 

(i) For every x G A, the Hodge- Tate-Sen weights of px are, with multiplicity, 

Kl(x),...,Krf(x). 

(ii) If z G Z, pz is crystalline (hence its weights ^1(2;), . . . , Kd(-z) are integers). 

(iii) If z G Z, then ki{z) < K2{z) < ■ ■ ■ < Kd{z). 

(iv) The eigenvalues of the crystalline Frobenius acting on DcrysiPz) are distinct 
and are {p'^^ {z)Fi{z), . . . ,p'^''{z)Fd{z)). 

(v) For G a non-negative integer, let Zc be the set 

{z G Z, \ki{z) - Kj{z)\ >C yi,Jc {l,...,d}, \I\ = \ J\ > 0, / /J}, 

where kj = '^^^j Kn- Then Zc accumulates at any point of Z for all C 
(see EXH). 

j-ecall that for each admissible open U C X (not necessarily affinoid, e.g U — X), 0{U) 
is equipped with the coarsest locally convex topology (see [Schj) such that the restriction maps 
0{U) — > 0{V), V C U an open affinoid (equipped with is Banach algebra topology), are contin- 
uous. This topology is the Banach-algebra topology when U is affinoid. 
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(*) For each n, there exists a continuous character Z* — > 0{X)* whose deriv- 
ative at 1 is the map k„ and whose evaluation at any point z £ Z is the 
elevation to the Kn{z)-th power. 

The data (a) to (c) are called a refinement of the family (X, T). 

Definition 4.2.4. Fix a refined family as above and let z £ Z. The (distinct) 
eigenvalues of ip on DcrysiPz) are naturally ordered by setting 

ifniz) :=p'^"(^)F„(z), ne {!,••• ,4, 

which defines a refinement J-'z of the representation in the sense of N2.4I 

Example 4.2.5. The main examples of refined families arise from eigenvarietiej^. 
A refined family is said to be ordinary if = 1 for each x £ X and n G 

{1, . . . , d}. Many ordinary families (in the context of example 14.2.11 (ii)) have been 
constructed by Hida. In this case we could show that Tjg^ is a sum of 1-dimensional 
families. Non ordinary refined families of dimension 2 have been first constructed 
by Coleman in [C2j (see also |CMj . |Malj ). and in this case T^Cp is in general 
irreducible. Examples of non ordinary families of any dimension d > 2 have been 
constructed by one of us in [Chlj . 

Let us do some remarks about Definition 14. 2. 3[ 

Remark 4.2.6. (i) (Weights) We stress that condition (iii) is not automatic, 
even up to a renumbering of the Kn- Condition (v) impose that the Hodge- 
Tate weights (and their successive differences) vary a lot on Z. Condition 
(*) appears for the same reason as in ^3.3.2[ 

(ii) (Frobenius eigenvalues) Assumption (iv) means that the eigenvalues of the 
crystalline Frobenius ip acting on DcrysiPz) do not vary analytically on Z, 
but rather that they do when appropriately normalized. Note that when 
d > 1, even if some eigenvalue vary analytically, i.e. if some «;„ is constant, 
then the others do not by assumption (v). Moreover, because of the fixed 
ordering on the k„ by assumption (iii), {{nn}, {Fa(n)}i Z) is not a refinement 
of the family {X,T) when a ^ 1 £ &d- 

(iii) (Generic non criticality) Let Znum C Z he the subset consisting of points 
z £ Z such that J^z is numerically non critical in the sense of Remark 12.4.61 
formula ([35|) . Then Znum is Zariski-dense in X (use (v) and the fact that 
around each point of X, each is bounded). In particular, the Tz are 
" generically" non critical in the sense of ^2.4.31 

(iv) (Subfamilies) If (X, T) is a refined family, and if T is the sum of two pseu- 
docharacters Ti and T2, then under mild conditions Ti and T2 inherits the 
refinement of T. See Prop. 14.5.31 below. 

It will also be useful to introduce the notion of weakly refined families (resp. of 
weak refinement of a family). 

Definition 4.2.7. A weak refinement of a family (X, T) of dimension d is the data 
of 

(a) d analytic functions Hn £ 0(X)^ 



In particular, their construction if mostly global at the moment. 
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(b) an analytic function F G 0{X), 

(c) a Zariski dense subset Z d X. 

subject to the following requirements 

(i), (ii) as in Definition I4.2.3[ 

(iii) If z € Z, then ki{z) is the smallest weight of pz- 

(iv) For C a non-negative integer, let Zc = {z £ Z, Vn e {2, . . . , d}, Kn{x) > 
Ki{z) + C}. Then Zc accumulates at any point of Z for all C. 

(v) (pi{z) := p'^'^{z)Fi(z) is a multiplicity-one eigenvalue of the crystalline 
Frobenius acting on -Dcrys(Pz)- 

(*) There exists a continuous character Z* — > 0{X)* whose derivative at 1 is 
the map ki and whose evaluation at any point z G Z is the elevation to the 
Ki{z)-th. power. As in Def. 13.3.2^ we denote also by ki : Gp — > 0{X)* the 
associated continuous character. 

Remark 4.2.8. The conditions (i) to (v) and (*) are invariant by any permutation 
in the order of the weights k,2, ■ ■ ■ , Hd (not ki ) . Two weak refinements differing only 
by such a permutation should be regarded as equivalent. 

4.2.4. Exterior powers of a refined family are weakly refined. Let {X, T) be a family 
of p-adic representations of dimension d. For k < d, then {X, A^T) is a family of p- 
adic representations of dimension (^) (see ^1.2.7p . and we have {A^T)x = tr {A.^px) 
for any x G X. 

Assume that (X, T, {F„}, Z) is refined. The Hodge- Tate-Sen weights of 
A^T are then the k/ = X^jg/ where / runs among the subsets of cardinality k 
of {1, . . . ,d}. Moreover, the A^pz are crystalline for z G Z. However, there is no 
natural refinement on [X,A^T) in general F^. We set 

F := Fj, k[ := = ki H h Ki, 

and . . . , numbering of the for / any subset of {1, . . . , d} of cardinality 

Vfcj 

k which is different from {1, . . . ,k}. The following lemma is clear. 

Lemma 4.2.9. The data {n'l, . . . , k',^., F, Z) is a weak refinement on the family 

\k) 

{X, A''T). 

4.3. Existence of crystalline periods for weakly refined families. 

4.3.1. Hypotheses. In this subsection, (X, T, ki, . . . , k^, F, Z) is a family of dimen- 
sion d of weakly refined p-adic representations. 

Fix X € X. As in section [3] we shall denote by A the rigid analytic local ring Ox, 
by m its maximal ideal, and by A; = A/m = k{x) its residue field. We still denote 
by T the composite pseudocharacter G — > O(^) — ^ ^- Our aim in this section 
is to prove that the infinitesimal pseudocharacters T : G — > A/ 1, / C ^1 an ideal 
of cofinite length, have some crystalline periods in a sense we precise below. For 
this, we will have to make the following three hypotheses on x. 



For one thing, there is no natural order on the set of subsets / of {1, . . . , d} of cardinality k 
that makes the application I — > ^/(z) increasing for all z £ Z. 
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(ACC) The set Z accumulates at w\ 

(MF) T is residually multiplicity free. 
(REG) D+y,(^^(Ki(x)))^=^(^) has A:(x)-dimension 1. 

Recall from Definition 11.4.11 that (MF) means that 

Px = ®\=\Pi 

where the pi are absolutely irreducible, defined over A;(x), and two by two distinclF^. 
In particular, this holds of course when is irreducible and defined over k{x). As 
in ^1.4.11 we shall note di = dim^p,, so that Y2l=i^i ~ d-- Note that A is a 
henselian ring ([Berk[ §2.1]) and a Q-algebra. In particular, d\ is invertible in A, 
and T : A[G] — > A satisfies the hypothesis of ^1.4.1[ 

Note moreover that hypothesis (REG) (for "regularity") is, as (MF), a kind of 
multiplicity free hypothesis. Indeed, Theorem 13.4.11 implies easily (see below) that 
for any x satisfying (ACC), Z)^ys(Pa;('*i(^)))'''^^^^'* A;(x)-dimension at least 1. 

Remark 4.3.1. The assumptions above define a j G {l,...,r} as follows. By 
property (REG), F{x) is a multiplicity one eigenvalue of tp on 

DtrjsiPxif^li^))) = D+ys{pl{filix))) © • • • e I)+y,(/),(Kl(x))). 

Hence this is an eigenvalue of ip on one (and only one) of the D^ys(P«('^i(^))) say 
D^^^{pj{Ki{x))), which defines a unique j £ {1, . . . ,r}. 

4.3.2. The main results. We will use below some notations and concepts introduced 
in section [TJ Let K be the total fraction ring of A and let p : A[G] — > Md{K) be 
a representation whose trace is T and whose kernel is Ker T. It exists by Theorem 
11.4.41 (ii) and Remark 11.4.51 as A is reduced and noetherian. Fix a GMA structure 
on S := A[G]/Kerr given by the theorem cited above, j as defined in Remark 
HXn and let Mj C K'^ the "column" S'-submodule defined in ^TXil It is finite 
type over A by construction and Remark 11.4.51 

Let moreover be a partition of {1, . . . , r}. Recall that if V contains {j}, then 
for every ideal / containing the reducibility ideal /-p (see ^1.5.ip . there is a unique 
continuous representation 

Pr-G^GUM/^)^ 

whose reduction mod m is pj and such that T A/I = ti pj + T' , where T' : 
G — > ^// is a pseudocharacter of dimension d — dj (see Definition 1 1.5. 3 j Proposi- 
tion [1330]) • 

Theorem 4.3.2. Assume that V contains {j} and let I be a cofinite length ideal 
of A containing I-p. Then D^j.y^{pj{Ki))'^^^ and D^j^^{Mj /IMj^ki))'^^^ are free 
of rank one over A/I . 



'^^This hypothesis is probably unnecessary but to remove it would require quite a big amount 
of supplementary work, such as a global generalization of what was done on in section [1] (that 
is on X instead of A). Note that any z £ Z satisfies (ACC). Moreover, in the applications to 
eigenvarieties, (ACC) will be satisfied for all the a;'s corresponding to p-adic finite slope eigenforms 
whose weights are in Zp, which is more than sufficient for our needs. 

'^'''The results of this section will apply also in the case where the the pi axe not defined over 
k{x). Indeed, it suffices to apply them to the natural weakly refined family on X Xq^ L, L any 
finite extension of Qp on which the pi axe defined. 
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Proof — We will prove the proposition assuming the following lemma, whose 
proof is postponed to the next subsection. 

Lemma 4.3.3. Let I be a cofinite length ideal of A, then 

(i) The Sen operator of DseniMj / 1 Mj) is annihilated by Y[i=ii'^ ~ '^i)' 

(ii) l{D+^,iM,/IM,{K,)r=^)=l{A/I). 

By Theorem 1 1 . 5 . 6r 0) . there is an exact sequence of -modules 

— > K — > Mj/IMj — > pj — >0 

where K has a Jordan-Holder sequence whose all sub quotients are isomorphic to 
Pi for some i ^ j- If X is a finite length ^-module equipped with a continuous 
^-linear action of Gp we set D{X) := D+y,(X(Ki))'^=^. As D{pi) = for i / j by 
(REG), we have D{K) = 0, hence applying the left exact functor D to the above 
sequence, we get an injection 

D{M,/IM,) ^ D{p,). 

Thus by Lemma 14.3.31 (ii) we have l{D{pj)) > 1{A/I). Applying Lemma l3.2.9( i) to 
the ^//-representation pj gives l{D{pj)) = 1{A/I), hence an isomorphism 

D{Mj/IMj) ^ D{p,), 

and case (2) of Lemma [3.3.91 gives that D{pj) is free of rank 1 over A/ J. Hence the 
result. □ 



Theorem 4.3.4. Assume that px has distinct Hodge-Tate-Sen weights and that 
the weight k of D'^j.yg{pj{Ki{x)))'^^^^^^ is the smallest integral Hodge- Tate weight of 
Pj{Ki{x)). Then for the unique I such that ki{x) — Ki{x) = k, we have that ki is a 
weight of pj and 

{ki - Ki) - {ki{x) - Ki{x)) G I-p if{j} £ V. 
Proof — Let / D /-p be a cofinite length ideal of A. By Theorem I4.3.2[ 

is free of rank one over A/ 1. Moreover, k is the smallest integral Hodge- Tate weight 
of pj{Ki{x)). Thus we can apply Proposition 12 . 5 .41 to V := Pj{Ki) which shows that 
V has a constant weight k, i.e. that {V Cp)^p contains a free ^d/J-submodule 
of rank 1 on which the Sen operator acts as the multiplication by k. By lemma 
14.3.31 (i) , this implies that 

d 

l[{k - {Ki - Ki)) = in A/L 
1=1 

The difference of any two distinct terms of the product above is invertible in (the 
local ring) A/I as Ki{x) ^ Ki'{x) if i ^ i! . Hence one, and only one, of the 
k — {Ki — Ki) above is zero, and reducing mod m gives i = I. In particular, ki is a 
Hodge-Tate-Sen weight of pj and 

k = Ki — Ki = Ki{x) — Ki{x) in A/T 

We conclude the proof as /-p is the intersection of the / of cofinite length containing 
it, by Krull's theorem. □ 



102 



J. BELLAiCHE AND G. CHENEVIER 



Remark 4.3.5. (i) The conclusion of the theorem can be rephrased as : ni — ni 
is constant on the reducibihty locus corresponding to 7^, if V contains {j}. 

(ii) The hypothesis that k is the smallest weight is satisfied in many cases. 
For one thing, it is obviously satisfied when k is the only integral Hodge- 
Tate weight of pj{Ki{x)), which is the generic situation. More interestingly, 
it is also satisfied for crystalline px whenever v{F{x)) is smaller than the 
second (in the increasing order) Hodge- Tate weight of Pj{ni) since, by weak 
admissibility, k < v{F(x)). This is always true when pj has dimension < 2, 
since by admissibility, the second (that is, the greatest) weight is greater 
than the valuation of any eigenvalue of the Probenius. 

(iii) The assumption that px has distinct Hodge- Tate weights implies that px 
has no multiple factors, hence (MF) if these factors are defined over k{x). 

Now let i ^ j he an integer in {!,... ,r}. Recall that if V contains {i} and 
{j}, and if / contains Ip, then (see Theorem 11.5.31 . Theorem 11.5.6( 1) and Propo- 
sition [T3]T0|) there is a map Lij whose image is ^^'^s/JScont(Pj^Pi)- 

Theorem 4.3.6. Assume that V contains {i} and {j} and let I be a cofinite length 
ideal of A containing I-p. Let pc '■ G — > GL^.+rf^. (A//) be an extension of pj by pi 
which belongs to the image of tij. Then L'+yg(pc('^))'^^^ is free of rank one over 
A/I. 

Proof — The proof is exactly the same as the proof of Theorem 14.3.21 except that 
we start using point (2) of Theorem 11.5.61 instead of point (0). □ 



4.3.3. Analytic extension of some A[G]-modules, and proof of Lemma 47373, We 



keep the assumptions and notations of ^4.3.21 Let M C K by any S'-submodule 
which is of finite type over A. 

Lemma 4.3.7. There is an open affinoid subset U of X containing x in which Z is 
Zariski- dense and a torsion-free coherent sheaf A4 on U with a continuous action 
of G such that M.{U) '^o{U) ~ M as A[G]-modules and topological A-modules. 

If moreover K.M = K'^ , we may choose U and M such that Ai{U) ^o{U) 
Frac(0([/)) is free of rank d over Frac(C'([/)), and carries a semisimple repre- 
sentation of G with trace T fSio{x) ^{U)- 

Proof — By (ACC), we may choose a basis of open affinoid neighbourhoods (Vi)jg/ 
of X G X such that Z is Zariski-dense in Vi for each i. We may view / as a directed 
set if we set j > i Vj C Vi, and then indlimO(Vi) = A. 

i 

By construction we have ti {p{G)) C 0{X). As each 0{Vi) is reduced and 
noetherian, a standard argument implies that the C'(Vi)-module 

0{Vi)[G]/KeT {T ^o{x) 0{Vi)) 

is of finite type (see e.g. [BChl^ Lemma 7.1 (i)]). As a consequence, its quotient 
0{Vi)[p{G)] C MdiK) is also of finite type over 0{Vi). 

As M is finite type over A, we can find an element £ I and a finite type 0(Vo)- 
submodule Mq of M such that AMq = M. We define now A^o as the smallest 0{Vo)- 
submodule of M containing Mq and stable by G. It is finite type over 0{Vo) as we 
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just showed that 0{Vo)[p{G)] C Md(K) is. Moreover, the map G — > Aut0(yy)(iVo) 
(resp. G — > Autyi(M)) is continuous by |BChH Lemma 7.1 (v)] (resp. by its 
proof). 

For i > 0, we set Ni = 0{Vi)No C M. The following abstract lemma implies 
that for i big enough, the morphism Ni <8>c'(v'i) ^ — > M is an isomorphism. We 
fix such an i, set U = Vi and define M as the coherent sheaf on Vi whose global 
sections are N^. It is torsion free over 0{Vi) as Ni C M C K"^, which concludes the 
proof of the first assertion. 

Assume moreover that K.M = K'^ and let Ni C K"^ the module constructed 
above, so K.Ni = K'^. The kernel of the natural map 

Ni ®o(y,) FTac{0{Vi)) Ni K = K'^ 

is exactly supported by the minimal primes of the irreducible components of 0(1^) 
that do not contain x, and at the other minimal primes A', is free of rank d with 
trace T, and it is semisimple because so is its scalar extension to K by construction 
and Lemma 14.3.91 (i) below. Let [/' C 1^ be the Zariski open subset of Vi whose 
complement is the (finite) union of irreducible components of Vi not containing x. 
Choose j > i such that Vj C U', then U := Uj and M{U) := Nj have all the 
required properties. □ 



Lemma 4.3.8. Let (^j)jg/ be a directed family of commutative rings and let A 
be the inductive limit of {Ai). Assume A is noetherian. Let M be a finite type 
A-module and Nq a finite-type A^-submodule of M such that ANq = M. Fori > 0, 
set Ni := AiNo C M. 

Then for i big enough, the natural morphism Ni f^Ai A — > M is an isomorphism. 

Proof — Define Ki by the following exact sequence : 

— > Ki — ^ Ni(S)A,A — ^ M — . 0. 
For i < j, we have a commutative diagram 

^ Ki ^ Ni A ^ M ^ 

I 

^ Kj ^ Nj A ^ M ^ 

The horizontal lines are exact sequences, the right vertical arrow is the identity and 
the middle one is surjective by the associativity of the tensor product. Hence the 
left vertical arrow Ki — > Kj is surjective. Because Kq is a finite type A-module, 
and A is noetherian, there is an i such that for each j > i, Ki — > Kj is an 
isomorphism. 

Let X £ Ki. We may write x = X^fc ^fc ^ with G N and Ofe E A, and 
Ylk^kO-k = in M. Take j > i such that all the a^'s are in Aj. Then the image 
of X in Nj ®Aj A is 0, and x is in Kj. But then x = in ifj, which proves that 
Ki = Q and the lemma. □ 
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Lemma 4.3.9. (i) S 0a K is a semisimple K -algebra. 

(ii) There exists a finite type S -module N C K'^ such that [N © Mj)K = K'^ 
and that [N ®a is isomorphic to a sum of copies of pi with i ^ j ■ 

Proof — Recall from ^4.3.21 that S = A[G]/Ker T. Since -fC D A is a fraction ring 
of A, we have Ker (T ®a K) = X.KerT in -ftr[G]. As a consequence, the natural 
map S ®A K — > i^[G]/Ker (T ®a K) is an isomorphism, and Lemma 11.2.71 proves 
(i). 

Let us show (ii). By (i) we can chose a if.S'-module A^' C K'^ such that K.Mj © 
N' = K'^. As S is finite type over A by Remark 11.4.51 we can find a S-submodule 
N C N' such that N is finite type over A and K.N = N'. We claim that N 
has the required property. By construction we only have to prove the assertion 
about {N ®A ky^- Arguing as in the proof of Theorem 11.5.61 (0). it suffices to show 
that BjN = 0, where ej is as before the idempotent in the fixed GMA structure 
of S. But CjiK'^) = CjiK.Mj) by definition of Mj and Theorem [133] (fi) . So 
ej{K.N) = = CjN, and we are done. □ 

We are now ready to prove Lemma 14.3.31 

Proof — (of Lemma liX3|) . Let us show (n) first. We set M = A© Mj, where A 
is given by Lemma l4.3.9i 

By Proposition I1.5.6l f0) and Lemma 14.3.91 (ii), (M © kY^ ~ (Bl^iUiPi where 
the Ui are natural integers and nj = 1. But by (REG) D^^y^{pi{Ki{x))'^^^^^'^ has 
dimension 6ij. In particular, 

(44) dimfc(D+y,((M © A:)(k(x))^^)^=^(^)) = 1. 

Moreover, D+^^{M/IM{ki)) = D+^^{Mj/IMj{Ki)) © D+^^{N/IN{ki)), and 

(45) D+^,{N/IN{k,)Y=^ = 

by a devissage and the same argument as above. 

We claim now that the equality follows directly from Theorem 13.4.11 applied 
to the module M. over U associated to M given by Lemma 14.3.71 (applied in the 
case K.M = K'^). By formula (j45p . we just have to verify that A4 satisfies the 
hypotheses (CRYS), (HT) and (*) of ^3X2l and we aheady checked that D+^^{{M® 
/i;)(k(x))"")'^=^(^') has length one in 

By assumption (iv) of weakly refined families, Zc H U accumulates at every 
point of Z n [/. As M{U) is torsion free of generic rank d and with trace T, and 
by the generic fiatness theorem, there is a proper Zariski closed subspace F of 
U such that for y G U - F, AT^ = py. Recall that the Frac(C'(C/))[G] -module 
A4 ®o{U) Frac(0(C/)) is semisimple. So enlarging F is necessary, we have that for 
y eU - F,My = My, hence My = py. We replace Z hy {Z nU) - (F n Z nU), 
so by (ACC) Z is a Zariski dense subset of U and still has the property that Zc 
accumulates at any point of Z. Property (CRYS) follows then from (ii) and (v) of 
the definition of a weak refinement, and property (HT) from (iii) and (iv). This 
concludes the proof. 
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Let us show (i) now. If is a Qp-Banach space, we se1@ E^^ := i^^Q^Cp. 
Recall that Sen's theory |Senj attaches in particular to any continuous morphism 
r : Gp — > B*, B any Banach Qp-algebra, an element ip G Bc^ whose formation 
commutes with any continuous Banach algebra homomorphism B — > B' . When 
r is a finite dimensional Qp-representation of Gp, this element is the usual Sen 
operator. Applying this to the Banach algebra 

B ■.= ^ndoiu){M{U)) 

we get such an element ip. 

We claim that (p is killed by the polynomial 

d 

P:=J[{T-Ki). 

1=1 

Indeed, arguing as in the proof of (ii) above me may assume that for all z £ Z we 
have Aiz — Pz and B/rUzB ~ Endfc(2)(7M^). As a consequence, using the evaluation 
homomorphism B — > B / rUzB and assumption (i) in Definition 14. 2. 7^ we get that 
P{'p) G rrizBcp- But C'(C/)cp is reduced by [ConH Lemma 3.2.1 (1)], so Bc^ is a 
(finite type) torsion free 0(U)cp-module. Since Z is Zariski-dense in U, hence in 
U{Cp), and since affinoid algebras are Jacobson rings, we obtain that P{p) = in 
Bcp ■ We conclude the proof as the operator of the statement of Lemma I4.3.3l fi) is 
the image of p under Bc^ — > End^//(Mj//Mj)cp. □ 

4.4. Refined families at regular crystalline points. 

4.4.1. Hypotheses. In this subsection, (X, T,ki, . . . , k^i, Fi, . . . , F^, Z) is a family of 
dimension d of refined p-adic representations. We fix z G Z (and not only in X). 
As in §4.3.11 we write A = Oz and still denote by T the composite pseudocharacter 
G — > 0{X) — > A. We assume moreover that T is residually multiplicity free, 
and we use the same notation as before: 

Pz = ©LiPi) di = dim Pi. 
Recall from Definition 14.2.41 that pz is equipped with a refinement 

J^z = {Pl{z), ■ ■ ■ ,Pd{z)) 

satisfying Pn{z) = p'^"^^^ Fn{z). As Dcrys{Pz) = ©i=i-Dcrys(pj) this refinement in- 
duces for each i a refinement of pi that we will denote by J-z,i- We will make the 
following hypotheses on z. 

(REG) The refinement J-'z is regular (see Example I2.5.5P : for all n G {1,... 

pK,i{z)A i-''"(^)_p^(2;) . . . Fn{z) is an eigenvalue of p on Dcrysi-^^Pz) of multi- 
plicity one. 

(NCR) For every i G {1, . . . , r}, Tz,i is a non-critical refinement (cf. ^2.4.3p of pi. 
(MF') For every family of integers (aj)j=i^,,,^r with 1 < Oj < di, the representation 
P{ai) •= ^1=1-^"'* Pi is absolutely irreducible. Moreover, if (oj) and (a^) are 
two distinct sequences as above with J2i=i ^« — Yll=i '^'v then 9^ P{a'.)- 

68 All the Qp-Banach spaces of this proof to which we apply the functor — Cp are discretely 
normed. We use freely the fact that any continuous closed injection E — > F between such spaces 
induces an exact sequence — > Ec^ — > -Ftp — > {F/E)cj, — > by ]S2\ 1.2], and also that any 
submodule of a finite type module over an affinoid algebra is closed. 
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Note that the hypothesis (NCR) does not mean at all that the refinement of 
is noncritical : if for example d = r, that is the pi are characters, any refinement of 
Pz satisfies (NCR). 

Although it does not seem possible to weaken significantly the hypotheses (REG), 
(NCR) in order to prove Theorem l4.4.6l below, hypothesis (MF') is probably unnec- 
essary. It is equivalent to the assertion that for all G {1, . . . , d}, A^T is a residually 
multiplicity free pseudocharacter with residual irreducible component the traces of 
the representations /3(q.) with Yli=i '^i — ^■ 

4.4.2. The residually irreducible case (r = 1). We keep the hypotheses above. We 
first deal with the simplest case for which pz is irreducible and defined over k(z). 
In this case (REG) and (NCR) mean that J-'z is a regular non critical refinement of 
Pz, and (MF') that A'^pz is irreducible for each 1 < k < d. 

Recall that in this residually irreducible case, there exists a unique continuous 
representation p : G — > GLrf(^) whose trace is T by the theorem of Rouquier and 
Nyssen (the continuity follows from Proposition 11.5. 10] (i)). We define a continuous 
character 6 : Q* — > (A*)'^ by setting : 

5(p):=(Fi,...,Frf), <5|2. = (k-i,... ,K,i). 

Recall that each k„ may be viewed as a character Z* — > A* in the same way as in 
Definition 13.3.21 using property (*) of Definition 14.2.31 

Theorem 4.4.1. For any ideal I A of cofinite length, p A/I is a trianguline 
deformation of {pz,J'z) whose parameter is 5 ® A/F 

Proof — Fix / as in the statement and V := p ® A/F By Proposition 12.5.61 it 
suffices to show that for each \ < k < d, Dcrjs{A^V{Ki ■ ■ ■ Kk))^^^^'"^*' is free of 
rank 1 over A/F Indeed, by definition of the characters and of the ti loc. cit. , 
we have ti = ki for each i. 

Fix 1 < k < d and consider the family {X,A^T). As seen in ^4.2.41 this family 
is naturally weakly refined, with same set Z, 

k 

F=J{Fn, 

n=l 

and first weight 



k 




n=l 



This weakly refined family satisfies all the hypotheses of ^4.3.11 (indeed, each of 
the hypothesis there is an immediate consequence of the corresponding hypothesis 
of gXH Namely, (ACC) comes from the fact that z £ Z, (MF) from (MF'), 
and (REG) from (REG)). By assumption, (A^T)^ is irreducible and A^T ® A/I = 
tr {A^ p) mod /, hence we may apply Theorem 14.3.21 to it, and we are done. □ 
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4.4.3. A permutation. In order to study the reducible cases we need to define a 
permutation cr of {1, d} that mixes up the combinatorial data of the refinement 
of px and of its decomposition px = pi (B • • • (B Pr- 

The refinement J-z together with the induced refinements J-'z^t of th pj's define a 
partition RiU ■ ■ ■ Y[ Rr of {1, . . . , d}: Ri is the set of n such that p'^"^''^ Fn{z) is a 
(^-eigenvalue on Dcrys{pi)- In the same way, we define a partition Wi U • • • U 
of {1, . . . , d}: Wj is the set of integers n such that is a Hodge- Tate weight of 

Pi. This is a partition as the Kn{z) are two-by-two distinct. 

Definition 4.4.2. We define a as the unique bijection that sends Ri onto Wi and 
that is increasing on each Ri. 

Note that a does not depend on the chosed ordering on the pi. 

Example 4.4.3. {Refined deformations of ordinary representations) Assume that 
r = d, so pz is a sum of characters pi,. . . ,P(i- Since there is an obvious bijection 
between this set of characters and the set of eigenvalues of ip on DcrysiPz), the 
refinement determines an ordering of those characters. We may assume up to 
renumbering that this order is pi, . . . , p^. By definition of the permutation above, 
the weights of pi, . . . ,pd are respectively Kcr(i){z), . . . , Ka{d)iz)- Note that in this 
case, a determines the refinement. We refer to this situation by saying that the 
representation pz is ordinary. 

Assume that pz is ordinary. We say that the point z (and the refinement J-z) is 
ordinary if moreover a = Id, that is if the valuation of the eigenvalues in the refine- 
ment are increasing. For example, the families constructed by Hida (see Example 
I4.2.5P are ordinary in this strong sense: each z £ Z is ordinary. 

When, on the contrary, a is transitive on {1, . . . ,d} we call the corresponding 
refinement, and the point z, anti- ordinary. For d = 3, examples of families with 
such z have been constructed and studied in |BChl| . Intermediary cases are also 
interesting. For example. Urban and Skinner consider in [SkU] a refined family of 
dimension d = 4 with a point z € Z where pz is ordinary and a is a transposition. 
They call such a point semi- ordinary. 

In general, let us just say that we expect that any ordinary representation and 
any permutation a should occur as a member of a refined family in the above way. 

4.4.4. The total reducibility locus. Keep the assumptions and notations of ^4.4.31 
and ^4.4.11 We will use again some notations and concepts introduced in section 
[H applied to the residually multiplicity free pseudocharacter T : A[G] — > A. Let 
V be the finest partition {{!}, • • • , {r}} of {1, . . . , r}, so I-p is the total reducibility 
ideal of T. Recall that for every ideal I ^ A containing I-p (see ^1.5.1|) . there is for 
each i a unique continuous representation 

Pr:G^Gl.d,{A/I) 

whose reduction mod m is pi and such that T A/ 1 = tr /9j (see Defini- 

tion [T3i3l Proposition 11.5.10"]) . 

Let 1 < i < r and write Ri = {ji , • • • ,jdi} with s i— > increasing. We define a 
continuous character 5i : Q* — > {A*Y^ by setting : 

5,{p) := (F,,p'^^i(^)-'^'^(^i)(^),...,F,,^/^'*.(^)-'''^(^»)(^)), 
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We will need to consider the following further assumption on the partition Ri 
defined in gX2 

(INT) Each Ri is a subinterval of {1, . . . , d}. 

Theorem AAA. Assume (INT) and let I-p <Z I A he any cofinite length ideal. 
Then for each i, pi is a trianguline deformation of {pi,J^z,i) whose parameter is 5i. 
Moreover, for each n £ {1, . . . ,d}, we have 

Ka{n) - l^n = Kain)iz) - l^n{z) mA/I-p. 

Proof — We argue as in the proof of Theorem 14.4.11 taking in account the extra 
difficulties coming from the reducible situation. By (INT), we have for each i that 
Ri = {xi + l,Xi + 2, . . . , Xi + di} for some Xj G {1, . . . , r}. Up to renumbering the 
Pi, we may assume that xi = and that Xi = di + ■ ■ ■ + di-i if i > 1. 

We fix / as in the statement. We will prove below that each pi is a trianguline 
deformation of {pi,J^z,i) whose parameter 5'^ coincides with 5i on p, but satisfies 

As the Sen polynomial of pi is 

di 

by Lemma 14.3.31 and by definition of a (use the fact that the Kn{z) are distinct), 
Proposition 12.3.31 will then conclude the second part of the statement (argue as in 
the proof of Theorem 14.3.41 to go from / to I-p). 

Let us prove now the result mentioned above. Fix j € {!,••• ,r} and if j > 1 
assume by induction that for each i < j, pi is a trianguline deformation of {pi,J'z,i) 
whose parameter is 5[ defined above. Note that J^z,i is regular by (INT) and (REG) 
(see the proof below for more details about this point), and non critical by (NCR). 
So by Proposition 12.5.61 it suffices to prove that iov h = 1, . . . ,dj, 

(46) Z?crys((AVj)('tx,+i + • • • + «x,+h))^=^^^+''"^^^^" is free of rank 1 over A/ 1, 
what we do now. 

For k = Xj + h any number in Rj, let ai{k) = \Ri R {1, . . . , for i G {1, . . . , r}. 
In other words, we have ai{k) = di (resp. ai{k) = 0) for alH G {1, . . . , j — 1} (resp. 
for i > j), and aj{k) = h. We want to apply Theorem 14.3.21 to the weakly refined 
families A'^T, k £ Rj, as in the proof of theorem 14. 4. li We set again F = nn=i 
and K = X]fc=i ^n- ^s already explained in the proof of Theorem 14.4.11 the family 
hf'T satisfies the assumption of ^4.3.11 

We note first that the (unique by (REG)) irreducible subrepresentation of h'^pz 
that has the (/9-eigenvalue p'^^^^F{z) in its Dcrys is P{ai(k)) with the notations of 
(MF'). This representation is exactly A.^{pj) twisted by each det{pi) with i < j 
(twisted by nothing if j = 1). With the obvious definition for the when (oj) is 
any sequence as in (MF'), we have a decomposition 

A'=r®^// = 5]tr(p(„^)), 

(ai) 
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hence / contains the total reducibihty ideal of A'^T {A^T is multiplicity free by 
(MF')). Theorem 11X2] implies then that 



(47) ^crys(/5(a,(fc))('^))^='' 

is free of rank one over A/ 1. 

By induction, we know that pi is a trianguline deformation of {pi,J-'z^i) whose 
parameter is (5^ for each i < j. In particular, for any such i, 

det(pi)(K^^+i H h Kx,+d,) 

is a crystalline character of Gp whose Frobenius eigenvalue is Fx^+i • • • F^.+di- As 

i<j 

we get from formula (|47|) that 

is free of rank 1 over A/ 1 for h = 1, ■ ■ ■ ,dj, which is the assertion ()46p that we had 
to prove. □ 

Note that the theorem implies that k„ — is constant on the total reducibihty 
locus whenever n and m are in the same cr-orbit. 

Corollary 4.4.5. Assume (INT) and that the permutation a is transitive. 

(i) Every difference of weights Kn — Km is constant on the total reducibility 
locus. 

(ii) Assume moreover that one weight Km G A/I is constant, and that for some 
i we have Homcpipi, Pi{—1)) = 0. Then pi is crystalline. 

Proof — The assertion (i) follows immediately from the second assertion of The- 
orem 14.4.41 

As a consequence, if Km is constant for some m, every k„ is constant on the 
total reducibility locus. By Theorem 14.4.41 and Proposition 12.3.31 this means that 
each pj, seen as a representation pj : G — > GL^^. (j4//), I-p C I C A, is Hodge- 
Tate. On the other hand, each pj is a trianguline deformation of the non critically 
refined representation {pj,J^z,j) again by Theorem 14.4.41 hence pi is crystalline by 
Proposition I2.5.1[ □ 

It turns out that the " non-trianguline" part of Theorem I4.4.4| namely that the 
Kn — Ko-(ra) are constant on the total reducibility locus, can be also proved even if 
we do not assume (INT), but instead the different kind of assumption: 

(HT') For each k G {1, • • • ,d}, A^pz has distinct Hodge- Tate weights. 
Theorem 4.4.6. Assume (HT') (or (INT)). Then for all n = 1, . . . ,d, 

(l^ain) - K-n) - {l^a(n){z) - Kn{z)) G I-p 

In other words, Ko-(ra) ~ i^n is constant on the total reducibility locus. 
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Of course, part (i) of corollary 14.4.51 also holds assuming (HT') instead of (INT). 
Proof — It is obviously sufficient to prove that for all in {1, . . . , r}, we have 

k 

(48) ^ (K^(j) - Ki- {Ka{i){z) - Ki{z))) € /p. 
i=l 

We consider the family (X, A^T). As seen in §4.2.41 this family is naturally 
weakly refined, with same set Z, 

k 

(49) F=llFn, 

n=\ 

and first weight 

k 

(50) K = ^K„. 

n=l 

As already explained in the proof of Theorem 14.4.11 this family satisfies all the 
hypotheses of ^4.3.11 and we want to apply to it Theorem I4.3.4[ 

For this, we note first that the (unique by (REG)) irreducible subrepresentation 
of h^pz that has the (/^-eigenvalue p'^^^^F{z) in its Dcrys is the one denoted 
above, with being, for i = 1, . . . ,r, the numbers oi n < k such that p'^"-^^^ Fn{z) 
is an eigenvalue of i^crys(Pi). In other words, Oj is the numbers of n G {1, . . . , fc} 
such that n G that is = n {1, . . . , k}\. 

It follows from (NCR) and Lemma [2X8] that D^^y^{p^a,){K'{z))Y=^'^^^ has weight 
k![z) — k{z), where k'{z) is the smallest weight of P(ai)- Hence k'{z) is the sum, for 
n = 1, . . . , of the sum of the o„ smallest weights of p„. In other words, 

k 

(51) K'iz) = J2'^a{n)iz). 

n=\ 

We now are in position to apply Theorem 14.3.41 which tells us that 

k! — K — {k!{z) — k{z)) G / 

where / is the total reducibility ideal for the pseudocharacter A^T. But it follows 
immediately from the definition of reducibility ideals and from hypothesis (MF') 
that I C I-p, the total irreducibility ideal of T. So 

K — K — {k'{z) — k{z)) G I-p, 

which, using (j50p and (j5ip is the formula ()48p we wanted to prove. □ 

4.5. Results on other reducibility loci. It would be nice, and certainly useful, 
to have a result analogous to Theorem 14.4.61 for arbitrary reducibility ideals Ip, 
not only the total reducibility ideal. This result should probably be that certain 
differences of weights for suitable couples combinatorically defined 

in terms of the permutation a and the partition V, should be constant of the 
reducibility locus attached to V. 

But when we try to apply the methods used above, we get into trouble because 
there does not exist in general a module M/ for / a subset of {1, . . . , r}, analogous 
to the module Mj for j G {1, . . . , r}, in the sense that for J a cofinite-length ideal of 



p-ADIC FAMILIES OF GALOIS REPRESENTATIONS 



111 



A, the isotypic component of the pj, j £ I in Mj/JMj is free over A/ J. This lack of 
freeness prevents to apply the "constant weight lemma" to this module, and more 
generally any of our main results of section 2. This may be a strong motivation to 
extend the results of section 2 to the non-free case, but this does not seem to be 
easy, and we postpone this question to subsequent works (of us or others). 

However, we can still get an interesting although much coarser result on arbitrary 
reducibility loci by the method of our Theorem 9.1 in [BChlj . We shall give a 
sufficient condition for the other (non-trivial) reducibility ideals at a point z to be 
torsion free. This is equivalent to saying that the pseudocharacter T is generically 
irreducible over every irreducible component of X through z. 

As our result is coarse, we do not need for it our hypotheses of ^4.4.11 so we release 
(NCR), and (MF'), and we only assume below that z is a point of Z that satisfies 
(REG). In that context the definitions of the subsets Wi and Ri (for i = 1, . . . , r) of 
{1, . . . ,d} in ^ 14.4.31 still make sense. For every P C {1, . . . , r} we define the subset 
Wp := UieP and Rp := UieP 

Theorem 4.5.1. Let V = {P, Q} he a non-trivial partition of {1, . . . , r}. Assume 
that Wp 7^ Rp. Then I-p is a torsion-free ideal of A. 

Remark 4.5.2. In particular, if the permutation a of ^4.4.31 is transitive, then the 
hypothesis of this theorem holds for all P since a{Rp) = Wp. In this case, the 
conclusion may be rephrased as : T is generically irreducible on each irreducible 
component of X through z. 

When pz is ordinary, the hypothesis of the theorem, for all P, is equivalent to 
the transitivity of a. In general, the transitivity is a stronger assumption. 

Proof — Let = fl be the total fraction ring of A. We have to prove that 
IpK = K, that is that for all s, I-pKs = Kg- Replacing X by its normalization X, 
A by its integral closure in Kg, the Fi and Kj by their composition with X — > X, 
and Z by its inverse image in X, we may assume that ^ is a domain, that X is 
normal irreductible, and what we have to prove is now that I-p ^ 0. 

Assume by contradiction that I-p = 0. Then there are two A-valued pseudochar- 
acters Tp and Tq such that 

T = Tp + Tq, and A; = ^ tr pj. 

Reducing X, we may assume that X is an affinoid neighbourghood of z (note that 
z G Z), that Tp and Tq take values in 0{X), that for i ^ j the invertible 
on X (since so they are at z), and that Tp is th e g eneric trace of a representation 
of G on a finite type torsion free C'(X)-modulq^, say M{X). By the maximum 
principle, the v{Fn), n = l,...,d are bounded on X. Hence Prop. below 
implies that there is a set I C { 1 , . . . , d} and Zi d Z such that Tp is refined by the 
At„, the Fn for n G I and Zi. 

We now claim that the eigenvalues of the crystalline Frobenius on 

{Pp)z ■= ®i&PPi 



As Tp is residually multiplicity free, the existence of such a module follows for example from 
Lemma [4X71 
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are the p'^"^^^ Fn{z) for n G / (in other words, we claim that we could assume 
that z £ Zi). Indeed, by Kisin's theorem applied to the torsion free quotient of 
A^M{X) (apply Theorem 13.3.31 to a flatification of the latter module as in the proof 
of Theorem 13.4. ip . 1 < k < \I\ = dimTp and to the maximal ideal of A, we get 
denoting by Ik the first k elements in /, 

The claim follows from this and (REG). 

By definition, we thus have Rp = I. Similarly, since the weights of pz are the 
Kn{z), n S /, we have Wp = I. But this implies that Wp = Rp, a contradiction. 
□ 

Proposition 4.5.3. Let {X, T) he a refined family as above. We assume that X is 
connected, that the Ki — kj £ 0{X)* for all i ^ j, and that the v{Fn), n = 1, . . . ,d 
are bounded on X. If T = Ti + T2 where Ti, i = 1,2 are pseudocharacters G — > 
0{X). Then there is a subset I of{l, . . . ,d} and a subset Z\ of Z such that {X,Ti) 
is refined ((K„)„g/, {Fn)nei, Zi). 

Remark 4.5.4. As we saw in the proof of Theorem 14. 5. ip we can actually enlarge 
Zi to contain all the points of Z that satisfy (REG). 

Proof — We denote by {pi)x (resp. {p2)x) the semi-simple representation of trace 
the evaluation of Ti (resp. T2) at x, so that we obviously have 

(52) ~ {pi),j, © {p2)x- 

We first prove that there is an / C {1, . . . , d}, with |/| = dimTi, such that for 
all X £ X, the Hodge- Tate-Sen weights of {pi)x are the Kn{x), n £ I. For this 
we will only use property (i) of Definition 14.2.31 of a refined family. Since X is 
connected, and the weights everywhere distinct, it is obviously sufficient to prove 
it when X is replaced by any connected open subset U of an admissible covering 
of X. So we may assume that X is an affinoid. Since 0{X) is noetherian, and by 
replacing X by a finite surjective covering if necessary, we may assume that there 
exists (see [BChll lemme 7.1]) a finite type torsion-free module Aii (resp. A^2) 
on 0{X) with a continuous Galois action whose trace (defined after tensorizing by 
the fraction field of 0{X)) is Ti (resp. T2). Replacing X by a blow-up X' as in 
Lemma 13.4.21 we may also assume that A4i, Ai2 are locally free, and by localizing 
again, that X is a connected affinoid and that Aii{X), A^2(^) are free modules. 
The Sen polynomial of the module M-i © M2 is nn=i(^ ~ '^n)- Since it is split 
and X is connected, it is easy to see that the Sen polynomial of A^i has the form 
nnG/(^ ~ ^™)' ^'-'^ some subset / of {1, ... , d}. This proves the first assertion. 

Now choose an integer C greater than Yln=i^^Px "^i^n)- Let z G Zc- By ([52]) . 
there is a subset J of {1, . . . d}, with \J\ = dimTi, such that the Frobenius eigen- 
values of pi{z) are p*^"^^^ Fn{x), n £ J. By admissibility of Dcrys{{pi)z), we have 



The implicit ordering on / here is the natural induced by {1, • ■ ■ ,d}. 
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that is 

Kl{z) - Kj{z) = ^ v{Fn{z)), 

which implies 

d 

\ki{z) - Kj{z)\ <^\v{Fn{z))\ = C, 

n=l 

SO by definition of Zc, we have J = I. Thus it is clear that ((/«n)ne7) {Pn)neii ^c) 
is a refinement of {X,Ti). □ 
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5. SeLMER groups and a CONJECTURE OF BlOCH-KATO 

We recall in this section the Galois cohomological version of the standard con- 
jectures on the order of vanishing of arithmetic L-functions at integers. Our main 
references are |BloKa| and [FPj . 

5.1. A conjecture of Bloch-Kato. 

5.1.1. Geometric representations. Let Ehe a number field, p a prime and F a finite 
extension of Qp. Let 

P-.Ge^ GLn{F) 

be a continuous representation of the absolute Galois group Ge of E, which is 
geometric in the sense of Fontaine and Mazur (see [FPj ) , that is: 

— p is unramified outside a finite number of places of E, 

- P\Ge^ -^^ Rham for each place v dividing p. 

It is known that the natural Galois representation on the etale cohomology groups 

where X is proper smooth over E and d G Z, is geometric. The Fontaine-Mazur con- 
jecture is the statement that every irreducible geometric continuous G£;-representation 
/J is a subrepresentation of such a representation on an etale cohomology group. 

5.1.2. Selmer groups. We now define the Selmer group Hj{E,p) of a geometric 
representation p. This is the F-subvector space of the continuous Galois cohomol- 
ogy group0 H^{GeiP) that parametrizes the isomorphism classes of continuous 
extensions 

(53) — > p — >U — >F — 

where F denotes the trivial -F[G£;]-module, satisfying for each finite place v of E: 

i) dim C/^" = 1 + dim if v does not divide p, 

ii) dimZ)crys(f^|Gj = 1 + dimi:»crys(/0|GJ• 
For example, such an U is unramified (resp. crystalline) at a place v whenever 

p is. Moreover, at places v dividing p, condition ii) implies dimL'dR(f^|G„) = 
1 -|- d\m.D(i^{p\Q^) so U is De Rham since p is. In particular, U is geometric. As a 
consequence (see e.g. |Rull Prop. B.2.7]), Hj{E,p) is a finite dimensional F-vector 
space. 

Remark 5.1.1. i) The formation of Hj{E,p) commutes with any finite ex- 
tension of the field F of coefficients of p. 

ii) Note that the functors V i— > V^^ and V i— > L'crys(V') (on the category of 
continuous F[GE^]-modules) being left exact, both conditions i) and ii) 
may be viewed as the requirement that they transform the short exact 
sequence ([53]) of F[GE]-modules into a short exact sequence of vector spaces. 

iii) By Grothendieck's /-adic monodromy theorem, condition i) is automatic if 
^jjhys ^Qgg jjQ^ contain the cyclotomic character. 



For the basic properties of continuous cohomology in this context, see e.g. |Rull App. B]. 
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Example 5.1.2. i) Assume that /? = is the cyclotomic character. Kum- 

mer theory (or Hilbert 90) shows that there is a canonical isomorphism 

Under this identification, it is well known tha10 O^SzQp — ^ -^/(-^' 'Qp(-'^))- 
If we relax the hypothesis / at a finite set S of places of E, we get S-units 
instead of units of E. 
ii) Assume that A is an abelian variety over E and take p = Tp{A) 0Qp. Then 
it known that the / condition at a place v cuts out precisely the elements 
of the H^{GE,Tp[A)) coming locally at v from an i?„-rational point of A 
(when V divides p, see |BloKa| ) . The Kummer sequence becomes then: 

A{E) ^zQp H}{E,Tp{A)) Shap(A) 0Qp 0, 

where Shap(^) is the dual of the Tate-Shafarevich group of A. Assuming 
the finiteness of the Tate-Shafarevich group, Hj{E,Tp{A)) appears to be a 
purely Galois theoretic definition for A{E) 0z Qp- 

5.1.3. The general conjecture. Let p be as in ^5.11 and fix embeddings Q — > Qp 
and Q — >C. 

It is expected that the Artin L-function L{p, s) attached to p and these embed- 
dings converges on a right half plane and admits a meromorphic (even entire when 
p is not a Tate twist of the trivial character) continuation to the whole of C. This 
is known for example when p corresponds to a cuspidal automorphic representation 
of GL„(A£;). The general conjecture is then the following. 

Conjecture 5.1.3. ords=oL{p, s) = dimp Hj{E, p* (1)) - dimFip*il))'^'' 

Note that this is a conjectural equality between two terms, the one on the left 
being only conjecturally defined in general ! There are more precise conjectures 
predicting the leading coefficient of L{p,s) at 0, but we won't care about them in 
this paper. In view of Examples 15.1.21 the above conjecture generalizes Dirichlet 
units theorem (together with his theorem on the finiteness of the class number) and 
(assuming the finiteness of the Tate-Shafarevich group) the Birch and Swinnerton- 
Dyer conjecture. 

When p is a cylotomic twist of finite image representation, the conjecture is a 
theorem of Soule [So]. Moreover, in the case n = 1 and E totally real or imaginary 
quadratic, the conjecture follows from Iwasawa's main conjecture for those fields, 
proved by Wiles and Rubin respectively. Aside some sporadic results concerning 
the sign conjecture (see below), only a few cases are known when n = 2 and = Q, 
and then the terms in the equality are or 1 (Wiles, Rubin, Gross-Zagier, Kato). 
Needless to say, each of those particular cases is a very deep theorem. 

Remark 5.1.4. Assume that p is pure of motivic weight w. Apart from the case 
where w = — 1, the conjectural left hand side of the equality in Conjecture 15.1.31 
can be defined explicitly without any mention of L-function. 



First show the local analogue with E replaced by any E^, and conclude using the finiteness 
of the class number of E. 
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i) {w < —2) Indeed, if w < —2, then > 1 + w/2 should be in the domain 
of convergence of the Euler product defining L(p, s) by Weil's conjectures, 
thus ords=oi(/0, s) should be (and so should be p)). liw = —2 then 
should be on the boundary of the domain of convergence, and a conjecture 
of Tate predicts that in this case oT:ds=oL{p, s) should be — dim(p*(l))'^-E . 

ii) {w > 0) Recall that we expect a functional equation 

(54) A{p,s)=e{p,s)A{p*il),-s) 

where A{p, s) is the completed L-function, a product of L(p, s) by a finite 
number of some simple explicit T -factors (see [Taj for the recipe). Since 
p*(l) has weight —w — 2, and by i) above, the term OT:ds=oL{p, s) is deter- 
mined when w >0 hy the order of the poles of the F-factors. 

However, although we can predict the integer of Coni ecture 15.1.3] when w ^ —1, it 
is still completely conjectural that dimp Hj{E, p) is actually this number. When 
w = —1, e.g. as in the Birch and Swinnerton-Dyer conjecture, the situation is 
even much worse (and more interesting) as the integer in question is completely 
mysterious, and might be any integer in principle. 

5.1.4. The sign conjecture. Among the cases where the motivic weight of p is — 1, 
of special interest are the ones where is the "center" of the functional equation 
of p, that is when the equation (j54p takes the form : 

(55) A{p,s) = e{p,s)A{p,-s), 

In this case we have e(/9, 0) = ±1, and this number is called the sign of the functional 
equation of p (or shortly the sign of p). As the T-factors do not vanish on the real 
axis. Conjecture 15.1.31 leads to an important special case, that we will call the sign 
conjecture : 

Conjecture 5.1.5. Assume p satisfies (5E^. Ife{p,0) = —1 then Hj{E, p*{l)) / 0. 

Remark 5.1.6. (i) The sign conjecture for E = Q implies the sign conjecture 
for any E. For if /3 is a geometric irreducible representation of Ge whose 
functional equation satisfies (j55|) with sign — 1, r = Indg^ p is a semi-simple 
representation of Gq with same sign, isomorphic Selmer group, and satisfies 
r ~ T*(l) by lemma [5.1.7[ It follows that r is a direct sum of a subrepre- 
sentation tq © Tq (1) (whose sign is 1) and of irreducible subrepresentations 
Ti, . . . , r/ such that Tj ~ t*{1) for i = 1, . . . , Z. Since the product of the signs 
of the factors of a direct sum is the sign of that direct sum, if p has sign 
— 1 there must be an i such that Tj has sign —1. Thus the sign conjecture 
for Q asserts the existence of a non zero element in Hj{Q,Ti), hence in 
H}iQ,T) = H}iE,p). 
(ii) Even if the analytic continuation at of L(p, s) is not known, it is possible 
to give a non conjectural meaning to the sign €{p, 0) (which is a product of 
local terms), hence to the sign conjecture (see \Gi\ §3]). 

As an exercise, let us determine when equation (|55|) holds. We need a nota- 
tion : for c7 G Aut(£'), we denote by p'^ the representation (well defined up to 
isomorphism) g i-^ p{TgT~^) where r G Gq is an element inducing a on E. 
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Lemma 5.1.7. We assume |5^[ j. Then equation i55\) holds if there exists a a £ 
Aut{E) such that p*{l) ~ p'^ ■ When E is Galois (resp. E = and p is irreducible 
(resp. semisimple) , the converse holds. 

Proof — In view of equation ()54p . equation (I55p holds if and only if p and p*(l) 
have equal A-functions. As any a G Aut [E) induces a norm-preserving bijection on 
primes ideal of E, it is clear that A(/), s) = A{p^ , s) and the first assertion follows. 

For the converse, it is enough to show that when E is Galois, if two irreducible, 
continuous and almost everywhere unramified, representations p and p' of Ge have 
the same L- function, there exists a o" € Gal{E/Q) such that p ~ p"^ . When E = <Q 
and p and p' are more generally semisimple, that is true because they have equal 
characteristic polynomials of Frobenii for almost all p, hence p p' by Cebotarev's 
theorem. Now for E any number field, if p and p' are semi-simple representations 
of G^; having the same L-functions then this still holds for Ind^^p and Ind^^p' 
which hence are isomorphic. Taking the restrictions to Ge, we find that if E is 
Galois, we have 

®a£Ga\{E/Q)P'' — ©crGGal(£;/Q)P- 

Hence, if p is irreducible, then it is isomorphic to a p"". □ 



5.2. The quadratic imaginary case. 

5.2.1. Assumptions and notations. Throughout this paper, we will assume that E 
is an imaginary quadratic field, and we shall denote by o" a complex conjugation 
in Gal(£'/Q), and by c its image in Gal(-E/Q), so that = = 1. For U any 
representation of Ge, we set U'^{g) = U{aga) and we denote by (pronounce 
"U Bott" ) of the representation 

We shall fix a continuous geometric n-dimensional representation p of Ge over F, 
and we shall assume that 

(56) P^P^il). 

Hence p should satisfy Equation (j55p by lemma I5.1.7[ Note that in this case 

H}{E,p*il)) = H}{E,p'^) = H}iE,p). 

Our main objectives are, assuming some widely believed (and that might well be 
proved soon) conjectures in the theory of automorphic forms: 

(1) to prove the sign conjecture for such p ; 

(2) to give a lower bound of the Selmer groups Hj{E,p) depending of the 
geometry of an explicit unitary eigenvariety, at an explicit point. 

5.2.2. An important example. Aside the case n = 1, which is already of interest, an 
important class of examples is provided by base change to E of classical modular 
forms. 

Let k be an even integer, an integer prime to p, and / a normalized cuspi- 
dal newform for ri(A^) with square nebentypus e'^. If F denotes the completion 
at a place dividing p of the field of coefficients of /, we shall denote hy pf the 
representation Gq — > GL2(i*') attached to / and normalized in such a way that 
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~ Pf (this uses the assumptions on k and on the nebentypus). We note pj^E 
the restriction oi pj to Ge, then obviously pf^E satisfies ([56]) . For suitable choices 
of E, the Selmer group of pj^E turns out not to be bigger than the Selmer group of 
Pf,ss the following well known proposition shows. 

Proposition 5.2.1. Let f be as above, and S any finite set of primes. There is an 
imaginary quadratic field E, split at every prime of S, such that pf^E is irreducible 
and 

H}{Q,pf) = H}{E,pf^E)- 

Proof — Indeed, we have Hj{E,pf^E) ~ -f^/(Q,P/) © Hj{(Q,pf (g) xe) where xe 
is the non trivial quadratic character of Gq with kernel Ge- By the main result of 
|HoLu| , generalizing |Wa| , there is an infinite number of quadratic imaginary fields 
E that split at every prime of S and such that L{pf xe, 0) ^ 0. For such an E, 
|Kal Thm 14.2 (2)] proves that Hj{Q, pj xe) = 0, hence the proposition. □ 

5.2.3. Upper bounds on auxiliary Selmer groups. In [Blj as well as in subsequent 
works using an automorphic method to produce elements in Selmer groups ( [SkUj , 
[BChlj . this paper), an important input is a result giving an upper bound (for 
instance, 0) on the dimension of auxiliary Selmer groups. 

The most elementary case of such a result is the next proposition, which is of 
crucial importance in both proofs of chapter 8 and 9. It would become false if E 
were replaced by a CM field of degree greater than 2, and it is actually the only 
point in the proof of the sign conjecture where the fact that E is quadratic is really 
used. 

Proposition 5.2.2. H){E,%{1)) = 0. 

Proof — Bv [5X2r i). Hj{E, Qp(l)) is isomorphic to 0% ®z Qp, which is as 0% 
is finite. □ 

As said above, this vanishing result turns out to be the only one necessary to 
the proof of the sign conjecture. However, we will need quite a number of other 
vanishing results to get our second main result. The easiest ones are dealt with the 
following proposition. 

Proposition 5.2.3. i) Hj{E,Qp) = 0, 

ii) Hj{E,Qp{-l)) = 0. Moreover, for e = ±1, the subspace of H^{E,Qp{-l)) 
parametrizing extensions U o/Qp(l) by Qp such that U^{1) ~ ell (as ex- 
tensions) has dimension < 1. 

Proof — For an extension of Qp by Qp, it is the same to be Hodge- Tate, crystalline, 
or unramified, so by class-field theory we have 

H}{E,Qp) = CliOE)<S)zQp = 0, 

which proves (i) . It is well known that part (ii) follows from results of Soule and from 
the invariance of Bloch-Kato conjecture under duality. For sake of completeness, 
we give an argument below. 
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First, note that if F/Qp is a finite extension, then Hj{F, Qp(— 1)) = 0. By Soule's 
theorem \So\ thm. 1] 

H\OE[l/p],Qpi2))=0. 

The version of Poitou-Tate exact sequence given in \FF\ prop. 2.2.1] shows then 
that Hj{E,Qp{-l)) = when apphed to the Galois module Qp(2). So we get an 
injection 

which is compatible with the operation U on the domain and the exchange 

of V and v on the range when p = vv splits in E. We conclude as H^{Ev,Qp{—l)) 
has dimension 1 by Tate's theorem. □ 

The two other vanishing results we will need are somehow deeper. Since they are 
expected to be proved by completely different methods (e.g. using Euler systems) 
than those used in this paper, it would be artificial to limit ourselves to the case 
where those results have actually been proved, hence we take them as assumptions 
as follows. 

Hypothesis BK1(/)) : Hj{E,p{-l)) = 0. 

Hypothesis BK2(/9) : Every deformation p of p over F[e] (the ring of dual 
numbers) that satisfies P'^{1) — p and whose corresponding cohomology class lies 
ir0 Hj{E, adp) is constant. 

Remark 5.2.4. Hypothesis BK2(/?) can also be formulated in terms of Selmer 
groups : it says that the part invariant by the involution V i— > V^{1) on the group 
Hj{E, adp) is zero. Note that both hypotheses should follow from Conjecture [5T3] 
for any p that is pure of weight —2 (for BK2(p)) or —3 (for BKl(/9)), and they are 
precisely in case i) of Remark 15.1.41 Fortunately, those assumptions have already 
been proved in interesting cases. 

This conjectural vanishing of Hj{E, adp) is actually fundamental for understand- 
ing eigenvarieties. Empirically, it can be understood as follows. Let 

R:Ge-^ GL„(L(t)) 

be a continuous morphism, and assume that for each t ^Ijp the evaluation Rt of R 
at t is a geometric irreducible representation. Then the Fontaine-Mazur conjectures 
implies that R is conjecturally constant (up to isomorphism). Indeed, each Rt is 
conjecturally cut out from an E'-motive. But there is only a countable number of 
such motives, hence of tr(i?t), so tr (i?) is constant. The assertion Hj{E,adp) is 
actually a slightly stronger variant of that fact, in which we replace the Tate algebra 
L{t) by L[t]/t\ 

Proposition 5.2.5. BKl(p) holds in the following two cases: 
i) n = 1 and is not a Hodge-Tate weight of p. 

'^'^or, in an equivalent way, such that for each finite place w, P\e^ is geometric (automatic 
condition if w is prime to p) with constant monodromy operator acting on Dpst{p\E^)- 
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ii) n = 2 and p is of the form pf^^ (using notations of § \5.2.S^) for some 
eigenform f of weight A; > 4. 

Proof — By the theory of CM forms, case i) follows from case ii), which in turn 
is a result of Kato [Kil Thm. 14.2 (1)]. □ 

Proposition 5.2.6. BK2(p) holds if n = 1 or if n = 2 and p is of the form pj^E 
whenever f is not CM and satisfies one of the following conditions : 

(i) At every prime I dividing N , f is either supercuspidal or Steinberg. 

(ii) The semi- simplified reduction pf of pf is absolutely reducible, and is (over 
an algebraic closure) the sum of two characters that are distinct over 

(iii) For any quadratic extension L/Q with L C Q(Cp3), {pf)\GL absolutely 
irreducible. 

Proof — If yO is a character, then ad/9 is the trivial character and BK2(/9) follows 
as in Proposition I5.2.3] i). hence we may assume that we are in the case n = 2. 

By construction we have p ~ P*{^)- As for any 2-dimensional representation over 
any ring, we have p p* ® det p. But by the case n = 1 above, the character det p 
is constant. Thus we get 

p^p*{-l). 

Together with the hypothesis p ~ p^{—l), we get p ~ p'^ . That is, there is an 
A E GL2(F[e]) such that for all g £ Ge, Ap{g)A~^ = p{aga~^). Since cj^ = Id, 
A'^ centralizes p{Ge), so since pf^E is absolutely irreducible, A^ = X for some 
A G li A denotes the reduction of A modulo e, we have for all 5 G Ge, 

Ap{^g)A^'^ = p f (a) p{g) p f {a~^) hence A~^pf{a) centralizes p{Ge)- Thus we have 
A = ppf{a) for some p £ F*. In particular \ = A^ = p^ (mod e). Let p be the 
square root of A in -F[e]* lifting p. Set /5/((t) = p~^A, and Pf{g) = Pf{g) '■ this 
defines a deformation 

Pf.GQ-^ GU{F[e]) 

oi Pf whose restriction to G_e is p. 

Since {pf)\GE = P is geometric, so is pf. But such a deformation of pj is trivial 
by |Ki2l Theorem, page 2] in the cases (ii) and (iii), and by \We\ theorem 5.5] in 
case (i), hence so is its restriction p. □ 

We shall actually use assumption BKl{p) to bound the subspace 

H},iE,pi-l))cH\E,pi-l)) 

parameterizing extensions which have good reduction at all primes not dividing p, 
that is satisfying only condition (i) of § 15.1.21 

Proposition 5.2.7. Assume that p = vv' splits in E, and that l,p~^ are not 
eigenvalues of the crystalline Frobenius on DcTys{p\GE^)- '^hen 

dimj. H),{E, p{-l)) <n + dim^. H}{E, p{-l)). 

In particular, if BKl(p) holds we have dmiE H\,{E , p{—l)) < n. 
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Proof — As p{—iy ~ !))*(— 1), we have an obvious exact sequence 

H}{E,p{-l)) H),{E,p{-l)) H}{E,,W) H}{E,,W*{-1)) 

with W = 1). For any de Rham p-adic representation W of Gal(Qp/Qp) 

such that Dcrys{W)^^^ = 0, Bloch-Kato's computation }BloKaj gives us an isomor- 
phism 

DnRiW)/FifiDnRiW)) H}iqp,W). 
The proposition would then fohow from the inequahty 

dimF{DBR{W)/Fif{Dnn{W))) + dimF{DBR{W%-l))/Fif{DuR{W* {-!)))) < n, 
which is immediate. □ 
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6. AUTOMORPHIC FORMS ON DEFINITE UNITARY GROUPS: RESULTS AND 

CONJECTURES 

6.1. Introduction. This chapter recaUs or proves all the results we shall need from 
the theory of representations of reductive groups and of automorphic forms. 

As explained in the general introduction, the main steps of our method regarding 
the proof of our two main theorems are, very roughly, as follows: starting with 
an n-dimension Galois representation p such that e(p, 0) = —1, we construct a 
very special, non tempered, automorphic representation vr" for a unitary groups 
in m = n + 2 variables. We deform it p-adically, in other words, we put it in an 
eigenvariety of the unitary group. We associate to this deformation of automorphic 
forms a deformation of Galois representations, or rather, a Galois pseudocharacter 
on the eigenvariety of the unitary group. This Galois pseudocharacter gives us the 
desired non trivial elements in the Selmer group of p. 

Unfortunately, some results needed to make work two of those steps in their 
natural generality have not yet been published or even written down: the first 
step, the existence of the "very special" automorphic representation vr", has been 
announced, but a written proof is only available in small dimension, namely m < 
3; the third step relies on the existence and the basic properties of the Galois 
representations attached to (some) automorphic representations of unitary groups. 
Here again the desired results are only known for m < 3. Fortunately, this result is 
also in the process of being proved: it is one of the main goals of an ambitious project 
gathering many experts and participants of the GRFA seminar of the "Institut de 
mathematiques de Jussieu" in Paris, under the direction of Michael Harris. Their 
work should result in a four- volumes book ( |GRFAbookj ) in the next few years 
that is expected to contain a construction of the Galois representations attached to 
automorphic forms on unitary groups in many cases, and in particular in the cases 
we need. An important input in this project is the recent proof by Laumon and 
Ngo of the so-called fundamental lemma for unitary groups. 

In this chapter we formulate the two needed results as conjectures (namely conjec- 
ture REP(m) on Galois representations attached to automorphic forms on unitary 
groups with m variables, and conjecture AC(7r) on the existence of the automorphic 
representation tt" constructed from the automorphic counterpart vr of p), and we 
shall admit those conjectures in the proof of our main theorems in chapters 8 and 
9. In view of the situation explained above, it would have been pointless to limit 
ourselves to the case where the needed results are already written down. 

The main reason for which we are able to write down some still unwriten results 
and rely confidently of them is not that we are told they will be proved very 
soon, but because they are part of a much larger and very well corroborated set of 
conjectures called "the Langlands program" (and its extension by Arthur). 

We believe it will be of interest for the reader to explain in great details how our 
conjectures (and much more) appear as consequences of the Langlands program, 
and in particular how the existence of our very special non tempered automor- 
phic forms is enlighten as a special case of the beautiful "multiplicity formulas" 
of Arthur. This is the aim of the appendix to this book, that recalls the part of 
the Langlands and Arthur's program that we need, and where we show how our 
conjectures follow from their's. This appendix may be read independently, as an 
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introduction to Langlands and Arthur's parameterizations and multiplicity formu- 
las. Although logically independent of it, the rest of the chapter will make frequent 
references to this appendix for the sake of the reader's intuition. 

Although we may expect much more general results to be true, and even to be 
proved soon, that the modest conjectures we state, we have make a great deal of 
effort, in this chapter and throughout this books, to keep our conjectural input 
to the theory of automorphic forms at the lowest possible level. One reason for 
doing this is obvious: the weaker the assumptions we have to admit, the stronger is 
our result, and the sooner it will become an unconjectural theorem. Another more 
serious reason is that part of our work (especially chapter 7) is also bound to be 
used in the book [GRFAbookj for the construction or the proof of some properties 
of the Galois representations in some "limit" cases which are too complicated to 
handle via a direct comparaison of trace formulae. So the logical scheme would be 
as follows: in [GRFAbookj should be proved "directly" for a quite "generic" set of 
automorphic representations the existence and properties of the associated Galois 
representations, which should be enough to check our conjecture Rep(m). In turn, 
our work on eigenvarieties should complete the picture by providing existence and 
properties of the Galois representations attached to the remaining (cohomological) 
automorphic forms. For example, our conjecture Rep(m) only needs the Galois 
representations for automorphic forms of regular weights. To give another exam- 
ple, our method (hence our conjecture Rep(m)) makes no irreducibility hypothesis 
on the Galois representations |Ij but instead may be used to prove many cases of 
irreducibility. 

Let us now explain more specifically the content of the chapter. 

The subsection ^6.21 deals with some general facts about unitary groups, with an 
emphasize on the definite ones and their automorphic representations. We define 
explicitly the unitary groups U(m) we will work with. We need a group that 
is quasi-split at every finite place (otherwise, the representation vr" can not be 
automorphic, as explained in the appendix - see Remark IA.12.4p . but that is also 
compact at infinity - so that we can apply the theory of eigenvarieties of [ChT]@ 
This leads to the restriction that m ^ 2 mod 4. 

The subsections ^6.3l to ^6. 71 are local preliminaries. The short subsection ^6.3l re- 
calls the local Langlands correspondence for GL^, as characterized by Henniart and 
proved by Harris and Taylor. It will be used very frequently. The subsection ^6.41 
develops the theory of refinements (sometimes called p-stabilizations) of unrami- 
fied representations of GLm(Qp) which a representation theoretic counterpart of 
the theory of refinements of crystalline Galois representations that we explained 
in chapter 2. We invite the reader to look at the introduction ^5.41 of that sub- 
section for a more precise discussion on this concept. The subsection ^6.71 recalls 



Let us say that this is anyway a subtle point, as only the stable tempered automorphic 
representations should have irreducible associated Galois representations, and this property is very 
hard to detect in practice. This actually introduces an extra difBculty in the applications to the 
construction of nontrivial elements in the Selmer groups that we will explain how to circumvent. 
This feature was already present in |BChl) . but was absent of the earliest stages of the method, 
like in [Blj or later in SkU, . 

'''^Note that we may not use in this context the construction of p-adic families announced 
recently by Urban, since the "virtual multiplicity" of our tt" might be zero. 
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two descriptions of the continuous irreducible representations of the compact group 
U(m-)(M) and compare them. 

Next come two other subsections of local preliminaries. They are both devoted to 
the crucial question of monodromy0 By "monodromy" of an admissible irreducible 
representation tt; of Um(Q/) we mean the conjectural notion encoded in the nilpo- 
tent element that appears as part of the conjectural morphism of the Weil-Deligne 
group of Qi to ^U(m) attached to vr^. Concretely, what we need is threefold. We 
need to give a non-conjectural meaning to expressions such as "tt; has no more 
monodromy that vrp' or "tt/ has no monodromy at all". We need tools to be able 
to show in chapter 7 that some full irreducible components of the eigenvarieties 
of U(m) containing vr" "have no more monodromy at every place I than irf has". 
Finally, we need to be able to translate this "control on monodromy of vr^" into 
a control on the action of the inertia subgroup at I on the Galois representations 
attached to vr. The latter is a part of our conjecture Rep(m). The objective of ^6.51 
and ^6.61 is to meet the two first needs. 

In %.5\ we deal with the monodromy of representations of U(m)(Qi) for / split 
in E, that is for GLm(Q/)- In this case the meaning of the monodromy is non con- 
jectural and clear thanks to the local Langlands correspondence, that gives us for 
a representation vr/ a (class of conjugation of) nilpotent matrices N{tti) £ GLm(C) 
: we can simply say that tti has more monodromy than vr^' if the adherence of the 
conjugacy class of N{Tri) contains N(Tr'i). To be able to control the variation of the 
monodromy in a family of such iri, we use then the existence of some particular 
-fC-types. As we will see, this will fullfill our second need since a general prop- 
erty of the eigenvarieties we will study is that the locus of points whose associated 
U(m)(Q/)-representation contains a given i^T-type is a union of irreducible compo- 
nents (this actually holds for every /). Of course, the simplest example of such a 
K-type is the trivial representation of GLm(Z/), which cuts out precisely as is well 
known the unramified constituent of the unramified principal series (that is, the 
non monodromic ones). For a general monodromy type, we use suitable -fC- types 
that have been constructed by Schneider and Zink (see ^6.5p . Note that the types 
constructed by Bushnell and Kutzko are a priori of no use for our purposes be- 
cause they "do not see monodromy". However, let us stress that the construction 
of Schneider and Zink actually relies on those types. 

In %.6\ we deal with representations of U(m)(Q;) for I inert or ramified in E. 
The group U(m)(Q/) is a quasi-split group, but it is not split, and the situation in 
this case is much less favorable. First we do not know the local Langlands corre- 
spondence for those groups, neither we know the base change to GLm/E (from a 
conjectural point of view, see the final appendix). Hence there is no obvious way 
to define "having less monodromy than" or "having no monodromy at all" for a 



^^Let us say that monodromy is bound to play a crucial role in our final arguments. Indeed, it 
follows from the Arthur multiplicity formula that under the hypothesis e{p,0) — 1 (not —1) there 
should exist an automorphic representation tt'" for U(m), isomorphic to tt" at every place except 
one, say I with I inert in the splitting quadratic field E of U(m), and such that tt'" has the same 
L-parameter as tt" on Wq, but a greater monodromy. If it was possible to apply our method to 
tt'", it would eventually lead to a construction of a non-trivial element in the Selmer group of p, 
element which should not exist when L{p, 0) 7^ according to the conjecture of Bloch-Kato. This 
shows that a precise control of monodromy has to play a role in our argument. 
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representation vr of \]{m){Qi). Even worse, we were not able to come up with a 
plausible characterization, in terms of group theory, of those irreducible admissi- 
ble representations of U(m)(Q;) that conjecturally have no monodrom}0. Second, 
there is no theory of types a la Bushnell-Kutzko for U(m)(Q;), m > 3, not to speak 
of a theory a la Schneider-Zink. The first solution we imagined to solve those prob- 
lems was to avoid them: that is, to assume all our automorphic representations to 
be unramifiecf^ at inert or ramified I. An unramified representation should cer- 
tainly be "non-monodromic" , and unramifiedness is easy to control in deformation 
as explained in the GLm-case above. But the problem is: for odd m, there is no 
representation of U(m) of the form vr" that is unramified at ramified primes 1^ So 
this assumption is much too restrictive. Instead, we introduce a special class of 
principal series representations of U(m)(Q/) that certainly should have no mon- 
odromy, and which will enable us to deal with a large number of p also when m 
is odd. We call those representations Non Monodromic Strongly Regular Principal 
Series. We show in ^6.61 that to be a NMSRPS is a constructible property in a 
family. 

After these local preliminaries, we turn to global questions. In subsection ^6.8^ 
we state our assumption Rep(m) on existence and simple properties attached to 
(some) automorphic forms of U(rn-). In subsection ^6.9l we construct place by place a 
representation vr" of U(m)(A(Q) starting from a cuspidal automorphic representation 
vr of GL„(A£;) satisfying some properties (recall that m = n + 2). We then state as 
a conjecture AC(7r) (even if as we said earlier this has been announced) that this 
ir"", under the assumption that e(7r, 1/2) = —1, is automorphic. 

6.2. Definite unitary groups over Q. 

6.2.1. Unitary groups. Let A; be a field, E/k an etale /c-algebra of degree 2 with non 
trivial A;-automorphism c, and A a simple central £'-algebra of rank m? equipped 
with a A;-algebra anti-involution x i— > x* of the second kind, i.e. coinciding with 
c on E. We can attach to this datum (A, *) a linear algebraic /c-group G whose 
points on a fc-algebra A are given by 

G{A) := {x G (A ®fc A)*, XX* = 1}. 

The base change Gx^E is then isomorphic to the E'-group A* of invertible elements 
of E, hence G is a twisted /c-form of GL^. Actually, as is well known, every twisted 
/c-form of GLm is isomorphic to such a group. 

Example 6.2.1. They are two essentially different cases. 

^'''To convince the reader that this question is not easy, let us say that for m — 3, there is a 
supercuspidal representation of U(3)(Qi), discovered by Rogawski and called vr*, whose base change 
has a non trivial monodromy. See ijA.lOl in the final appendix. 

Recall that the notion of unramified representation makes sense for any quasi-split group : it 
means having a non-zero fixed vector by a "very special" maximal compact subgroup, in the sense 
of Labesse. 

'''^More precisely, for odd m any discrete automorphic representation tt of U(m) whose A-packet 
lies in the image of the endoscopic transfert ^(U(n) x U(2)) — > ^U(m) has the property that its 
base change tte to GLm/E is ramified at each prime of E ramified above Q (see the appendix 
i]A.9[) . The reason is that for odd m the aforementionned L-morphism contains in its definition 
a Hecke character ^ oi E such that — fi but which does not descend to U(l). Such a Hecke 
character is automatically ramified at the primes of E ramified over Q (see i]6.9.2|l . 
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i) If E — > kx k, then A — > Ai x A2 and * : Ai — > A2^^ is an isomorphism. 
In this case, the choice of i G {1,2} induces a /c-group isomorphism G — > 
AT. In particular if A — ^ Mm{E), then the choice of i determines a k- 
isomorphism G — > GL^ which is canonical up to inner automorphisms. 

ii) If is a field, then we say that G (and G{k)) is a unitary group attached 
to E/k. When moreover A = Mm{E), then * is necessarily the adjunction 
with respect to a non degenerate c-Hermitian form / on E"^, hence G is the 
usual unitary group attached to this form. If / is the standard anti-diagonal 
form 

f{xei,yej) = c{x)y6j^rn-i+i, 
then G is quasi-split, and will be referred in the sequel as the m-variables 
quasi-split unitary group attached to E/k. 

6.2.2. The definite unitary groups U{m). Suppose from now that = Q, is a 
quadratic imaginary field, and assume that A = Mm{E) and * is attached to some 
form / on E"^ as in ii) above. Then G is a unitary group over Q. For each place 
V of Q, the local component G Xq Q^, is then the Qt,-group attached to the datum 
(A ®Q Qj;, *), hence by Examples 16.2.11 

i) If p = xx' is a finite prime split in E, then x : E — > Qp induces an 
isomorphism G{Qp) GLm(Qp), 

ii) if p is inert or ramified, then G(Qp) is a unitary group attached to Ep/Qp, 

iii) each embedding E — > C gives an isomorphism between G(M) and the usual 
real unitary group U{p,q), where {p,q) is the signature of / on E"^ ®q M, 
p + q = m. 

We say that G is definite if G(M) is compact, or which is the same if pq = 0. We 
will be interested in definite unitary groups G with some prescribed local properties. 
Their existence could be deduced from the Basse's principle for unitary groups over 
number fields for which we refer to \Cl\ §2]. For some computational reasons, we 
explicitly give them below. Let N : E — > Q, x ^ xc{x) be the norm map, m > 1 
an integer. 

Definition 6.2.2. U(m) is the m-variables unitary group attached to the positive 
definite c-hermitian form q on i?™ defined by 

m 
i=l 

Proposition 6.2.3. (i) U{m) is a definite unitary group. 

(ii) /// does not split in E, and m ^ 2 mod 4, then U{m){(Qi) is the quasi-split 
m-variables unitary group attached to Ei/Qi. 
Ifm ^ 2 mod 4, the group U{m) is the unique m-variables unitary group attached 
to E/Q that is quasi-split at every finite place and compact at infinity. If m = 
2 mod 4, there is no group with those properties. 

Proof — (i) is obvious and (ii) is an immediate consequence of Lemma 16.2.41 
below, since disc((7) = 1 (see jPij chap. VI] for the basics on hermitian forms 
and unitary groups). The other assertions (that we shall not use) follow from the 
Basse's principle (fUT, §2]). □ 
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In the following lemma, we write disc(g) G Q* /N{E*) for the discriminant of a 
non degenerate c-hermitian form q and denote by qo the hyperbolic form qo{x,y) = 
^^(y^+y<^^ on Ef. Note that disc((?o) = -1. 

Lemma 6.2.4. Let q be a non degenerate c-hermitian form on EJ^. 

(a) // m is odd, then q is equivalent to 

m — l 

2 ^ 

qo{z2i-i,Z2i) + (-l)~disc(g)7V(zm). 

i=l 

For A G Q^, disc(A(7) = Adisc((7), therefore there is a unique non- degenerate 
c-hermitian form up to a scalar. 

(b) // m is even, then q is equivalent to 

m — 2 
2 

^ qo{z2i-i,Z2i) + N{zm-i) + {-l)^~'^disc{q)N{zm). 
1=1 

The index of q is m/2 if and only if (— l)"^/^disc((7) G N{Ei). 

Proof — Recall that a quadratic form on Qf with s > 5 always has a zero (see e.g. 
\S3\ Chap. IV thm. 6]). We may view EJ^ as a Q/-vector space of rank 2m and q as 
a quadratic form on that space, so q has a zero when m > 3. As a consequence, q 
contains a hyperbolic plane and we may assume m = 2 by induction (or m = 1, but 
this case is obvious). Applying the previous remark to the form q{{zi, Z2)) — N^z^) 
on we get that q{v) = 1 for some v £ EJ^, which concludes the proof. □ 



6.2.3. Automorphic forms and representations. Let G be a definite unitary group. 
We denote by A the Q-algebra of Q-adeles and A — > Af the projection to the 
finite adeles. We have the following two important finiteness results: 

i) As G(M) is compact, G(Q) is a discrete subgroup of G(Aj), hence for each 
compact open subgroup K C G{Af), the arithmetic group K Ci G{Q) is 
finite. 

ii) By Borel's general result on the finiteness of the class number ( jBolj ). for 
any K as above G{<Q)\G{Af)/K is finite. 

The space of automorphic forms of G is the representation of G(A) by right 
translations on the space A{G) of complex functions on X := G(Q)\G(A) which 
are smooth and G(M)-finite. The space X is compact by i) and ii). It admits a 
G(A)-invariant finite Radon measure, so that A(G) is a pre-unitary representation. 

Lemma 6.2.5. The representation A(G) is admissible and the direct sum of irre- 
ducible representations of G(A) ; 

(57) A{G) = ^m{7r)n, 

n 

where n describes all the (isomorphism classes of) irreducible admissible represen- 
tations ofG{A), andm^n) is the (always finite) multiplicity ofn in the above space. 
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It will be convenient to denote by Irr(M) the set (of isomorphism classes) of ir- 
reducible complex continuous representations of G(M) (hence finite dimensional). 
For W £ Irr(M), we define A{G, W) to be the G(Aj)-representation by right trans- 
lation on the space of smooth vector valued functions / : G{Af) — > W* such that 
/(79) = 700/(5) for ah g G G(A/) and 7 G G'(Q). 

Proof — As G(M) is compact the action of G(M) on A{G) is completely reducible, 
hence as G(A) = G(M) x G(Aj) representation we have: 

A{G)= W^{A{G)^W*f^^l 

WeIrr{M.) 

But we check at once that the restriction map / 1— > /|ixG(Ay) induces a G(Aj)- 
equivariant isomorphism 

{A{G) 8) M^*)^W ^ A{G, W). 

As a consequence, ii) shows that A{G) is admissible, which together with the pre- 
unitariness of A{G, W) proves the lemma. □ 

Definition 6.2.6. An irreducible representation ir of G(A) is said to be automor- 
phic if m(7r) 7^ 0. 

Let W G Irr(M) and let us restrict it to G(Q) ^ G(M). As is weU known 
(see ^6.7p . W comes from an algebraic representation of G, hence the choice of 
an embedding Q — > C equips W with a Q-structure W{Q) which is G(Q)-stable; 
VF(Q) is necessarily unique up to . As a consequence, the obviously defined space 
^(G,Ty(Q)) provides a G(A/)-stable Q-structure on A{G,W). 

Corollary 6.2.7. If tt = tTqo ® T^f is an automorphic representation of G, then ttj 
is defined over a number field. 

6.3. The local Langlands correspondence for GLm- Let m > 1 be any integer 
and p a prime. Let -F/Qp be a finite extension, Wp its Weil group, Ip C Wp the 
inertia group, and |.| the absolute value of F such that the norm of a uniformizer 
is the reciprocal of the number of elements of the residue field. We normalize the 
reciprocity isomorphism of local class-field theory 

rec : F* — > Wf 

so that uniformizers correspond to geometric Frobenius elements. By an m- 
dimensional Weil-Deligne representation (r, A^) of F we mean the data of a contin- 
uous homomorphism 

r:Wp — > GL„(C) 
such that r(Wp) consists of semi-simple elements, and of a nilpotent matrix 

N G M„(C), 

satisfying r{w)Nr{w~^) = |rec~"'^(u;)|A^ for all w G Wp. 

Recall from [HT, Thm. A] that the Langlands correspondence is known for the 
group GIjm{F), and we shall use it with the normalization given loc. cit. This 
parameterization is a bijection 

vr L{tt) = (r(7r), A^(7r)) 
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between the set Irr(GLm(F)) of isomorphism classes of irreducible smooth complex 
representations it of Ghm(F) and the set of isomorphism classes of m-dimensional 
Weil-Deligne representations of F. It satisfies various properties. For example: 

- When m = 1, GLi(F) = F*, we have N{x) = and r{x) = X°rec~^ for any 
smooth character x ■ F* — * C*. In general, the L-parameter of the central 
character of vr is det(L(7r)), and for any smooth character x ■ — ^ C*, 
L(7r ® X o det) = L{tt) L(x). 

- TT is superscuspidal (resp. ess. square integrale) if, and only if, L(7r) is 
irreducible (resp. indecomposable). 

- If TTi is an ess. square integrable representation of GLm^(F), and Y^^rrii = 
m, then ©jL(7rj) is the L-parameter of the Langlands quotient tTj (when 
it makes sense). 

6.4. Refinements of unramified representation of GJjm- In this subsection, 
we explain some aspects of the representation theoretic counterpar10 of the theory 
of refinements developed in section[2j The simplest example of this notion is the well 
known fact that any classical modular eigenform of level 1 (weight k, say) generates 
a two-dimensional vector space of p-old forms of level Fq {p) ■ These old forms all 
have the same T;-eigenvalues for / ^ p, and the Atkin-Lehner Up operator preserves 
this two-dimensional space with characteristic polynomial — tpX -\-p^~^. 

From a representation theoretic point of view, this last computation is a purely 
local statement, namely the computation of the characteristic polynomial oi Up, a 
specific element of the Hecke-Iwahori algebra, on the space of Iwahori invariants of 
a given irreducible unramified smooth representation of GL2(Qp). In what follows, 
we explain how this theory generalizes to GLm(Qp), focusing essentially on the 
unramified case. In [ChU §4.8] and [BChlt §6], we explained how to deduce them 
from the Bernstein presentation of the Hecke-Iwahori algebra. Here we use an 
alternative approach based on the Borel isomorphism and the geometrical lemma. 

6.4.1. The Atkin-Lehner rings. Let -F be a finite extension of Qp with uniformizer 
w and ring of integer Op- We denote by G the group GLm{F), B its upper Borel 
subgroup, N the unipotent radical of B, and T the diagonal torus of G. Let 
K := GhraiOp), = KnT, and let I be the Iwahori sub group of G consisting of 
elements which are upper triangular modulo tu. 

The Hecke-Iwahori algebra is the Z[|]-algebra Cc{I\G/I of bi- /-invariant 
and compactly supported functions on G with values in for the convolu- 

tion product normalized such that I has mass 1. If g £ G, we denote by [Igl] 
the characteristic function of Igl. We introduce now two important subrings of 
Cc{I\G/I,Z[^]), that we call the Atkin-Lehner rings I. Let U C T he the subgroup 
of diagonal elements whose entries are integral powers of w, U^ C U the submonoid 
whose elements have the form 

^'^ Actually, the theory developed in this part is comparatively much simpler than the Galois 
theoretic one of section (2] as we are reduced here to see refinements as some orderings of some 
Frobenius eigenvalues in the complex world. The relation could certainly be pushed much further, 
in the style of the work of M. Emerton for GL2(Qp) [E2]. 
Following Lazarus. 
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We define A~ C Cc{I\G/I,7j) as the subring generated by the [lul], u G U~ . 
Recall that for each u G , V'^I] is invertible in Cc(/\G//, Z[|]), hence it makes 
sense to define also 

Ap(ZCc{I\G/I,'L[^]) 
as the ring generated by the elements [/u/], u £ U~ , and their inverse. 

Proposition 6.4.1. (i) The subset M := IU~I C G is a submonoid, and the 
map M — > U , iui' ^ u, is a well defined homomorphism. 
(ii) The map U" — > Ap , u ^ [lul], extends uniquely to ring isomorphisms 
Z[C/-] ^ Ap and Z[U] ^ Ap. 

We warn the reader that when m > 1, the above homomorphism does not send 
any u £ U to [lul], but rather on [/aI].[I6I]~-^ for any a, b G U~ such that 
u = ab^^ . 

Proof — By \Cas\ Lemma 4.1.5], M := ]J^gf/- lul C G is a disjoint union, Vn, u' G 
U~ , lulu' I = luu'I, hence M is a submonoid of G, and also [IuI].[Iu' I] = [luu'I], 
which proves (i) and the first part of (ii). The proposition follows then from the 
easy fact that U~ U is the symmetrisation of the monoid U~ . □ 

Example 6.4.2. As a consequence of Prop. 16.4.11 we will systematically view 
.Ap-modules as fZ-modules. For example, let vr be a smooth representation of G, 
say with complex coefficients. The vector space tt^ of Iwahori invariant vectors 
inherits a C-linear action of Cc(/\G//, Z[i]), hence of Ap, hence is a [/-module in 
a natural way. It turns out that this [/-module structure on vr^ is related to the 
Jacquet-module of vr via the following result of Borel-Casselman. 

If y is a representation of G, we denote by V/v the Jacquet-module of V with 
respect to N (see e.g. ^6.6.ip . that is the space of coinvariants of A^, with its natural 
action of T. 

Proposition 6.4.3. For any smooth complex representation it of G, the natural 
map 

is a C[U]-linear isomorphism. 

Proof — As the [lul] are invertible in the Hecke-Iwahori algebra, we have vr^ = 
[IuI].iT^ for each u G U~. The result follows then from Prop. 4.1.4 and Lemma 
4.1.1 of |Cas| . and from the fact that [Iul]v = 5~j^{u)Vi{u{v)) for each u G U~ and 
V G TT by Lemma 1.5.1 of loc. cit. □ 

6.4.2. Computation of some Jacquet modules. In order to use the previous result, 
we recall now the computation of the Jacquet module of some induced represen- 
tations, following [BernZj . Fix P D B a parabolic subgroup of G, L its Levi 
component containing T. Let x '■ — ^ C* be a smooth character, viewed also as a 
character on P which is trivial on the unipotent radical of P. Denote by Ind^(x) 
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the unitary smooth paraboHc induction of X) that is the space of complex valued 
smooth functions f on G such that 

fipg) = x{p)5p{gf^f{g), ^peP, geG, 

viewed as a G representation by right translations. Here 6pis the module character 
of P. 

Let YTi^i li = {!,■ ■ ■ , m} be the ordered partition associated to P. If mj = 
then L = Yll=iG^m^{F)- The subgroup W = Gm of permutation of {!,... ,m} 
is a subgroup of G in the usual way {w = Let W{P) C be subset 

of elements w G W such that w{k) < w{l) whenever k < I and both k and / 
belong to the same /«. The group W acts on the characters of T by the formula 
ijj^it) = tl;{w~^tw). Moreover, x may be viewed as a character of T by restriction 
TCP. 

Proposition 6.4.4. The semi- simplification of the C[T]-module (Indpx)Ar is 

Proof — This is a special case of the general geometrical lemma [BernZl Lemma 
2.12] (see also fZe^, Theorem 1.2]). □ 

6.4.3. Unramified representations. An irreducible smooth representation of G is 
said to be unramified if it has a non zero vector invariant by K. The classification 
of unramified representations is well known and due to Satake. 

Let X '■ T — > C* be a smooth character. It will be convenient for us to write x 
as a product of smooth characters Xi '■ P* — ^ C* such that 

m 

X{{X1, ■ ■ ■ ,Xm)) = Y[xi{Xi). 

i=l 

Assume that xC^*^) = 1 and consider the induced representation Ind^(x)- As 
is easily seen, the space of its /C-invariant vectors is one-dimensional hence this 
induced representation has a unique unramified sub-quotient 7r(x). It turns out 
that : 

- vr(x) — ^(xO if) and only if, x = x'^ ^or some w £ &m (see ^6.4.21 for this 
notation) . 

- each unramified representation is isomorphic to some vr(x). 

The Langlands parameter of 7r(x) is easy to describe. The isomorphism class of 
Weil-Deligne representations L{tt{x)) = {"i",^) associated to 7r(x) satisfies = 0, 
r^Ip) = 1 (hence the name unramified). It is uniquely determined by the conjugacy 
class of the image of a geometric Frobenius element of Wp, namely the class of 

diag(xi(tx7), • • • ,Xm{^)) G GLm(C). 

Of course, this diagonal element is unique only up to permutation. We will fre- 
quently refer to this class as the semi-simple conjugacy class associated to 7r(x). 
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6.4.4. Refinements. We fix vr an irreducible unramified representation of G. 

Definition 6.4.5. A refinement of vr is an ordering of the eigenvalues of the semi- 
simple conjugacy class above associated to tt. In an equivalent way, a refinement 
of vr is a character x'- U — T /T^ — > C* such that vr ~ vr(x), the dictionary being 

Let us chose some refinement x of vr, so that vr ~ vr(x) is an irreducible subquo- 
tient of Ind^x- By Propositions 16.4.3] and [6X^ we get that as a [/-module 

(58) (vr^- ^ (Indgx)''^^ ^ ©«,e6„x"^B'^'- 

As a corollary, we have the following Proposition-Definition. 

Definition 6.4.6. If a character x^b^"^ '■ U — > C* occurs in vr^, or equivalently if 

1/2 T 

xS^ occurs in vr^, then x ^ refinement of vr. We say that a refinement of vr is 
accessible if it occurs this way. 

For most of the representations vr, all the refinements are accessible. Indeed, by 
|BernZ| [Theorem 4.2] and formula ()58p we have the following positive result. Set 

q:= \Of/w\. 

Proposition 6.4.7. Assume that {xi/xj){'^) 7^ Q. for clU i ^ j. Then vr(x) = 
Ind^(x) and all the refinements o/vr(x) are accessible. 

Example 6.4.8. i) If vr ~ 7r(x) is tempered, then x is known to be unitary 
hence Proposition 16.4.71 applies. More generally, if vr is generic Proposition 
16.4.71 applies. 

ii) On the opposite, if vr is the trivial representation then it has a unique 

— 1/2 

accessible refinement, namely 6^ .It corresponds then to the ordering 

m — 1 m — 3 m — 1 

(g 2 ,g 2 ,g 2 ). 

iii) Actually, by [BernZj [Rem. 4.2.2], vr(x) ~ Ind^(x) if and only if the as- 
sumption of Prop. 16.4.71 is satisfied. 

6.4.5. Accessible refinements for almost tempered unramified representations. In 
the applications, we will need to study the accessible refinements of some vr which 
are not tempered, which leads us to introduce the following class of unramified 
representations. 

Let vr be an unramified irreducible representation of G, and X the set of eigenval- 
ues (with multiplicities) of the semi-simple conjugacy class attached to vr, \X\ = m. 
Assume that X has a partition X = Yil^i Xi such that : 

(ATI) for each i, X^ has the form {x,x/q, ■ ■ ■ ,x/q^^~^} with mj = 
(AT2) the real number | HxgXj A^^"^^ does not depend on i. 

Proposition 6.4.9. The accessible refinements of 

on X such that whenever Xk cind xi are in the same Xi and Xk = qxi, then k < L 
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Proof — Let us choose a refinement {xi, • • • , x^) of vr satisfying the condition of 
the statement and such that {xi, . . . , Xmi} = Xi, {xmi+i, ■ ■ ■ , a;mi+m2} = ^2 and 
so on. It exists by (ATI). Let x '■ T — > C* be the corresponding character, tt is 
then the unramified subquotient of vr(x) and we are going to identify it. 
Consider the standard parabohc P of G with Levi subgroup 
L = GL„,(F) X GL„,(F) x • • • x GL„,,(F). 

1 /2 — 1 /2 

One checks immediately that the character x^b ^^p\b °^ ^ extends uniquely 
to a character il) : L — > C*. Explicitly, tp{gi,--- ,gr) = Yii ''I'iidi) ' where ipi 
is the unramified character of GLm. (P) obtained by composing the determinant 
GLmi{F) — > F* with the character of F* trivial on Op and sending uj to the 
element 

_ mj-l 

Vi ■=xq 2 , 

where x is the element of Xi appearing in (ATI). As a consequence, we have an 
inclusion of G-representations: 

Ind^V C Indgx- 

Up to a twist, we may assume that the real number occurring in property (AT2) 
is 1. In terms of the y,, it means that \yi\ = 1 for all i, i.e. that V is unitary. A 
theorem of Bernstein |Bernj shows then that IndpV' is irreducible. As it contains 
obviously the i^-invariant vectors of Ind^X) we conclude that 

TT ~ IndpV- 

The proposition is then an immediate consequence of Propositions 16.4.31 and 16.4.41 
□ 

Definition 6.4.10. Let us say that tt is almost tempered if X admits a partition 
{Xi} satisfying (ATI) and {AT2), or equivalently if up to a twist tt is the full 
parabolic induction of a unitary character. 

The equivalence of the two definitions above is a consequence of the proof of 
Proposition I6.4.9[ 

Example 6.4.11. i) If vr is tempered, it is almost tempered (and the Xj's 
are singletons). If tt is one dimensional, it is also almost tempered, for the 
trivial partition of X in one subset. 

ii) Assume that tt is the local component of a discrete automorphic representa- 
tion of a unitary group (resp. of GL^)- A consequence of Arthur's conjec- 
tures (resp. of Ramanujan conjecture and Moeglin-Waldspurger's theorem 
|MoWaj ) is that tt should be almost tempered. This is actually the main 
reason why we introduced this definition. 

iii) We will need the following explicit example. Assume that tt is such that X 
contains q^^"^ and g^^/^ with multiplicity 1, and all of whose other elements 
have norm 1. Then the accessible refinements of tt are exactly the orderings 
of X of the form 

(•••,g^/^•••,g-^/^•••), 

that is the ones such that q^^"^ precedes q"^^"^ in the ordering. 
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6.5. if-types and monodromy for GIj^- We keep the notations of the preceding 
subsections. 

6.5.1. An "ordering" relation on lrr(GLfn{F)). We define a relation -</^ on Irr(GLm(i^)) 
as follows. 

Definition 6.5.1. Let vr, vr' G Irr(GLm(F)), we will write vr vr' if (r(vr)|7^, A^(vr)) 
is in the Zariski closure^i of the conjugacy class of (r(vr')|7^, A^(vr')) in Mm{C). 

Remark 6.5.2. i) The relation r(vr)|7^ ~ r(vr')|/^ on lrr(Ghm{F)) is called 
the "inertial equivalence" relation, -<jp is a transitive and reflexive relation 
refining the inertial equivalence classes. Moreover, in an inertial equivalence 
class, the minimal elements for -<jp are precisely the vr with A^(vr) = 0, and 
each of them is actually a smallest element. 

ii) Assume m > 1 and let 1 and St be the trivial and the Steinberg representa- 
tion respectively We have r{l){lF) = r{St){lF) = 1, N{1) = and N{St) 
has nilpotent index m, hence 1 -<jp St. As is well known, the vr -<jp 1 are 
exactly the unramified representations. Moreover by a well known result of 
Borel, the vr -<ip St (i.e. vr 1) can also be abstractly characterized by 
the property that vr^ 7^ 0, where I is a Iwahori subgroup, or which is the 
same by the property that 

HomA'(r,vr) / 0, 

with r = Indf 1/ and K = GLmiOp)- 

iii) Take m = 2 in the example above, the representation r is then the direct 
sum of the trivial 1h and the Steinberg Stn representation of the finite 
group H := GL2(Fg). Of course, vr -<ip 1 if and only if Hom(lj^,7r) 7^ 0. 
As an exercise, the reader can check that the relation Hohik {St h ,t^) 7^ 
cuts exactly the vr in the trivial inertial class which are not 1-dimensional. 

6.5.2. Types. Using works of Bernstein, Zelevinski, Bushnell-Kutzko and Schneider- 
Zink, it turns out that Remarks 16.5.21 ii), iii) are the simplest case of a general 
phenomenon. We are grateful to J.-F. Dat for drawing our attention to the reference 
[SdIZi] . 

Proposition 6.5.3. Let vr € liT{GLm{F)). There exists an irreducible complex 
representation r of GLmiOp) such that 

i) T^iGLmiOp) contains t with multiplicity 1, 
and for any vr' G lii{GLm{F)) , 

ii) HomG'L„(o^)(r,vr') / ^ vr' vr, 

iii) if tt' is tempered and vr' -<jp vr, then HomQ^^(0^)(r, vr') 7^ 0. 

Proof — Up to the dictionary of local Langlands correspondence, this is exactly 
[SchZil Prop. 6.2]. For the convenience of the reader, we explain below the relevant 
translation. 

Fix vr as in the statement, and let $7 be the (unique) Bernstein component of 
Irr(GLm(-F)) containing vr. This component is uniquely determined by the cuspidal 



Or in the closure for the complex topology, which amounts to the same here. 
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support of vr. By the properties of the local Langlands correspondence, which 
is built from its restriction to the supercuspidal representations and Zelevinski's 
classification, this support is in turn uniquely determined by r(7r)|7-^: for a vr' G 
Irr(GLm(-^)), we have vr' E O if and only if vr' is in the same inertial class as vr. 

The additional datum of the matrix A^(vr) determines then the way Zelevinski 
realizes vr as a Langlands quotient, that is the "partition" 'P(vr) such that vr lies in 
Q-p^Tr) ill the notations of [SchZit §2]. Such a "partition" is by definition a family 
of Young diagrams (see below) indexed by the cuspidal support of vr, the size of a 
diagram being the multiplicity of the associated supercuspidal. By Gerstenhaber's 
theorem (see Prop. 17.8. ip and by definition of the ordering on partitions loc. cit. 
§3 (which is the opposite of the dominance ordering recalled in Appendix I7.8.ip . 
we have for a vr' S $7: 

tt' ^ipTT ^ P(vr') >- V{-k). 

They define then loc. cit. §6 an explicit representation called ^^(^^(A) of a 
maximal compact subgroup of GLm(-F), here A is Bushnell-Kutzko's type of the 
Bernstein component 0. Up to conjugation we may assume that this maximal 
compact subgroup is GL,m(C'F)i and we set r := o"-p(7r)(A). The proposition is then 
[SchZil Prop. 6.2]. □ 



6.6. A class of non-monodromic representations for a quasi-split group. 

In this subsection, we let I be a prime number, and G the group of rational points 
of a connected reductive quasi-split group over a field F which is a finite extension 
of Qi. We denote by 5 a maximal split torus in G, T the centralizer of S which is a 
maximal torus in G, and B = TN a Borel containing T (where N is the unipotent 
radical of B). We denote by W the Weyl group of 5 : W = N{S)/C{S) = N{S)/T; 
this groups acts on T by conjugation. 

We denote by F' a finite Galois extension of F on which G splits. We denote 
with the same letter with a prime the set of points over F' of the algebraic group 
defining one of the subgroup of G defined above : hence G' , its Borel B' = T'N', 
where T' is a maximal torus of G' (which is split). We denote by W' the Weyl 
group of T' : W = N{T')/T'. We have a natural inclusion W C W. 

6.6.1. Review of normalized induction and the Jacquet functor over a base ring. 
Let A be a commutative ring Q-algebra that contains a square root of I. We denote 
hy 5b the modulus character of B which takes values in l^ and we choose once and 
for all a square root 5^^"^ : G ^ A* oi 5b- 

We recall some terminology concerning a ^[G]-module M: the module M is 
smooth if every u G M is fixed by some compact open subgroup U of G and it is 
j4-admissible if for every small enough compact open subgroup U, is a finite 
type A-module. 

If y is a smooth yl[T]-module, we denote by i§(T^) the normalized induction of 
V from B to G, that is the A-module of all locally constant functions f : G ^ V 
such that f{bg) = b5B{b)^^'^ f{g) for all b ^ B, g G G. The representation i'^{V) is 
smooth and its formation commutes with every base change A ^ A' . 

If M is an A[G]-module, we denote by M^r the Jacquet module of M rela- 
tively to N, that is the A^-coinvariant quotient M/M{N), where M{N) = G 
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M, Jj^^Tr{n)v dn = for some compact subgroup Nq C N}, seen as a representa- 
tion of T = B/N. 

Proposition 6.6.1. (a) If M is smooth, then so is Mj^. 

(b) The functor M i— > M^r from the category of smooth A[G\-modules to the 
category of smooth A[r]-modules is exact, and commutes with — <SiaM' for 
any A-module M' . 

(c) If M is flat (resp. if A is reduced and M is torsion free) as an A-module, 
then so is Mn- 

(d) If M is A-admissible and of finite type as an A[G]-module, then Mjy is of 
finite type as an A-module. 

Proof — (a) is clear. The exactness in (b) is proved exactly as in the classical 
case (e.g. |Casl Proposition 3.2.3]) once noted than A^'o is a pro-/-group, hence of 
pro-order invertible in A. 

For M' an ^-module and M an ^[G]-module, we see M0aM' as an ^[G]-module 
for the trivial action of G on M' . The natural map 

(59) Mn 0a M' — > (M ® ^ M') n 

is an isomorphism. Indeed, using a free presentation of M' over A, the exactness 
of V ^ Vn and the left exactness of tensor products, we are reduced to the case 
where M' is free over A, which is obvious, hence (b) is proved. 

The "torsion free" part of (c) is obvious from the exactness in (b). Assume 
that M is flat over A and let X ^ Y be an injective morphism of A-modules. 
Then M (giA X ^ M (^aY is an injection of ^[G]-module. Hence (M (^aX)m ^ 
{M y)N by (b), which is Mn (0a X ^ Mn (0a Y by ([59]). Thus Mn is flat. 

Let us prove (d). Since M is of finite type over A[G], we deduce easily from the 
compactness of B\G (see e.g the first paragraph of the proof of [Cas\ Thm 3.3.1]), 
that Mn is finitely generated as an ^[T]-module. Since Mn is smooth and T is 
abelian, there is a compact open subgroup Tq of T such that mJJ' = Mn- Up to 
replacing Tq by a smaller group, we see by [Cas] Prop. 1.4.4 and Thm 3.3.3] that 
there is a compact open subgroup Uq with Iwahori factorization Uq = NqTqMq of 
G such that the natural map M^» is surjective. Since M^o is of finite type 

over A by ^-admissibility of M, then so is Mj^r" =Mn. □ 

We recall the following easy reciprocity formula: 

Lemma 6.6.2. If M is a smooth A[G]-module and T a smooth A[T]-module, we 
have a canonical isomorphism 

HomA[G]{M,i%{V)) = HomA[T]{MN,V S]^^). 

6.6.2. Non Monodromic Strongly Regular Principal Series. In this paragraph, we 
keep the preceding notations but we also assume that ^ = is a field. We recall 
that a smooth character x : T — > A;* is regular when there is no w 7^ 1 in such 
that = X- We also recall the following elementary result (cf. [Rodlj Proposition 

Lemma 6.6.3. Assume x '■ T ^ k* is a smooth, regular, character. Then : 

(a) The representation i^{x) has a unique irreducible subrepresentation S{x). 
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(b) The Jacquet module S{x)n contains x^b ^ T-subrepresentation. 

1/2 

(c) Any smooth G -representation M such that contains x^b ^'^ ^' 
subrepresentation has a subquotient isomorphic to S{x)- 

Proof — By the geometric lemma, the Jacquet module i§(x)^ is semi-simple 

1/2 

as a T-representation and is the direct sum of the distinct characters x^^b 

w € W. Since the Jacquet functor is exact, and as i%{x) is of finite length (use 

Prop. 16.6.11 (d) and |DKVl Rem. 3.12]), one and only one of the Jacquet modules of 

1/2 

its irreducible subquotients contains x^b ■ ^^^^ ^'^i^ irreducible subquotient 

S{x), which makes (b) tautologic. 

On the other hand, by lemma [6.6.2l the Jacquet module of any sub-representation 
of ^§(x) contains X*^]/^- it h^-s an irreducible subrepresentation, hence S(x) is the 
unique irreducible subrepresentation if i^{x)i which is (a). Finally if M is as in 
(c), we have by lemma [6.6.21 a non-zero morphism M ^^(x)- Its image admits 
S{x) as a subrepresentation by (a), and (c) follows. □ 

Recall that the base change of a smooth character x of T is the character x' of 
T' defined as x' X ° Nm, where Nm : T' — > T is the Galois norm. 

Definition 6.6.4. A smooth character x of T is said strongly regular if its base 
change x' is regular character of T' . 

Since W C W, a strongly regular character x is also regular. 

We now recall some notations of [Rodlj . |Rod2] . Let A be the root system 
of G' with respect to T'. Let X*(T') be the group of rational character on T' 
and V = X*{T) ®i M. The chambers of V are the connected components of 
V — U«gA I*^^^ ^- Borel subgroup B' determine the choice of a "positive" 

chamber C^. 

If a G A, its associated coroot S is a linear form on V . Let X.^,{T') be the group 
of 1-parameter subgroups of T'. There is a canonical pairing X*{T') x X*(T') — > Z. 
Hence each coroot a determines canonically a 1-parameter subgroup : F'* ^ T' . 

If x' is a smooth character T' — > k* we define the set 5](x') as the set of the 
coroots a such that x' ° ^"('^) = |o| G k* for every a G F'* . When k = C, Rodier's 
theory |Rodl| shows that if x' is regular, the set 5](x') determines the reducibility 
of i^'i{x') (in particular, this representation has length 2l^*^^'-*l). 

Definition 6.6.5. An irreducible representation of G is said to be a Non Mon- 
odromic Strongly Regular Principal Series {NMSRPS) if it is isomorphic to a rep- 
resentation S{x) where 

(a) X is strongly regular. 

(b) For every a £ ^{x')^ we have a(C+) < 0. 

Remark 6.6.6. (1) For a split group G' and a regular character x' of T', the 
local Langlands correspondence has been defined by Rodier ( |Rod2j ) for 
the subquotients of i^/(x')) i'^ ^ '^^Y that is compatible to the usual (that 
is, Henniart-Harris- Taylor's) local correspondence in the case of GL„(F). 
The representation L{tt) = {r{TT), N{tt)) of the Weil-Deligne group of F' 
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corresponding to any of those subquotients vr has the same r(7r) namely the 
composition 

(^^, : Wf' — > ^T' — > ^G' 

where the first map is the L-parameter of x' for the torus T' . The action 
of the monodromy A'^ depends on the chosen subquotient. The hypothesis 
(b) is equivalent to say, by |Rod2t 5.2], that S{yf) has no monodromy, that 
is that N{S{'x')) = 0. In other words, the L-parameter for 5(x') is just the 
map 

(2) In the case G' = GLn{F'), hypothesis (b) simply says that if T' is the 
diagonal torus and B' the upper diagonal Borel, and x' = (x'l) • • • > Xn); 
then = Xj l ■ I implies i > j. 

(3) There should exists a base change map, sending L-packets of G to L- 
packets to C, and corresponding to the obvious restriction map on the 
L-parameters. If x is strongly regular, it is natural to expect that the 
base change to G' of the L-packet of G containing the representation S{x) 
contains the representation S'(x')- 

In the few cases the base change has been defined, this is actually true 
: when G = GL„(F) and F' /F is cyclic, this follows immediately from 
the compatibility of local base change with local Langlands correspondence 
and from remark (1) above. In the more interesting case that G = U{3) is 
the (unique) unitary group over F that splits over the quadratic extension 
F'/F, and G' = GL3(F'), this is verified for the base change map defined 
by Rogawski in |Rog3| . 

Hence the conjectural L-parameter for S{x) should be the composition 
'■ — > — > ^G. In particular, it should be non monodromic (that 
is, N{S{x)) = with the notation of 

(4) Rodier's theory does not seem to have been extended to any quasi-split 
group, even to every unitary groups. Thus we have not felt comfortable in 
assuming that for any regular x satisfying the analog of condition (b) but 
for the root system of G (which might be not reduced), S{x) should have 
a nonmonodromic L-parameter. This is however the case for the rank one 
group U{3) by results of Keys and Rogawski (see |Rog3 12.2]). Assum- 



ing that this is true, we could replace our NMSRPS condition the weaker 
"NMRPS" above and all our results would still hold verbatim. 

6.6.3. The NMSRPS locus is constructible. In this paragraph, we keep the notations 
of ^6.6.H and we assume moreover that ^ is a noetherian ring. We suppose given 
an ^-admissible smooth 74[G]-module which is of finite type over ^[G]. For every 
X G X := Spec(A), we denote by k{x) = A^/xA^ the residue field of A^-, and we 
set := M 0a A^ and Wx := M 0a k{x). 

Let us denote by Xq the subset oi x G X such that the /c(x)[G] -module 
contains an irreducible subquotient which is a NMSRPS representation. 

Proposition 6.6.7. (i) Xq is a constructible subset of X. In particular, Xq 
contains a dense open subset U such that U C Xq. 
(ii) Assume that A is reduced and that M is torsion free over A. Then Xq is a 
union of irreducible components of X . 
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Proof — By proposition 16.6. 1| the A[r]-module E := Mjy is of finite type over 
A. We view E as an ^[T']-module via the map A[T'] — > A[T] induced by the 
norm Nm. Let B be the image of the A-algebra A[T'] in End^(i?). It is a finite 
A-algebra, let Y = Spec(B) and g : Y ^ X the structm'al map. 

Let us consider the subset Yq C Y points y £ Y such that the induced 
character T' (Bx/xB^)* satisfies both conditions (a) and (b) of Definition 16.6.51 
By definition, we have 

^0= n (u^(*"-*)) n ( u ^(*"(/) - i/i) 

w&w'\{i} VteT' / {seA|S(C)>o} \/ei^' 

hence Yq is an open subset as both intersections are finite. 

We claim that Xq = g(lo)- First, by Lemma r6.6.3l (c) and 16.6.11 (b). observe that 
Xq is also the subset of points a; of X such that E <Sia k{x) contains a character 
T' k{x)* satisfying (a) and (b) of Def. 16.6.51 i.e. such that the support of the 
i3-module E (^a k{x) meets U. In particular, it is clear that Xq C g{Yo). 

Let X £ X. As Ax is henselian and g is finite, 

Bx:= B^aA, ^ n 5' 
{y\ 9iy)=^} 

hence we can write accordingly E^ := E 0^ A^ = ®yE{y) as a direct sum of 
B 0A ^x-niodules. Moreover, by flatness of >1 ^ Ax, Bx identifies with its image 
in End^(-E'a;) hence E{y) ^ for all y G g~^{x). In particular, if x = g{y) with 
u G U, then 

E (g)A k{x) = Ex/xEx D E{y) k{x) 

and the latter i?-module is non zero by Nakayama, hence has support {y}. This 
proves that g(lo) C Xq, hence the equality. In particular, Xq is constructible as Yq 
is open, which proves the first part of (i). 

As Xq is constructible, it is a finite union of (say) nonempty locally closed irre- 
ducible subsets Fi n Ui. So Yq = [J- Fi and if Ul = UiH {Fi\ Uj^i Fj n Fi), then 
U := UiUl satisfies the second part of assertion (i). 

Let us prove (ii). As Yq is an open subset, its closure is a finite number of 
irreducible components of Y. As g{YQ) = Xq and g is finite, we only have to check 
that each irreducible component of Y maps surjectively to an irreducible component 
of X. Note that E is torsion free over A by assumption and Propositior l6 .6.1] hence 
so are EndA{E) and B C EndAiE). We conclude then by Lemma [6. 6. 81 □ 

The following lemma is a variant of }Chll Lemma 2.6.10]. 

Lemma 6.6.8. Assume that A is a reduced notherian ring and that B is a fi- 
nite, torsion free, A-algebra. Then each irreducible component of Spec(B) maps 
surjectively to an irreducible component o/Spec(A). 

Proof — We check at once that a finite type A-module M is torsion free if, and 
only if, it has an A-embedding M ^ A^ for some n. In particular, if M is torsion 
free over A, then for all x S Spec(A) the ^a;-module Mx is torsion free. 
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As the finite map g : Spec(B) — > Spec(A) is closed, it suffices to show that 
the image of the generic point x of an irreducible component of Spec(B) is the 
generic point of an irreducible component of Spec(A). By localizing A at g{x), 
we may assume that A is local and that g{x) is a closed point. As g~^{x) is a 
discrete closed subspace of Spec(B), x is also a closed point, hence it is open as it is 
minimal as well, and is a direct factor of B. Thus we may assume that B = B^ 
is artinian. As i? C A^ and A is reduced, it implies easily that A is itself artinian, 
which concludes the proof. □ 



Remark 6.6.9. (A variant) Assume that we have a finite number of quasisplit 
groups Gi, possibly over local fields of different characteristics, each one being 
equipped with a datum {Gi, Bi,Ti, G[,B[, X-) as in the beginning of ^6.61 Then we 
may form G = Yl^ Gi, as well as B, T, G' , B' and T' , and all the propositions and 
lemmas of this part 16.61 apply verbatim to this CQjSG, clS all the arguments are group 
theoretic. For example, in this context, a NMSRPS representation of G is a tensor 
product of NMSRPS representations tTj of Gi. 

6.7. Representations of the compact real unitary group. Recall that the 
continuous, irreducible, complex representations of the compact group U(m)(R) 
are all finite dimensional. There are two ways to describe them : either by their 
highest weight or by their Langlands parameters. We give here both descriptions, 
as well as the relation between them. 

If k := [ki, . . . , km) S satisfies ki > k2 > ■ ■ ■ > km, we denote by the 
rational (over Q), irreducible, algebraic representation of GL^ whose highest weight 
relative to the upper triangular Borel is the characte E 

m 
i=l 

For any field F of characteristic 0, we get also a natural irreducible algebraic rep- 
resentation Wk{F) := W ®Q F of GljmiF), and it turns out that they all have this 
form, for a unique k. 

Let us fix an embedding E ^ C, which allows us to see U(m)(M) as a subgroup 
of GLm(C) well defined up to conjugation (see §6.2.ip . So for k as above, we can 
view Wfc(C) as a continuous representation of U(m)(M). As is well known, the set 
of all Wk{C) is a system of represent ants of all equivalence classes of irreducible 
continuous representations of U(m)(]R). We will say that has regular weight if 
ki > k2 > ■ ■ ■ > km- 

On the other hand, the L-parameters of the irreducible representations of U(?7i)(M), 
are determined by their restrictions to the Weil group of Wq = C* of C, which are, 
up to conjugation, all the morphisms : C* ^ GLm(C) of the form 

(P{z) = die.gi{z/zr\...,iz/-zr-) 



This means that the action of the diagonal torus of GLm on the unique Q-hne stable by the 
upper Borel is given by the character above. 
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where ai, . . . , G Z + and ai > ■ ■ ■ > am- For the proof, see |BergCl[ Prop. 
4.3.2]. The relation between the two descriptions is given by 



ki + 



m + 1 



1 . . .m. 



6.8. The Galois representations attached to an automorphic representa- 
tion of U(m). 

6.8.1. Settings and notations. In this section, m > 1 is an integer such that m ^ 2 
(mod 4). Let us fix a prime number p that is split in E, algebraic closures Q of 
Q and Qp of Qp, and some embeddings Lp : Q —>■ Qp, too : Q ^ C. As G(M) is 
compact, for any automorphic representation vr then tToo is algebraic and the finite 
part vTj is defined over Q by Lemma 16.2.71 so that we may view it over Qp using 
LpL^- Let us fix such a vr. 

If / = is a prime that splits in E, then we will denote by tTx the representation 
of GLmiQi) deduced from tt/ and the identification G{Qi) — >x GLm(Qz) defined 
by X as in ^6.2.21 

We recalled in §6.31 Langlands-Harris- Taylor parameterization of complex irre- 
ducible smooth representations. This parameterization holds actually if we replace 
C everywhere there by any algebraically closed field of characteristic 0, e.g. Qp. As 
a consequence, to each ttx as above viewed with Qp coefficents via ipi'^, is attached 
a unique Q^-valued Weil-Deligne representation {r{'Kx),N{Tix)). We recall also that 
from Grothendieck's /-adic monodromy theorem (see e.g. the Appendix I7.8.3P . for 
any local field F over Qi with I ^ p, there is a bijection between the isomorphism 
classes of continuous representations Wf — > GLm(Qp), and the isomorphism classes 
of m-dimensional Q^-valued Weil-Deligne representations of F. We shall use these 
bijections freely in the sequel. 

We let V denote the (split) place of E above p induced hy tp : E ^ Qp, and by 
Voo the complex place of E induced hy ioo ■ E ^ C 

Let I be a prime that does not split in E. If E is unramified at I, then G{Qi) 
is an unramified unitary group hence it makes sense to talk about its unramified 
representations: they are the irreducible smooth representations having a nonzero 
vector invariant under a maximal hyperspecial subgroup. For example, for the 
obvious model of U(m) over Z then G'(Z;) is maximal hyperspecial. When I is 
ramified, we will also say, following Labesse, that vr; is unramified if it has a nonzero 
vector invariant under a very special compact subgroup in the sense of [Laj, §3.6]. 



6.8.2. Statement of the assumption Rep{m). We now formulate a conjecture about 
the existence and the basic properties of the Galois representation attached to an 
automorphic representation of U(m). We expect and hope that this conjecture 
(and much more) will be proved in the forthcoming book [GRFAbookj on unitary 
groups written under the direction of Michael Harris in Paris. 

To make this hope likely, we have made a special effort throughout this book to 
keep under control the properties on those Galois representations we need, and in 
the next conjecture to formulate the weakest statement that we need. 
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Conjecture 6.8.1 (Rep(m)). Let vr he an automorphic representation of U{m) 
such that VToo has regular weight. There exists a continuous, semisimple, Galois 
representation: 

such that the following properties are satisfied: 

(PO) if I = xx' ^ p is split and vr^. is unramified, then p is unramified above I and the 
characteristic polynomial of a geometric Frobenius at x is given by the Langlands 
conjugacy class of \ det | ~2~ . 

(PI) If I ^ p is a prime and ifiri is unramified, then is unramified at each prime 
above I. 

(P2) If I = xx' ^ p is a prime that splits in E, then the nilpotent monodromy 
operator of the Weil-Deligne representation attached to /Cttiwb closure of 

the conjugacy class o/ A^(7r2,-| det | 2 ) in Mm(Qp)- 

(P3) If I ^ p is a prime, x a place of E above I, and tti is an NMSRPS (see 
Definition \ 6. 6.3(1 then the Weil-Deligne representation attached to p-k\-\j^^ has a 
trivial monodromy. 

(P4) The p-adic representation P-k\Ge '^^ Rham, and its Hodge Tate weights are 
the integers 

m — 1 m — 1 
-ai H — , . . . , -Om H — 

where oi, . . . , Om are such that the restriction to C* of the L-parameter of tTqc is 
diag{{z/zY\...,{z/zY"^) (see § [F^j. 

(P5) //vTp is unramifed, then Ptt\Ge ^"^ crystalline and the characteristic polynomial 
of its crystalline Frobenius is the same as the one of ipi'^ L{TTy \ det |^~). 

Remark 6.8.2. (i) By Cebotarev density theorem, and since the primes of E 
which spht above Q have density 1, the property (Pq) alone determines p-,^ 
up to isomorphism. Moreover, it imphes that is conjugate selfdual in the 
sense that: 

Pn - Pn{m - 1). 

(ii) The properties (PO), (PI) and (P4) imply that is geometric. 

(iii) The Langlands program and Arthur's conjecture predict that there should 
exist local and global base change from U(m) to GL^, that a vr with reg- 
ular weight as in the conjecture should be tempered, and that for such a 
tempered vr the global base change tte should be compatible at every place 
with the local base change (see IA.7I below). Moreover it also predicts the 
existence of a Galois representation Pt^ oi Ge, and the Weil-Deligne repre- 
sentation attached to the restriction at W^;^ for every place x (prime to p) 
of E should be isomorphic to L{{tte\ det |~2~)^). 

The properties (PO) to (P3) are very special cases of those predictions. 
This is clear for (PO), (PI), (P2); as for (P3), if / 7^ p is a prime such 
that TTi is an NMSRPS and x a place of E above S, then the base change 
{'^e)x should be a NMSRPS of Ghn{Ex), whose L-parameter should be 
non-mono dromic (see remark [6. 6. 6p . 
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Moreover, properties (P4) and (P5) are also part of the standard expec- 
tations for the Langlands correspondence at places dividing p. 

(iv) The property (P3) for split primes I is a special case of (P2). This should 
be clear from the preceeding remark. 

(v) In the following chapter, the property (P2) will allow us to work with rep- 
resentation that have arbitrary ramification at split primes. However, 
because of the weak form of (P3), we shall have to assume that the ram- 
ification, if any, is of a very special kind at non-split places, namely is a 
NMSRPS. 

On the other hand, if we are willing to restrict ourselves to representations 
that are either unramified or a NMRSPS at every finite place (and not only 
inert and ramified), then the property (P2) is not necessary. The property 
(P3), supposedly easier to prove, will be enough. 

(vi) When m < 3, the properties (PO) and (PI) and (P3) to (P5) are known by 
the work of Blasius and Rogawski (cf. [BlRol] and |BlRo3| and also jBChU 
§3.3] for some details). Property (-P2) is not completely known (to the best 
of our knowledge) but anyway is not necessary in view of the above remark, 
since all the vr to which we shall need to apply Rep(m) to are NMSRPS at 
every ramified place if m < 3. Thus, in the sequel, we will allow ourselves 
to say that Rep(m) is known for m < 3. 

(vii) Properties (PI) to (P5), except maybe (P3), are also known for any m when 
vr admits a base change to a representation satisfying the assumptions of 
Harris- Taylor ( |HT| . |TYj ) and which is strong at the split places. This 
includes e.g. the case of a tt that is supercuspidal at two split places ( |HL[ 
§3]). Unfortunately, the representations to which we shall apply Rep(m) 
will never be of this type. 

Moreover, let us consider the slighty different setting where U(m) is re- 
placed by a definite unitary group G such that G(Qp) ^ GLm(Qp), and 
that for some split / 7^ p, G(Q/) is isomorphic to the group of invertible 
elements of a central division algebra over Q^. In this case and if tt/ is not 
one dimensional, the existence of satisfying (PO), (PI), (P2), (P4) and 
(P5) is known by [HT] and [HLl Thm. 3.1.3]. 

(viii) We of course expect that in the forthcoming book by Harris et al, the 
representation vr (or some well chosen base change of it) will be cut off in the 
Galois cohomology of some explicit local system of the Shimura variety of 
some inner form of U(m). (Here the hypothesis that vToo has regular weights 
might be helpful from a technical point of view). Hence (PO), (PI), (P4) 
and (P5) should follow directly from the construction and a few standard 
arguments (see e.g. [B Chll Prop. 3.3] for (P4) and (P5) and [BChli Prop. 
3.2] for (PI) at ramified primes). 

The properties (P2) and (P3) are special cases, concerning monodromy, 
of the compatibility of the construction of the Galois representation to the 
local Langlands correspondence that might be harder to prove. However, 
they only ask for an "upper bond" on the monodromy of the Galois represen- 
tation, which is the "easy sense" , and this should follow from an accessible 
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(maybe already known) study of the local geometry of the special fiber of 
the relevant Shimura varieties. 

At any rate, (P3) would follow easily if the base change (local and 
global, with compatibility) was known, by an argument completely simi- 
lar to [BChll Prop. 3.2]). 
(ix) Note that the Langlands and Arthur's conjectures also predict some irre- 
ducibility results on the representation pE (for example, if vr is not endo- 
scopic). Those results might be much harder to prove. However, a feature 
of our method, already present in ^BChl| . is that we have absolutely no 
need of them. Instead, we shall be able to prove, as a by-product of our 
work, that in many cases is irreducible, or not too reducible. 

6.9. Construction and automorphy of non-tempered representation of 
U(m). In this subsection we fix an integer n > 1 that is not divisible by four, and 
we set m := n + 2, so that m ^ 2 (mod 4) as above. For a representation tt of 
GLn{Ev), V non split place of E (resp. of GL„(A£;)), we note tt^ the representation 
g IT* {c{g)), where vr* is the contragredient of vr and c denotes the map on GL„(ii^„) 
(resp. GL„(A£;)) induced by the non trivial element c G Ga\{E/Q). 

6.9.1. The starting point. We start with a cuspidal temperecQ automorphic repre- 
sentation TT of GL„(A£;). We make the following assumptions on vr : 

(i) We have tt^ ~ vr. 

(ii) The L-parameter of tToo has the form 

z 1-^ diag((z/z)"i, . . . , (z/z)"") 

where the are distinct half-integers (not integers), and are different from 
±1/2. 

(iii) If Hs a nonsplit prime, then either 

(iiia) TTi is unramified and its central character x satisfied xi'^i) = (~1)") 
or 

(iiib) the representation tti is a NMSRPS representation S{r]), where r] = 
{fill ■ ■ ■ iVn) is a regular character of the standard maximal torus of 
GLn{Ei), and there is no (resp. exactly one) i G {1, . . . , n} if n is even 
(resp. if n is odd) such that -q^ = r/j. 

The aim of this section is to describe, place by place, a representation of U{m), 
called vr" (the n stands for "non-tempered", as vr"' turns out to be non tempered 
at every finite place) depending on vr, and to state a conjecture AC(vr) (known 
in low dimensions) that vr" is automorphic if (and actually only if) e(vr,0) = — 1. 
The representation vr" is an endoscopic transfer of vr, and the conjecture we state 
is a particular case of the far reaching multiplicity formula of Arthur, as will be 
explained in Appendix A. 

^^This condition should be a consequence of the preceding one, according to the generahzed 
Ramanujan's conjecture. 

^^Here zui is a uniformiser of Ei. When / is inert, xi'^i) = x(0 s^nd the condition on x is 
automatically satisfied, see Rem. 16.9.41 The reason for the appearence here of this condition on x 
basically comes from the fact that it is not equivalent for a character of [/(1)(Q;) to be unramified 
(i.e. trivial), and to have an unramified base change. However, the two notions coincide when I is 
inert. It is maybe possible to circumvent this assumption by extending slightly [Lai §3.6]. 
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Remark 6.9.1. (i) When n is even, properties (i) and (ii) are conjecturally 
sufficient conditions for vr to be the base change of a discrete automor- 
phic representation of the quasispht unitary group U(n)* attached to E/Q. 
When n is odd, on the contrary, a representation satisfying (ii) is not a base 
change from U(n)*, but (i) and (ii) should rather ensure that 7r(gi;U is a base 
change from U(n)* for any Hecke character /i as in Lemma I6.9.2f iii) (see 
Example 16.9.31 below) . 

(ii) Suppose that there is a representation p oi Ge with the same L-function as 
vr. Then property (i) says that p-*- ~ p, so that the representation Ind^p of 
dimension 2n is autodual. Now condition (ii) tells that that representation 
is symplectic, as opposite to orthogonal. Hence e(7r, 1/2) = e(p, 1/2) may be 
either 1 or —1 (in the orthogonal case it would always be +1 by a theorem 
of Deligne and Ribet). 

(iii) For I a non split prime, if vr; is a subquotient of the (normalized) induced 
representation of a character r/ = (r/i, . . . , r/„) of the standard maximal 
torus, then it follows easily that 77-*- = r]" for some a in the Weyl group S„ 
of the standard maximal toruS If T] is regular, then a is an involution 
and r^f- = 7/o-{i) for alH = 1 . . . n. We thus see that the condition in (iiib) 
amounts to say that a has the smallest possible number of fixed points for 
an involution in S^, namely or 1 depending whether n is even or odd. 

(iv) Property (iii) is not really needed for the conjecture we are going to state, 
but it simplifies the exposition, allowing in particular to give a non conjec- 
tural description of vr" at non split places. 

To be more precise, and conjecturally speaking, condition (iii) on vr^ is 
the condition needed for vr^ to be either unramified or an NMSRPS at /. 
Without this condition, there should still exist a irf with suitable proper- 
ties, but it could be square integrable or even supercuspidal, and it is not 
possible in the present state of knowledge on the representation theory of 
local unitary groups to construct the needed representation. 

Moreover, the hypothesis that vr[^ is unramified or an NMSRPS is what 
we will need in the following sections to be able to deal with the monodromy 
at the nonsplit I. So it is not a big loss to assume it from now. 

6.9.2. Hecke characters. If p is a Hecke character of E, that is a continuous mor- 
phism 

p : k%/E* — > C*, 

recall that p,^ is the Hecke character x ^ p{c{x))^^ . We say that a Hecke character 
p descends to U{1) if p = '>p{x/c{x)), for some continuous character ip of 

U(l)(Ai^) = {x£ A*E, xcix) = 1}. 

Obviously a character p that descends to U(l) satisfies p-^ = If a character 
satisfies p-^ = p, we have Poo{z) = {z/c{z)Y for all z ^ {E ® M)* and some weight 
a which is either an integer or a half integer. 

Lemma 6.9.2. (i) The subgroup of Hecke characters of E that descend to U{\) 
is of index 2 in the group of all Hecke character of E that satisfy p^ = p. 

^''Indeed, tt;^ ~ tt;, hence the induced representations of 77^ and r) share an irreducible subquo- 
tient, which is well known to imply the desired equality. 
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(ii) For a Hecke character /x such that fi-^ = /i the following are equivalent : 

- the character fi does not descend to U{1), 

- the weight a of fi is not an integer, 

- the restriction of fi to Aq is the order 2 character oje/q corresponding 
via class field theory to the extension E/Q. 

In particular, a character that satisfies the above conditions is ramified at 
every ramified place of E/Q, since so does uje/q- 

(iii) There exists a Hecke character /i of E, satisfying /i-*" = fi with weight 1/2 
and which is ramified only at ramified places of E/Q. 

Proof — Both (i) and (ii) result from the following observations : 

- a Hecke character descends to U{1) if and only if it is trivial on Aq/Q*, 

- a Hecke character fi satisfies such that /u^ = ^ if and only if it is trivial on 
the norm group N(A^/E*), 

- by class field theory, N{A*^/ E*) = Ker uje/q is an open subgroup of index 
2 in A^Q*. 

For (iii), let S be the set of rational primes that ramify in E. For each I G S, 
choose any finite order character m : O'^^q^ C* extending oje/q,i- We fix also 
an isomorphism £^ ® M — > C for convenience, and set //qo 

{z) = {zjzfl'^ for z G C. 

Assume first that the cyclic group \J = (u) of units in Oe, is reduced to {±1}- 
Then we can define fi on C* x (D*^ to be fioo Wi fJ-i- As ^ coincides with loe/q on 
WxZ*, fL{U) = {1}. AsE*n{C*xd*^) = U, /i extends uniquely to an £;*-invariant 
continuous character of the open subgroup G := E*{C* x O*^) of A^. Note that G 
is open of finite index in A^ by the finiteness of the class number of E, hence we can 
extend fi furthermore the fi, above to a continuous character of A^ /E* . Note that 
G contains Aq* and that fi extends oje/q by construction, hence fi^ = fi, which 
concludes the proof. 

When \U\ > 2, then E = Q{i) or Q(j), and S = {/} contains only one prime. 
In this case, note that C/ n Z^* = {±1} hence we may first extend 0Je/q,i to U'L*^ 
by choosing fii{u) := n~^, and then extend it anyhow to a finite order character of 
O^^Q^. Again, if we define fi as before, we have ^(^7) = {1} and the same proof 
works. □ 

Example 6.9.3. The central character of tt is a Hecke character fi that satisfies 
fi^ = fihy condition (i) of ^6.9.11 with weight a = XliLi which is an integer if 
and only if n is even by (ii) of ^6.9.11 Hence fi descends to U{\) if and only if n is 
even, which is also the conjectural condition for vr to descend to U(n). 

Remark 6.9.4. Assume that / is inert in E and, in the notations of ^6.9.11 that vr; 
is unramified. We claim that the central character x of automatically satisfies 
x{l) = (—1)". Indeed, x is trivial on 0*e as vr/ is unramified, and it satisfies = X- 
By Lemma 16.9.21 and the example above, X\Qi = 1 if) ^-iid only if, n is even, hence 
the claim. 

Notation 6.9.5. We choose a Hecke character fi oi E as follows : ^ is a character 
like in Lemma l6.9.2l fiii) if n is odd, and = 1 if n is even. 
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We are now going to construct, place by place, a representation vr" of U{m) = 
U{n + 2) whose conjectural base change to GLra{E) has L-parameter 

L{TT)fi®\ i^/v® I r^^V- 

6.9.3. Construction of nf, for I split in E. We denote by P the upper parabolic 
subgroup of GLm(Q/) of type (n,2), whose Levi subgroup is M = GL„(Q;) x 
GL2(Q;). For x a place of E above /, we set 

< := o det) ® (//^ o det)). 

Here Ind is the normalized induction. Since tTx is unitary, vr" is irreducible (see 
[Bernj ) . 

Remark 6.9.6. Let P' be the upper parabolic of type (n, 1, 1). Since t^x is tem- 
pered by hypothesis, Langlands' classification theorem shows that 

Ind5^-(^')(vr,(^, o det) ® \ j^/^x ® I r'^Vx), 

has a unique irreducible quotient (that is, the Langlands quotient). As we have a 
natural GLm(Qp)-equivariant surjection from the representation above to the the 
irreducible representation tt", this Langlands quotient is actually vr". Thus, the 
-L-parameter of vr" is L{7rx)fix © I l^^'^f^x © I \~^^'^l^x- 

Let us write / = xx. By (i) of §6.9. H iTx{fJ.x ° det) is dual to T^xifJ-x ° det), so vr" 
is dual to ttJ. The place x defines, up to conjugation, an identification 

ix : U(m)(Q/) ^ GL„(Qz) 

and so does the place x, in such a way that ix o ix^ is conjugate to g 
Hence we see that i^^vr" ~ ii^^^i using the well known result of Zelevinski that the 
representation g T{^g~^) is the contragredient of r for any irreducible admissible 
representation r of GLm(QO- 

We thus may set vr" := i*vr" and irf does not depend on the choice of the place 
x above I. 

6.9.4. Construction of vr", for I inert or ramified in E. We denote also by / the 
place of E above /. In this case G := U(m)(Q/) is a quasi-split unitary group, and 
we shall use notations compatible to those of ^6.61 We may assume that G is the 
unitary group defined by the following hermitian form on Ey^ : 

f{xei,yej) = c{x)y6j^rn^i+i, 

so that the group of diagonal matrices in G, 

T = {diag(ai, . . . ,0^), G El,am-i+i = c(ai)"\i = 1, . . . ,m}, 

is the centralizer of a maximal split torus in U(m)(Q;). Let i? be a the upper 
triangular Borel. The group G' := \]{m)[Ei) is naturally identified with GLn{Ei) 
and T' is the standard diagonal torus. Its Weyl group W' is canonically identified 
with &n+2- The action of the non trivial element c of Gsl{Ei/Q^i) on T' is 

c(diag(2;i, . . . ,Xm)) = diag(c(a;m)~\ . . . ,c(xi)"^), 

and T is the subgroup of invariants of c in T' . There is a norm map Nm : T' ^ T, 

X = {Xi,..., Xm) ^ Xc{x) = (xic(Xm)~\ X2c(2;m_i)~\ . . . , XmC{xi)~^). 
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By hypothesis (iii) of ^6.9. H and point (iii) of the remark therein, tti is a subquo- 
tient of the normalized induction of a character (r/i, . . . , r/„) of the standard torus 
of GLn, with T]:^ = r]^^^-^ for all i and some a G &n- As tti is tempered, each rji is a 
unitary character. 

We are going to define a character x' = (x'i;---)Xm = Xn+2) Up to 

reordering, the 'x'^^ i = ■ ■ ■ = n + 2 are the r/j/i/, i = 1, . . . ,n and | |^^/^^;. The 
order is as follows : 

- First we define x'l = I T^^'^W, Xm = I I^^^W- 

- Next, consider the set / C {1, . . . , n} of i such that rji ^ f]^. Clearly |/| is 
even, say 2r, and we may define x'2-> ■ ■ ■ ■> x'r+i x'm-ri ■ ■ ■ ■> x'm-i ™ such 
a way that x'm-j+i — x'f for 3 ^ {2, m — 1}. Finally, in case (iiib) we have 
|/| = n if n = 2r is even (in which case we are done with the definition of 
x') and |/| = n — 1 if n = 2r + 1 is odd. In this case we have only left to 
define the "midpoint" character Xr+i fo'^ which we take (we have no other 
choice) rjjfii, where rjj ~ rjj- (this holds for a unique j). 

- In case (iiia), the characters rji for i ^ I satisfy rji = f]:^, but since they are 
unramified, this implies rii{wi) = ±1 (here wi is a uniformizer of £";). By 
the assumption on the central character of vr^, the set {i /, r]i{vji) = +1} 
always has an even number of elements, say 2r' . For r + l<i<r + r', we 
set then x'i = x'm-i+i ~ (with the obvious abuse of language), so for 
the remaining ones we have x'i = 

Lemma 6.9.7. The character x' descends to T i.e. there is a smooth character 
X of T such that x' = X ° Nm. Moreover, x satisfies properties (a) and (b) of 
Definition \6.6.5\ in case (iiib). In case (iiia), x is unramified if m, is even or if I is 
inert in E. 

Proof — By construction, in both cases, we have x'm-i+i — x'i foi^ ^- When 
m = 2(7 is even, we define x(diag(ai, . . . ,02^)) = x'lio-i) ■ ■ ■x'qi^q) and it is clear 
that X ° Nm = x'- 

When m = 2g + 1, we remark that the middle character x'q+i of E* actually 
descends to a character Xq+i of U{l){Qi). Indeed 

x'q+lUx'^x't = det{x') 

i=2 

is the central character of vr//i;. Since the central character of vr/i has an integral 
weight (namely Y17=i '^i ~^ ^Z^)' descends to U{1) by Lemma [6.9.21 and so does 
the central character of tti^i, hence also Xg+i- 

Let V be a smooth character of [/(1)(Q;) such that x'q+i{^) = i^{x/c{x)) for all 
X £ E^. We define x(diag(ai, . . . , a2g+i)) = x'i(«i) • • • Xg(ag)V'(ag+i) and again it 
is obvious to see that x ° Nm = x'- 

The other assertion is clear in case (iiib) as the 77^ are unitary, as well as in case 
(iiia) when m is even. In the remaining case, the x'i are unramified for i ^ q + 1 
by choice of (i.e. Lemma 16.9.21 (iii)), so we only have to check that ^ is trivial. 
But x'q+i is trivial since it is unramified and satisfies Xq+i(0 = w(0^i2+i(0 = +1; 
hence the result follows from Hilbert 90. □ 
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We now define vr" as the unramified subquotient of Ind^x in case (iiia) and as 
the unique subrepresentation S{x) oflnd^x iii case (iiib) (see Def. 16.6.5]) . 

Remark 6.9.8. The L-parameter of the conjectural base change of vr" to Ghm{Ei) 
is, by Remark 16.6.61 in case (iiib) and by \La\ §3.6] in case (iiia), the L-parameter 
attached to the character x' of T', which is by construction 

L{TTi)fii © I i^/^i © I r^^Vi, 

like in the split case. 

6.9.5. Construction o/vr^. Consider the morphism C* — > GLm(C) (recall that 
m = n + 2) 

z ^ t,Uz)dmg[{z/zr\...,{z/-zr-,{z/zfl\{z/-z)-^/^) 

_ J diag((z/z)''i, . . . , (z/z)"", (z/z)^/^, (z/z)"^/^) ifniseven 
\ diag{{z/zY^+^/^,...,{z/zY"+^l'^,{z/z),l) if n is odd 

Since the ai are half-integers, and different from ±1/2, we see by ^6.71 that this 
morphism is always the restriction to C* of the L-parameter of a unique irreducible 
representation vr^ of U(m). Here the s stands for square integrable. The notation 
vr^ would be misleading since vr^ is, like any irreducible representation of a compact 
group, finite dimensional, square integrable, hence tempered. 

6.9.6. Assumption AC{tt). 

Conjecture 6.9.9. Assume that e(7r, 1/2) = —1. Then the irreducible admissible 
representation 

is automorphic. 

The proof of this conjecture has recently been announced by Harris in the intro- 
duction of his preprint [H] (maybe under some local assumption). Since a written 
proof is not yet available, we prefer to be conservative and state it as a conjecture 
rather than as a theorem. 

Remark 6.9.10. (i) The case m = 3 (that is n = 1) of this conjecture has 
been proved by Rogawski ( |Rog2| ) , using the Theta correspondence. In the 
case m = 4, the needed local computations have been published recently by 
Konno and Konno ( [KoKoj ) . 

(ii) This conjecture is a very special case of the multiplicity formula of Arthur. 
Its derivation from those formulae is explained in great details in the fol- 
lowing subsection. From that we shall see that the e(7r, 1/2) = —1 should 
also be a necessary condition for the automorphy of vr". 

(iii) Although the construction of vr" depends on the choice of the Hecke char- 
acter n (for odd n : see Notation I6.9.5p . it is clear that the conjecture is 
independent of this choice. Indeed, if n is changed into another character 
^1, then III = where (p' is a Hecke character of that descends to a 
character (j) of U(l). By construction the representation vr" defined using /ii 
is simply 7r"(</>o det) and it follows that the automorphy of vr" is equivalent 
to the automorphy of vr" . 
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Note also that the hypothesis in the conjecture is about £(7r, 1/2), not 
about e{Tr{fio det), 1/2). 
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7. ElGENVARIETIES OF DEFINITE UNITARY GROUPS 

7.1. Introduction. In this section, we introduce and study in details the eigenvari- 
eties of definite unitary groups and we prove the basic properties of the (sometimes 
conjectural) family of Galois representations that they carry. It furnishes a lot of 
interesting examples where all the concepts studied in this book occur, and provides 
also an important tool for the applications to Selmer groups in the next sections. 
As a first application, we define some purely Galois theoretic global deformation 
rings and discuss their relations to those eigenvarieties at some specific classical 
points (including R = T like statements). We give a second application to the con- 
struction of many irreducible Galois representations. We prove also quite a number 
of results of independent interests regarding the theory of eigenvarieties that we 
explain in details below. The organization of this section is as follows. 

In the first subsection 17.21 we give an axiomatic definition of eigenvarieties and 
draw the general consequences of our definitions. In particular, we show that an 
eigenvariety is unique (up to unique isomorphism) if it exists (Prop. 17.2. 7p . One 
interest is that there are in principle many different ways two construct eigenva- 
rieties: using coherent or Betti cohomology, a group or its inner forms (or any 
transfer suggested by Langland's philosophy), using Emerton's representation the- 
oretic approach etc... Each of those constructions has its own advantages but they 
sometimes should all lead to the same eigenvariety. The uniqueness statement al- 
luded above will often show that they are indeed the samg^l. A second interest 
is that there is some abstract game that we can play to deduce the existence of a 
eigenvarieties form the existence of other ones. 

The context is the following!^ E/Q is a quadratic imaginary field and G/Q 
is a unitary group in m > 1 variables attached to E/Q. We assume that G(M) 
is the compact real unitary group (G is definite) and we fix a prime p such that 
G(Qp) ~ GLm(Qp), as weh as embeddings Q Qp and Q ^ C An (irreducible) 
automorphic representation tt = tToo vtj of G is automatically algebraic and has 
cohomology in degree 0. The finite dimensional representation tToo is determined 
by its weight which is a decreasing sequence of integers k = {ki > • • • > km), and 
TTj is defined over Q hence may be viewed over Qp via the chosen embeddings. We 
fix also a commutative Hecke-algebra 

n = Ap(g) Hur 

that contains the Atkin-Lehner algebra Ap of [/-operators at p and a spherical part 
TiuT- We are interested in p-adically interpolating the systems of Hecke eigenvalues 
^pn '■ Ti- — > Qp cut out from the vr as above, and more precisely the pairs {ipn,k) 
where k is the weight of vr. Note that the systems of eigenvalues of Ap on the Iwahori 

It may be also useful to combine it with a Jacquet-Langlands correspondence. 
^'^The choice of a quadratic imaginary field in this chapter rather than a general CM field (as 
well as the choice of a split p) is made mainly to simplify the exposition and also because this the 
only case that we shall use in the applications to Selmer groups. All the constructions actually 
extend to this more general setting by combining the arguments here (or of [Chi] ') and those of 
[Buz] (see also Yamagami's work |Y]). Alternatively, the general definite case is now covered by 
Emerton's paper [El) . The main reason why we fix a split prime p is Galois theoretic: at the 
moment, Kisin's arguments [Ki[ and the theory of trianguline representations are only written in 
the case where the base field is Qp rather that any finite extension of Qp. 
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invariants of Tip (say if vTp is unramified) are in bijection with the refinements of vTp 
in the sense of ' ^QA\ so that ip^^ contains the extra datum of a choice of refinement 
TZ of TTp. To remind this refinement, we actually denote Vtt by V'(7r,7^)- Let us fix 
now a collection 

Z C Homing X Z" 
of such (V'(7r,'R,) ) ^) • An eigenvariety for Z is a 4-uple {X,^,uj,Z) where 

(a) X is a reduced rigid analytic space over Qp, 

(b) ip : 7i — > C(^) is a ring homomorphism, 

(c) uj : X — > W := Hom((Z*)'", Gm) is an analytic map to the weight space, 

(d) Z C X{Qp) is a Zariski-dense subset, 
such that the evaluation of ^p induces an injection 

X(Qp) -^Hom(W,Qp) X W{Qp) 

which itself induces a bijectiorl^ Z — > Z. To have the uniqueness property we 
need of course to impose some extra conditions on for which we refer to 

Definition 17.2.51 We show that for an eigenvariety X, the unit ball 0{X)^ is a 
compact subset of 0{X), which (together with (d)) is the basic property needed 
for the construction of Galois pseudocharacter on X. 

In the second subsection §7.31 we recall the results of one of us on the existence 
of eigenvarieties ( [Chlj l. The statement is that for any idempotent in the Hecke- 
algebra Cc{G{AP),Q) commuting with TC, there is an eigenvariety for the set Z^ 
parameterizing all the p-refined vr such that e(7r) ^ 0. We discuss in Example 17.3.31 
what kind of Z we can reach this way in representation theoretic terms (Bernstein 
components, type theory). In fact, those eigenvarieties of idempotent type have 
stronger properties than the general ones. As their structure plays a crucial role in 
our main theorem on Selmer groups, as well as in some subsequent constructions in 
this section, we found it necessary to review their construction in details, as well as 
the theory of p-adic automorphic forms of G developed in |Chlj . This is the aim of 
^7.3.2l to ^7.3.51 In fact, this part is essentially self-contained and slightly improves 
some results there {e.g. we do not restrict to the center of the weight space, or to 
a neat level, and we release the assumption that p = 2 at some point). We rely on 
the work of Buzzard on eigenvarieties |Buzj . Let us also mention here that if we 
had been only interested in the subset 2^e,ord G Zg of tt which are p-ordinary, the 
existence of X is due to Hida (actually in a much wider context [Hi] ) . Moreover, 
there is an alternative construction of X due to Emerton in |Elj . 

In a third subsection 17.41 we show how to define some quasicoherent sheaves 
of admissible G(Ap-representations on an eigenvariety of idempotent type, and 
we prove their basic properties. As an application, we show the existence of an 
eigenvariety for the subset Z^^nm parameterizing the p-refined vr in Z^ such that vr; 
is an NMSRPS representation (in the sense of ^6.6p for each / in a fixed finite set of 
places such that G{Qi) is a quasisplit unitary group. We don't know if those latter 
eigenvarieties are of idempotent types. As a consequence of all those constructions, 
we introduce in Def. I7.5.3l the convenient notion of minimal eigenvariety containing 



'This makes sense as VV(Qp) naturally contains Z™, see i|7.2.3l 
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a given p-refined automorphic representation, it is defined at the moment only when 
TTi is either unramified or NMSRPS at each nonspht prime /. 

In the fourth part ^7.51 we explain how the existence of the expected p-adic 
Galois representations associated to (sufficiently many of) the tt parameterized by 
Z gives rise to a continuous Galois pseudocharacter 

T:Ge^O{X). 

Our results in this part are unconditional when G is attached to certain division 
algebras, and conditional to the assumption (Rep(m)) when G is the definite unitary 
group U(m) which is quasisplit at each finite place (so m ^ 2 mod 4). For each 
X G X{Qp), we have then a canonical semisimple representations 

whose trace is the evaluation of T at x. The game is to understand with this weak 
notion of families of Galois representations (namely the simple existence of T) how 
to deduce from a property of the pz for (a Zariski-dense subset of) z G Z, a similar 
property for px for any x € X(Qp). We are typically interested in a property 
concerning the restriction to a decomposition group at a finite place w of E. 

At a prime w above p, we show that T is a refined family in the sense of §4.2.21 
hence we can apply to (X, T) the results of section 4. At a prime w not dividing p, 
it is convenient to introduced the generic representation 

pT^ ■ Ge — > GLm(/Ca;), 

whose trace is the composition of T : Ge — > ^i^) — * '■= Frac(Ca;) and where 
ICx is a product of algebraic closures of each factor field of ICx (i.e. of the fraction 
fields of the germs of irreducible components of X at x). The representations px 
and px^^ have an associated Weil-Deligne representation that we compare, and that 
we also compare with the ones of the pz for z G Z. For example, when X is the 
minimal eigenvariety containing some vr of the type of Harris- Taylor, these Weil- 
Deligne representations are constant on X when restricted to the inertia group. The 
proofs rely on some useful lemmas on nilpotent elements in general matrix rings 
or GMA. Those facts are proved separately in the first subsection of an appendix 
^7.8l that we devote to the general study of p-adic families of Galois representations 
of Gal(Q;/-F) when I ^ p and F/Qi a finite extension. In this appendix, we also 
introduce the dominance ordering -< on nilpotent matrices and on Weil-Deligne 
representations, which is convenient to state our results. 

In the next subsection ^7.61 we give an application of the techniques and results 
of this book to study some global Galois deformation rings, as was announced in 
^2.61 of section 2. We fix a continuous absolutely irreducible Galois representation 

P ■■ Ge,s GLm{L) 

{L a finite extension of Qp) such that p-^ ~ p{m — 1), and which is crystalline with 
two-by-two distinct Hodge- Tate weights and crystalline Frobenius eigenvalues at 
the primes above p. 

We are interested in the deformations pA of p such that ~ Pa{^ ~ l); where 
A is a local artinian rings A with residue field L. We introduce two subfunctors 
of the full deformation functor: the fine deformation functor Xpj, whose tangent 
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space is Hj(E,a,d{p)), and the refined deformation functor Xp^yr, which depends 
on the choice of a refinement JT of p^^^ {p = vv). We show that those functors are 
pro-representable, we compare them when T is non critical, and we formulate two 
basic conjectures (CI) and (C2) concerning their structure (see Conj. I7.6.5p . 

For a quite general case of p, we also introduce in ^7.6.21 a definite unitary 
eigenvariety X and a point z & X. If T (resp. Rp,^) denotes the completion 
of the local ring of X at z (resp. the ring pro-representing Xp^jr)^ we show the 
existence of a natural map 

In this context, this arrow and the properties of eigenvarieties allow us to show 
that our conjectures (CI) and (C2) are actually consequences of the Bloch-Kato 
conjecturj^. which provides a strong evidence for them. This leads us to conjecture 
that the arrow above is an isomorphism ("i?p,:r = T"), and that a strong infinitesi- 
mal version of the non critical slope form are classical should hold: "eigenvarieties 
should be etale over the weight space (hence smooth) at non critical irreducible 
classical points". In turn, these last two conjectures imply (CI) and (C2), and we 
end the paragraph by a series of remarks concerning them. 

Finally, as a simple application of the theory of refined families, we show in ^7.71 
how we can construct many m-dimensional Galois representations of G^; which 
are unramified outside p and crystalline, irreducible, and with generic Hodge- Tate 
weights at the two primes of E dividing p. This application is conditional to 
(Rep(m))) but does not use any irreducibility assertion for the automorphic Galois 
representations. We rather start from the trivial representation and move in the 
tame level 1 eigenvariety to find the Galois representations we are looking for. 

7.2. Definition and basic properties of the Eigenvarieties. 

7.2.1. The setting. Let Ehea. quadratic imaginary field and G be a definite unitary 
group in m > 1 variables attached to E/Q, as in H6.2\ e.g. the group U(m) defined 
in ^6.2.21 Let us fix once and for all a rational prime p as well as fields embedding^ 

We assume that G{Qp) ~ GLm(Qp). In particular, p splits in E and if we write 
p = vv'^ where v : E ^ Qp is defined by bp, then v induces a natural isomorphism 
G^(Qp) — ^ GLm(Qp). The embedding E — > C given by too induces an embedding 
G{E.) GLm(C) well defined up to conjugation. 

We fix a model of G over Z and an associated product Haar measure /i on G{Af). 
We use the standard conventions for adeles: As (resp. A^) denotes the ring of finites 
adeles with components in (resp. outside) the set of primes S. Moreover, we denote 
by Zs = Yli^s '^^S °^ integers of A5. 

The definition of an eigenvariety for G depends on the choice of a commutative 
Hecke algebra Ti that we fix once for all as follows. We fix a subset So of the 



'More precisely, they are equivalent to the vanishing of Hj{E,a,d{p)). 

Which means that we also fix once for all an algebraic closure Q (resp. Q^) of Q (resp. Qp). 
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primes / split in E such that G(Q/) ~ GL,„(Q;) and G{'Li) is a maximal compact 
subgroupo, and set 

n^, :=C(G(Zso)\G(A5o)/G(Z5o),Z). 



RecaU that we defined in ^6XT] a subrin^J Ap C C(/\G(Qp)//,Z[l/p]) where 
/ C G{Q_p) -^^v GLm(Qp) is the standard Iwahori subgroup. We set Pi 



7.2.2. p-refined automorphic representations. 

Definition 7.2.1. We say that {it,TZ) is a p-refined automorphic representation of 
weight k if: 

- vr is an irreducible automorphic representation of G (see §6.2.6p . 

- ^oo ^.oo WkiC) (see EZD, 

- TTp is unramified and TZ is an accessible refinement of TTp (see ^6.4.4p . 



Definition 7.2.2. If A is a ring, an A-valued system of Hecke eigenvalues is a ring 
homomorphism TC — > A. 

Let (vr, TZ) be as above, we can attach to it a Q^-valued system of eigenvalues 

as follows. By Definition 16.4.61 if x : ^ C* is the character of the refinement TZ, 
X^B^^'^ occurs in tt^, and by ^6.71 there is also a character 6k : U ^ C* associated 
to k, so there is a unique ring homomorphism ipp : Ap C such that 

(60) Tpp^jj = X^B^^'^h- 

Moreover, 7r*^*^^^o) is one dimensional hence it defines a ring homomorphism '0ur • 
TCur C. By Lemma [6. 2. 7t the complex system of Hecke-eigenvalues ipp ®i V'ur is 
actually Q-valued. 

Definition 7.2.3. We call '0(7r,7^) the Q^-valued system of Hecke eigenvalues as- 
sociated to the p-refined automorphic representation {tt,TZ) of weight k defined by 

Remark 7.2.4. We have '(/'{tt.tj) = V'(7r',7?,') ifi &iid only if, ttj ~ tt^ for each t G 
^0 U {p} and TZ = TZ'. 



no 

In most applications, So will have Dirichlet density one. 
'^'^Let us assume that ^{I) = 1. 

'^^We limit ourselves a bit the choice of 7i here only for notational reasons and later use. We 
could add for example inside H any commutative subring of C{K\G{K^°'^'^^^) / K^Q^p) for some 
compact open subgroup K and everything would apply verbatim. 
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7.2.3. Eigenvarieties as interpolations spaces of p-refined automorphic representa- 
tions. Let Zq C Homi.ing(7^, Qp) xZ™ be the set of pairs (V'(7r,7?,) ; ^) associated to all 
the p-refined automorphic representations vr of any weight k, and let us fix 2^ C Zo 
a subset. It will actually be convenient to give here a formal definition of what is 
an eigenvariety attached to Z. We shall actually never use here the group G and 
the set Z could be replaced by any subset of Homing (H, Qp) x Z*". 

The weight space is the rigid analytic space over Qp 

W:=Homg™t(TO,G^g) 

whose points over any complete extension k of Qp parameterize the continuous, 
fe-valued, characters of T° = (Z*)™-. We view as embedded inside W(Qp), by 
mean of the map 

(fei,-- - ,km)^{{xi,--- ,Xm)^x'l'---xt), Z™ W(Qp), 

and we denote by Z"^'~ the subset of Z™' consisting of strictly decreasing sequences. 
We denote also by Up the element 

Up := diag(p™-\ . . . ,p,l) e U' C A*p. 

Let us fix L C Qp a finite extension of Qp. In the definition below and in the 
sequel, we will always view W, A and Gm as rigid analytic spaces over L even if we 
do not make it appear explicitly: for example, we will write W for W Xq^ L. 

Definition 7.2.5. An eigenvariety for ^ is a reduced p-adic analytic space X over 
L equipped with: 

- A ring homomorphism ^ : TC — > 0{XY^^, 

- An analytic map uj : X — > W over L, 

- An accumulation and Zariski-dense subset Z C X(Qp), 

such that the following conditions are satisfied: : 

(i) For all x £ X, the natural map Ti ®i O^^^^-^ — > Ox is surjective. 

(ii) The map v := {uj,'ip{up)^^) : X — > W x Gm is finite. 

(iii) The natural evaluation map X{Qp) HomringCW, Qp), 

X ^ ipx ■= (h ^ 
induces a bijection Z — > Z, z (V'z, 

Remark 7.2.6. i) In other words, {ip, X) is a rigid analytic family of systems 
of Hecke-eigenvalues interpolating the ones in Z — > Z. The Zariski-density 
of Z and (i) ensures that X is somewhat minimal with that property in some 
sense (see Prop. I7.2.7p . 
ii) In some sense, we may like to think of (or define) such an eigenvariety as 
the " Zariski-closure" of ^ in W Homing (W, A). However, as this 

latter space is not a rigid space if TC is not finitely generated (which will be 
the case in the applications), we have to be a little careful. The requirement 
(ii) above is a way to circumvent this problem. 



'It is isomorphic to a finite disjoint union of unit open m-dimensional balis. 
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iii) The notation X{<Qp) is a shortcut for the union of the X{K) for ah K C Qp 
finite over Qp. Moreover, there is a shght abuse of language in the definition 
above: if Z C X{Qp) is a subset, we say that Z is Zariski-dense (resp. 
accumulation) if the underlying set of closed points \Z\ is (resp. if \Z\ 
accumulates at each point of itself, in the sense of ^3.3.ip . 

It turns out that such an eigenvariety, if exists, is unique. 

Proposition 7.2.7. If {Xi/L,ipi,i'i, Zi) and {X2/L,ip2,i^2, Z2) are two eigenvari- 
eties for Z, there exists a unique L-isomorphism Q : Xi — > X2 such that i^2' C = '^ii 
and \/h e n, ^i{h) = ^h) ■ ( € 0{Xi). 

Proof — Fix {XijipijUJi, Zi), i = 1,2 satisfying (i) to (iii), and denote again by 
Ui = (iOi X ipi[up)) : Xj ^ W X Gm the finite map of (iii). As a consequence 
of Lemma 17.2.81 (c) thereafter and assumption (iii), there is a unique bijection 
C : Zi — > Z2, such that for all z G Zi, V'l^ = '^2(^(z) = a;2(C(-2))- We 

will eventually prove that extends to an isomorphism : Xi X2 as in the 
statement. By Lemm8 [7.2.8l (a), such a map is actually unique if it exists. 

For any admissible open V CW x Gm, we set Xiy := f ~^(1/), and let Ay denote 
the affine line over V. For each finite set I C TC and such a V, we have a natural 
y-map 

fiyj : Xiy — > Ay, X ^ {h{x))h(ii 

inducing a natural map X^y — > proj limj-^^ Ay , and commuting with any base 
change by an open immersion V' C V . The morphism fiyj is closed by (iii). 

Assume V is moreover affinoid. Lemma [7.2.81 (a) shows that there exists ly such 
that for I D ly, fiyj is a closed immersion for both i. We claim that for I D ly, 
we have an inclusion fiyj{Xiy) C /2,y,/(-^2,y)- By exchanging 1 and 2 and using 
that both Xiy are reduced, it will follow that as closed subspaces of A^, for I D ly, 
we have fiyiiXiy) = f2y,i{X2y). 

Let X G Xiy. If X G Zi then fiyj{x) £ f2,v,l{X2y) by definition of (. In 
general, by the Zariski density of Zi in Xi and Lemma 17.2.81 (b), we can find an 
open affinoid V D V such that some z £ Zi f] Xiy/ lies in the same irreducible 
component T of Xiy as x. By the accumulation property of Z, Z is Zariski-dense 
in T, hence for /' D / U ly , 

fi,V',l'{T) C f2,V',I'{X2,V')- 

In particular, for such an /' we have fiyj'{x) £ f2,v,riX2y) and by projecting to 
Ay we get that this holds also when /' = /, hence the claim. 

We define now a ^/-isomorphism ("y '■ Xiy — > X2y by setting, for / D ly, 

:= f2yi ■ h,v,i- 

This map does not depend on / and it obviously extends the previously defined map 
C on Zi n Xiy. The independence of / implies that V/i G Ti, tpiih) = il)2{h) ■ C, £ 
0{Xiy). We check at once that C,y xy V' = Qyi for any V C V open affinoid, 
hence the (y glue to a unique isomorphism : Xi — > X2 and we are done. □ 
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Lemma 7.2.8. Let {X,iI;,lo,Z) be an eigenvariety: 

(a) For any open affinoid V cWx Gm, is affinoid and the natural map 
H (g) 0{V) — > 0{u-'^{V)) is surjective. 

(b) Any two closed points of X lie in a same i'~^{V) for some F C W x 
open affinoid. 

(c) For any x,y G X{Qp), x = y if, and only if, iIjx = Wy aiid uj{x) = io{y). 

Proof — The first part of (a) follows from the finiteness of z^, and the second part 
form (i) and the faithful flatness of 0(17) — > (BxenOx for any affinoid 0,. Assertion 
(b) follows from the fact that any two closed points of W x Gm lie in a same affinoid 
subdomain. Part (c) is then a consequence of (a) and (b). □ 

Definition 7.2.9. We say that a rigid space X over <Qp is nested if it has an 

admissible covering by some open affinoids {Xi,i > 0} such that Xi C Xj+i and 
that the natural Qp-linear map C>(Xj+i) — > 0{Xi) is compact. 

Note that any such X is separated, and that any finite product of nested spaces 
is nested. For example, A, and W are easily checked to be nested, hence so is 

WxGm- 

Lemma 7.2.10. Assume that X/Qp is nested. 

(i) // Y — > X is a finite morphism, then Y is nested. 

(ii) Assume that X is reduced. Then 

0{Xf := {/ G OiX), Vx G X, < 1} 

is a compact subset ofO{X). 

Recall that 0{X) is equipped the coarsest locally convex topology such that all 
the restriction maps 0{X) — > 0{U), U C X an affinoid subdomain, are contin- 
uous {0{U) being equipped with its Banach algebra topology). It is a separated 
topological Qp-algebra. 

Proof — To show (i), it suffices to check that for each Qp-affinoid X, each coherent 
Ox-module M, and each affinoid subdomain U C X such that 0{V) — > 0{U) is 
compact, then the natural map M{X) — > M{U) is compact. Of course, M{U) 
and M{X) are equipped here with their (canonical) topology of finite module over 
an affinoid algebra. Let us fix an O-epimorphism O" — > M, and consider the 
commutative diagram of continuous Qp-linear maps 

0{XY ^ M{X) 

0(UY ^ MiU) 

Let B C M{X) be a bounded subset. By the open mapping theorem, there is 
a bounded subset B' C 0(X)" whose image under the top surjection is B. By 
assumption the left vertical arrow is compact hence the image of B' in 0{U)'^ has 
compact closure, hence so has the image oi B \n M{U). 



p-ADIC FAMILIES OF GALOIS REPRESENTATIONS 



159 



We show (ii) now. Let us fix X = UjXj a nested covering of X, and set 



Yi :=Im(O(X)0 ^O(Xi)). 

It is a compact subspace of 0{Xi) as is the image of the unit ball of ©(Xj+i) by 
assumption. But the injection 

0{Xf ^\{0{X,) 

i 

has a closed image, and is a homeomorphism onto its image. We conclude as it lies 
in the compact subspace Hi '-' 



Corollary 7.2.11. Eigenvarieties are nested. 

For later use, let us introduce another notation. Let {X/L, ij:, v, Z) be an eigen- 
variety. Let Ui = {zi, - ■ ■ ,Zm) G f7 be the element such that Zi = p and Zj = 1 if 

Definition 7.2.12. For i G {!,••• ,m}, Fi := V'(ui) G 0(X)* . By definition 
and by formula (j60p . they are the unique analytic functions X such that for each 
z = ('^/'(7r,7^) ) ^) G ^ ~^ we have 

7.3. Eigenvarieties attached to an idempotent of the Hecke-algebra. 

7.3.1. Eigenvarieties of idempotent type. We keep the notations above, and we fix 
an idempotent 

e E Ce(G(A^'^°),Q) In^^ c Ce(G(Ap,Q). 

Let Ze C Z he the subset of (^(7r,7^),fc) such that e^n^) ^ 0. We will say that such 
a IT is of type e. Assume that Zg is nonempty. 

We fix L C Qp a sufficiently big finite extension of Qp such that tp{e) £ Cc(G(Ap, L). 
Moreover, we will write also e instead of ip(e) or for ioo(e) G Cc(G(Ap,C) when 
there is no possible confusion. 

Theorem 7.3.1. ( |ChH Thm. A]) There exists a unique eigenvariety {X/L, ip, i/, Z) 
for Zf,. It has the following extra properties: 

(iv) X is nested and equidimensionnal of dimension m. Moreover, i^{X) is a 
Fredholm hypersurface ofWx Gm, hence X inherits a canonical admissible 
covering. Precisely, X is admissibly covered by the affinoid subdomains 
Q. d X such that a;(0) <ZW is an open affinoid and that uj : 0, — > a;(J7) is 
finite and surjective when restricted to any irreducible component ofQ. 

(v) Let Z' be the subset of x £ X{Qp) such that uj{x) = (ki, • • • , km) G Z*"'", 
that (see Def. \T2J§ 

yi^j, p-'-^'Fiix) + p-''^+^-'Fj{x), 

and that 

v{ip{up){x)) < 1 + Min™7i(A:,+i - h). 
Then Z' C Z, and Z' is an accumulation Zariski-dense subset of X. 

(vi) ij{n^,) c o{xf. 
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Proof — The existence of X/L satisfying (i)-(vi) is |ChH Thm. A] (using [Buz]) 
when e has the form l/< for a net compact open subgroup K C G(Aj''^^^^) and 
W is replaced by its open subspace of analytic characters. Moreover, assertion (v) 
(and the accumulation property of Z in (iii)) requires there p > 2. We will explain 
in ^7.3.21 to ^7.3.51 below how to extend the construction to any e and to the full 
weight space W, in the spirit of [Buzj . This will make (iii) and (v) valid also when 
p = 2 by the same proof as [ChU Prop. 6.4.7]. The fact that X is reduced follows 
from jCh2l Prop. 3.9]. The uniqueness assertion is Prop. 17.2.71 □ 

Remark 7.3.2. i) An independent construction of X has been given by M. 
Emerton in [Elj . The admissible open subspace X""^*^ C X defined by 
|V'(%)I = 1 was previously constructed by H. Hida in a much more general 
context (see [Hi] ) . It is actually closed and the induced map io : X"^'^ — > W 
is finite. 

ii) Assume that e = ei + 62 is the sum of two orthogonal idempotents. Also we 
will not use it in what follows, let us note that by |Ch2j . the eigenvariety 
Xi of {ei,7i) has a natural closed embedding into X commuting with (ip, v). 
Moreover, X = Xi U X2 (the intersection might be non empty). Actually, 
we could even show that X is precisely the abstract gluing of Xi and X2 
"over {i:,vf. 

iii) (A variant with a fixed weight) Let iq ^ ■ ■ , m} and k £ Z, and consider 
the subset Zg^kig=k C Z^. whose elements are the {4'(tt,tl)i]^) such that k has 
its i^Q term ki^ equal to k. Then there exists also a unique eigenvariety 
X' for 2^e,A:iQ=A: Satisfying all the properties of Thm. 17.3. H except that it 
is equidimensional of dimension m — 1. This follows for example verbatim 
by the same proof (see below) if we replace everywhere the space W in this 
proof by its hypersurface >Vfc.^=fc C W parameterizing the characters whose 
ig'^ component is fixed and equal to Xig 1-^ xf^. In most cases, X turns out 
to be isomorphic to X' x Xi where Xi is a suitable eigenvariety of U(l). As 
those Xi are explicit {e.g. they are finite over Wi), it is in general virtually 
equivalent to study X 01 X' . 

We end this paragraph by a discussion on idempotents, so as to shed light on the 
kind of sets that we can obtain. Of course, in the applications we will mostly 
choose e as a tensor product of idempotents e/ G Cc(G(Q/),Q) (/ / p) such that 

= 1g(Z0 for ^ G 5'o or big enough. 

Example 7.3.3. (see e.g. jBusKul §2]) 

i) Of course, the simplest class of idempotents of Cc{G{As),Q) are the 

eK := KK)-Hk G C{K\G{As)/K,Q) 

for any compact open subgroup K C G{As). 

ii) A little more generally, if r is an irreducible smooth Q-representation of 
such a K (hence finite dimensional), the element 



e, GCe(G(As),Q) 
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which is zero outside K and coincide with ^(^) tr (tt*) on K is an idem- 
potent. We see at once that for each smooth representation V of G{A^), 
CrV C V is the r-isotypic component of V. 

iii) {Special idempotents) Let khe a field of characteristic 0, H = Cc{G{As), k), 
e G H an idempotent, and Mode be the full subcategory of the category 
of smooth /!;[G(A5)]-representations whose objects V are generated by eV. 
Following the terminology of [BusKul §3], we say that e is special if the 
functor V i— > eV, Mode — ^ Mod{eHe) is an equivalence of categories. If e 
is special, the induction functor 

W G Mod{eHe) ^ I{W) := He (g)eHe W £ Mode. 

is a quasi-inverse of V eV, hence is exact, and for any V G Mode, the 
natural surjection induced an isomorphisnQ 

(61) I{eV) V. 

iv) Set S = {/} to simplify. If e = e^, for some i^T^-type r;, then e is special 
if, and only if, ti is a type in the sense of Bushnell and Kutzko [BusKuj . 
The simplest example, due to Borel, is the case where e = exi and Ki is a 
Iwahori subgroup of G{Q_i), in which case Mode is the unramified Bernstein 
component. Moreover, by |DKV1 Cor. 3.9], there exist arbitrary small 
compact open subgroups Ki of G{Qi) such that is special. However, as 
is well known, if Ki is a maximal compact subroup then exi is not special 
in general (e.g. when G{Qi) — > GLm(Qz) for m > 1). 

v) (Bernstein components) Set again S = {I}. By results of Bernstein (see 
|DKVj or [BusKul 3.12, 3.12]), if e is special then there is a finite set 

of Bernstein components of G{Qi) such that Mode is the direct sum of 
these components ( |BusKui Prop. 3.6]). Reciprocally, for any finite set S/ 
of components we can find a special idempotent es; £ C{G{Qi),Q) whose 
associated set of components is S/. This idempotent is not unique however 
in general, but all the equivalent ones will give rise to the same set Z^, 
hence to the same eigenvariety by virtue of the uniqueness Prop. 17.2.71 

This remark allow us in particular to say that there exist eigenvarieties 
for the subset Z G Zq parameterizing p-refined automorphic representations 
whose local components in a finite set of primes all lie in a given Bernstein 
component. 

Remark 7.3.4. (iC-types versus general idempotents) The aim of type theory is 
to show that the special idempotents es; above can be chosen of the form Cr for 
some explicit Ki-type r. In our context, this extra information is helpful from a 
computational point of view. For example, if e = e,- then we will see that the space 
of p-adic automorphic form of type e is 

S{V, r)=T^L {F{C{V, r)) 0l T*f' 



Indeed, as eliW) = W for all W , the induced map eI{V) eV is necessarily an isomorphism, 
hence the kernel of the map (|6H) is killed by e, whence is zero as e is special property. This argument 
shows actually that e is special if, and only if, Mode(G(Qi)) is stable by subobjects. 
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which is computable in theory. In general, some e^j are given abstractly by images 
of some idempotents in the Bernstein center of G{Qi) and we have very few control 
on them. 

7.3.2. Review of the construction of the eigenvariety ( \C\il\ ). The eigenvariety X 
associated to e is constructed by some formal process ( |C2] . [CM] . |Chl| . [Buzj ) 
from the action of the compact Hecke operators on the ONable Banach family 
of spaces of p-adic automorphic forms of G. For example, X(Qp) turns out to 
parameterize exactly the Qp-valued systems of Hecke eigenvalues on finite slope 
p-adic eigenforms of type e for G. 

As our main theorem relates some Selmer group to the smoothness of X at some 
point, and for sake of completeness, we give below an essentially self-contained 
overview of the construction of X and of the theory of p-adic automorphic forms 
alluded abovj^. Actually, we shall use also some objects occurring in this con- 
struction to define the families of admissible G(A^)-representation on X in ^7.4.1^ 
as well as to define their NMSRPS locus in ^7.4.21 The construction proceeds in 
three steps. 

7.3.3. Step I. The family of the U~ -stable principal series of a Iwahori subgroup. 
The theory of p-adic automorphic forms of G relies essentially on the existence 
and properties of the p-adic family of the ?7~-stable principal series of the Iwahori 
subgroup / of GLm(Qp). We take here and below the notations of ^6.4.11 with 
F = Qp and zu = p, except that we shall write G{Qp) — >^ GLm(Qp) for the G loc. 
cit. which is already used here for the unitary group over Q. 

Let A^o be the subgroup of lower triangular elements of /. The product map in 
G(Qp) induces an isomorphism 

Nox B ^ IB. 

If n G [/" then u~'^'Nou C Aq, hence (see Proposition 16.4. ip M^^IB C IB. Let 

denote the tautological character. If y C W is either an open affinoid or a closed 
point we denote by xv '■ — ^ A(V)* the induced continuous character. Fix such 
a V. There exists an smallest integer ry > such that for any integer r > ry, xv 
restricts to an analytic A(V)-valued function on the subgroup of elements of 
with coefficients in 1 + p'^'Lp. Viewing the character x of as a characters of B 
which is trivial on UN , it makes then sense to consider for r > ry the space 



Let us recall what r-analytic means. Let {nij}i>j be the natural algebraic coordi- 
nate maps on A^o- A function / : A^o — ^ ^(^) is said to be r-analytic if for each 
a G A^O) the induced map 



We warn the reader that some of the various conventions that we use in this book differ from 
the ones used in [Chlj . 




A{V), f{xb) = xv{b)f{x) yxGlB,beB 



fa:No^A{V), n^fian) 
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lies in the Tate-algebra A(y){{p^'nij}iyj) . If we endow this latter algebra with the 
sup norm, then the norm |/| := sup„ \ fn\ makes C{V,r) a Banach ^(y)-module 
which is A{V)-ONable by construction o. It is equipped with an integral A{V)- 
linear action of M by left translations: {m.f){x) = f{m~^x). If we set 

U— = {n = (p'^i,-- - e U,ai > 02 > ••• > a„,}, 

then an immediate computation shows that the action of any u £ U on C{V,r) 
is A(y)-compact. 

The family {C(y,r),V,r > ry} of M-modules defined above satisfies some com- 
patibilities. If V' C V is another open affinoid or closed point, then the natural 
map C{V,r) — > C{V',r) induces an M-equivariant isomorphism C{V, r)(E> a{v)^{^') ■ 
Moreover, the natural inclusion C{V,r) — > C(y,r + 1) is A(y)[M]-equivariant and 
compact. If r > and u G U , then the action of u factors through the compact 
inclusion C(y,r — 1) — > C(y,r) above. 

For any continuous character ip : T — > L* and r > := r^^^^, let us consider 
similarly the L-Banach space i^^{x) of functions / : IB — > L* whose restriction to 
A^o is r-analytic and which satisfy f{xb) = 'ilj{b)f{x) for all x G IB and b £ B. It 
has again an action of M by left translations. If ■!/;': T ^ L* is another continuous 
character and r > r^, r^i , we define a natural map 

where for x G IB, tp'{x) := ip'{t) for t £ T the unique element such that x G NqIN. 
We check at once that this map is well defined and that it induces an M-equivariant 
isomorphism^^ 

(62) ^iiB^)^^'-^ ^iiB^^^'), 

Assume now that V = {k} with k G Z™'", in which case ry = 0. The choice 
of an highest- weight vector in Wk{Qp) with respect to B gives an M-equivariant 
embedding 

Hence we g et by (I62p a canonical (up to multiplication by L*) M-equivariant em- 
bedding 

WkiL)* ^Sk^ C{k, 0) = iWiXk)- 

Actually, the subspace of C{k, 0) defined above is exactly the subspace of functions 
on IB which are restrictions of polynomial maps on G(Qp). 



is isometric to ({wi J }i>j)f 

'^^Recall that by Proposition 16.4. IK il . each character of U~ extends uniquely to a character of 
M trivial on /. 

lOOrpjjg twists appearing there comes from the fact that we chosen to extend trivially on U the 
induced character in the definition of C{V, r). This choice could have been avoided by introducing 
the space of p-adic characters of T rather than r°. However, as is not Zariski-dense in that 
space, this would have introduced other nuisances... 
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7.3.4. Step II. p-adic automorphic forms. Using the M-modules defined above as 
coefficient systems, we can define various analogous Banach spaces of p-adic au- 
tomorphic forms for G. Consider the subring Tl~ := A~ Hut C TC. It wih be 
convenient to introduce a functor F : Mod(L[M]) — > Mod(^p (g)Z[G(Ap]) by 

r f:G{Q)\G{Af)^E, 
F{E) := ^ f{g{l x A;^)) = k-^f{g), G G(Aj), G /, 
[ / is smooth outside p. 

The group G(Aj) acts on this space in a smooth way by right translations, and it 
commutes with the natural action of A~ . The direct summand eF{E) C F{E) is 
then a '^"-module in a natural way. Let K = I x C G{Af) be a compact open 
subgroup which is sufficiently small so that e = cckp, and such that Ki = G(Zi) 
for each I G Sq. If we choose a writing (see ^6.2.31 ii)) 

hK 

G{Af) = II G{Q)xiK, r, := ^^^^(Q)^^ n K, 

i=l 

then Fj is a finite group, and we may even assume by reducing K that Fj is trivial 
for each i. The map / (/(xi), • • • , f{xhK)) induces a L-linear isomorphism 

(63) eKF{E)^E^'^. 

In particular, the functor E i— > eF(E), Mod(L[M]) — > Mod('H^), is an extremely 
well behaved functor, direct summand of exE. 

Let k £ 17^ ~ . We check at once using lyC^ that eE{W]^LY) is a ^"-stable L- 
structure of the space ioo(e)^(G, VFfc(C)) of complex automorphic forms of weight 
Wfc(C) and type e. 

Let y C yy is an affinoid subdomain or a closed point, and r > ry. We define 
an "H" -module by setting 

S{y,r) := eE{C{V,r)). 

This is the space of p-adic automorphic forms of weight in V, radius of conver- 
gence r and type e. It has a natural structure of Banach yl( y)-m odule which is 



a topological direct summand of the ONable Banach module F^^l (hence satisfies 
Buzzard's (Pr) condition). It is equipped with an 74(y)-linear action of "H", each 
h G H" being bounded by 1 and each element of U C being ^(y)-compact. 
By formula ([63]) . the collection of spaces {Siy,r),V,r > ry} satisfies exactly the 
same compatibilities as {C{V,r), V, r > ry}. 

For k = {ki, • • • , km) G Z™''", we have moreover a natural 'H~-equi variant inclu- 
sion 

(64) eE{Wk{L)*) (S)5k^ Sik, 0), 

whose image is usually referred as the subspace of classical p-adic automorphic 
forms. The control theorem asserts then that an element / G S{k,r) which is in 



lO^For / e eKF{C{V,r)), we set |/| := snp,^a(Af) \f{x)\ = supf^^ \f{x,)\. The isomorphism 
induces an isometry eKF(C{V,r)) ^ C(y,r)''^ hence eKF{C{V,r)) is A(l/)-ONable. We 
give S{V,r) C eKF{C{V,r)) the subspace topology, it is closed as the image of the continuous 
linear projector e on eKF{C{V,r)). 
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the generalized eigenspace of the compact operator Up £ U C TC with respect to 
any eigenvalues A € Qp such that v{X) < 1 + Mm'^i{ki^i — ki) is actually classical. 

7.3.5. Step III. Fredholm series and construction of the eigenvariety. As any h G 
U acts compactly on the (Pr)-family of Banach modules {S{V, r), V,r > ry}, 

there is a unique Fredholm series Ph{T) S 1 + TO{W){{T}} such that for any 
y C W open affinoid or closed point and r > ry, 

Ph{T\y = det(l - Th\siy,r)) e 1 + TA{V){{T]]. 

Set P := Pup, and consider the Fredholm hypersurface Z{P) C W x Gm, that 
is the closed subspace defined by P = 0. As any Fredholm hypersurface, Z[P) is 
canonically admissibly covered by its affinoid subdomains 0* such that pr]^(0*) is 
an open affinoid of W and that the induced map pr^ : 17* — > pr]^(r2*) is finite. 
Here pr^^ is the first projection W x Gm — > W. Let us denote by C* this canonical 
covering. This covering is easily seen to be stable by finite intersections, by pullback 
over affinoid subdomains of W, hence to satisfy the following good property: 

(*) if Q.\,VL*2G C* then n ilg is a clopen subspace of $7i xvi (Vi n V2). 

The eigenvariety X will then be constructed as a finite map : X — > Z{P) as 
follows. Let Q* G C* and V := pri{i}*). There is a unique factorization P = QR 
in y4.(V^){{r}} where Q £ 1 + TA(V)[T] has a unit leading coefficient and is such 
that SI* = Z{Q) is a closed and open subspace of Z{P) Xy^V. To this factorization 
corresponds, for r > ry, a unique Banach A(y)-module decomposition 

S{V,r) = 5(0*)eiV(0*,r), 

which is '^"-stable, and such that: 

- S{^}*) is a finite projective ^(l/)-module, which is independent of r > ry, 

- the characteristic polynomial of Up on S{i}*) is the reciprocal polynomial 
grec^j^) ofQ{T), and Q'^'^Up) is invertible on N{n*,r). 

The local piece ^2 of X is then by definition the maximal spectrum of the 
74(y)-algebra generated by the image oi Ti. = Ti.~[up]~^ in Endy^(y)(S'(r2*)). It 
is equipped by construction with a ring homomorphism TC — > with a finite 

map : 0, — > SI*, and with a finite ^(r2)-module S{Q*). We check then that the 
Q and the maps above glue uniquely over C* to an object {X, ip, u) as in the state- 
ment of Proposition 17.3.11 which is easy using the property (*) mentioned above 
of the admissible covering C* . In other words, the coherent sheaves of O-algebras 
{A{Q), SI* G C*} glue canonically to a coherent C'^(p)-algebra, and : X — > Z[P) 
is its relative spectrum (see [Con21 §2.2]). In the same way, the locally free coherent 

sheaves {S'(r2*), SI* G C*} glue canonically to a coherent sheaf on Z{P). This sheaf 
is a z^* Ox-module in a natural way, hence has the form v^S for as a coherent sheaf 
S on X. 

Definition 7.3.5. We denote by C the admissible covering z^^^C* of X and by S 
the coherent sheaf on X defined above. If S7 = G C, then S{Vt) = S{Q.*). 
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Remark 7.3.6. {On quasicoherent and coherent sheaves on rigid spaces) Let X be 
a rigid analytic space over k. An Ox-module is said to be quasicoherent (resp. 
coherent) if there exists an admissible covering {Ui} of X by affinoid sub domains 
such that T^jj. is the sheaf Mj associated to some 0(J7i)-module Mj (resp. such 
that Mi is finite type over 0{Ui)) (see |BosGuRe[ §9.4.2], |Con2l §2.1]). Contrary 
to the case of schemes, it does not imply in general that for any affinoid subdomain 
U, J^p is associated to an 0(C/)-module (see Gabber's counterexample |Con21 Ex. 
2.1.6]). This holds however when U lies in some Ui, when is coherent ( [BosGuRel 
§9.4.3]), or when is globally on X a direct inductive limit of coherent Ox-modules 
f [Uo52l Lemma 2.1.8]). 

In our applications, we will define some quasicoherent sheaves on X using the 
covering C, but they will all be direct inductive limit of coherent sheaves. 

7.4. The family of G(Aj)-representations on an eigenvariety of idempo- 
tent type. In all this part, we keep the notations of ^7.3.11 In particular, X is the 
eigenvariety associated to the idempotent e given by Theorem 17.3.11 or its variant 
with a fixed weight as in Remark 17.3.21 (iii) . 

7.4.1. Th e family of local representations on X. Let us fix some finite set S of 
such that S R (5o U {p}) = 0. Assume moreover that the idempotent e 



102 



prime! 

decomposes as a tensor product of idempotents at Z G 5 and outside /: e = e"^ 
and es = 0iesei, ef = ei e C{GiQi),Q)- 

The eigenvariety X carries a natural sheaf of admissible G(A5)-representations 
that we will describe now. For V C W an open affinoid and r > ry, we have by 
definition a split inclusion 

(65) S{V, r) = eF{C{V, r)) C F{C{V, r)), 

and the latter space is a smooth G(As)-module as p ^ S. We fix now 17* G C*, set 
n = i/-i(Q*), V = pri{n*), and we consider S{n*) C S{V,r) as in ^7331 

Definition 7.4.1. We define Us{n) as the Z[G(As)]-submodule of F{C{V,r)) gen- 
erated by S{n*). 

By definition, 115(17) is an TC~ j4(y)-submodule and the natural map TC~ 
A(y) — > End(ns(r2)) factors through A{^1) as it does on the generating subspace 
S{Q*) of 115(11). As a consequence, 115(12) is an A(r2)-module in a natural way. It 
is independent of r > ry as 5(17*) is. 

Proposition 7.4.2. Let 17 e C. 

(i) 115(17) is an A{Q)- admissible smooth representation of G{As). 

(ii) The natural inclusion 5(17) — > 65X15(17) is an equality. 

Moreover, 

(iii) The sheaves of O -modules {1X5(17), 17 G C} glue canonically to a quasico- 
herent smooth Ox[G{As)]-''TT'Odule, and (ii) glue to an isomorphism S 
65115 • 



-1 rto 

We hope that there wiU be no possible confusion with the letter S occurring in the spaces 
S{n*) or S{V,r). 
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(iv) For each compact open subgroup J C G{As) the subsheaf of J -invariants 
lig C lis is a coherent Ox-module, and Us = jjjll^. 

(v) For all x ^ X , {Ils)x is torsion free over ^c^ce also over Ox- 

Proof — We check first assertion (ii). Let Q G A(y)[T] be the polynomial attached 
to n* as in ^7X5l so that is the Kernel of Q^'^'^iup) on eF{C{V, r)). As p^S, 

Q^'^'^{up)Ils{fl*) = 0, hence (ii) holds by definition. 

We know that n5(J7) is smooth as F(C(y,r)) is, hence (i) follows from (ii) and 
lemma !?. 4. 31 (i). Assertion (iii) follows easily from the properties of the admissible 
covering C*, the proof is similar to the gluing argument for the sheafs S and z^^Ox 
so we leave the details to the reader. To prove (iv), note that for any Q-algebra A, 
any A-linear representation V of J, and any A-module M, the natural map 

v-^ (g)AM ^ {V (g)A My 

is an isomorphism (argue as in Lemma 16.6.11 (bl). Part (iv) follows now from (i) 
and (iii). 

Before showing (v), let us recall that by construction Ox is a C'j^(a,)-subalgebra of 
the endomorphism ring of a finite free 0^(j.)-module, hence the total fraction ring 
of Ox identifies with Ox ®C'^^(^) Fi'ac(0^(a,)). As a consequence, it suffices to check 
that (n.s)x is torsion free over 0^(^x)- But for each fi*, V and as above, n5(r2) is 
a subpace of F(C{V,r)), which is clearly torsion free over A(y). □ 

Lemma 7.4.3. (Bernstein) Let k be a field of characteristic 0, A a noetherian 
k-algebra and V a smooth A[G{As)]-representation. Assume that for some decom- 
posed idempotent e G Ci{G{As),k), eV is finite type over A and generates V as an 
A[G{Qi)]-module. Then: 

(i) V is A-admissible, 

(ii) if A is moreover finite dimensional overk, V is of finite length on A[G{Qi)]. 

Proof — Let us show (i). By induction on |S|, we may assume that S = {/}. 
By |DKV! Prop. 3.3], and more precisely by "variante 3.3.1" and the remark 
following Corollary 3.4 loc. cit., V is Z{G{Qi)) ^-admissible where Z{G{Qi)) is 
the center of the fc-valued Hecke-algebra of G{Qi). As A[G{'Qi)]eV = V, the action 
of Z{G{Qi)) (gik A on V factors through its faithful quotient A' C EndAieV). As 
eV is finite type over A by assumption, and A is noetherian, so is A\ hence V is 
^-admissible. 

The second assertion follows from (i) as V is then A;-admissible and of finite type 
over k[G{ks)] (use pTVl Cor. 3.9]). □ 

For sake of completeness, we end this discussion by a study of the fibers of lis 
at a point of X. We fix a; G X with residue field k{x), hence we get a natural 
system of Hecke-eigenvalues ■0a; : 7i — > k{x). To this system of Hecke-eigenvalues 
corresponds a generalized 7^-eigenspace S"^"^ C S{uj{x),r) = eF{C{u){x),r)), for r 
big enough. 

Definition 7.4.4. We denote by H^"" the O^^/m^^^^O^j-representation of G{As) 
generated by the (finite dimensional) subspace S^^ of F{C{io{x),r)). It is a finite 
length admissible representation of G{As) by Lemma 17.4.31 (ii). 
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Definition 7. 4.5. Assume moreover that x £ Z, so ipxi'^) C Q- We denote by 



the k(x)-modeV^^ of the complex G{As) subrepresentation of A{G, W^) generated 
by the W-eigenspace of e{A{G,Wk)) for the system of eigenvalues LooL-p^ii'x)- It is 
a semisimple A;(a;)-representation. 



IS sur- 



Proposition 7.4.6. (i) The natural map {Jls)x/fn^(^x){^s)x — > n 
jective and induces an isomorphism Sx/m^(^^^Sx — — > S^"^ . 

(ii) If x £ Z , then lix is a subrepresentation o/II^"'. 

(iii) If X Z is U -non critical then Hx — ^ H^"^ . 

Proof — Let Q* G C* containing x as above, we will argue as in the proof of 
Prop. [7X2] (ii) of which we take the notations. As S{n) C S{V,r) = eF{C{V,r)) 
is projective and direct summand, the natural map 

S{n)/m^^x)Sm eF{C{uj{x)),r), 

is injective and the Fredholm series of Up on S{^})/m^(^x)'Si^) is the evaluation of 
Q{T) at k{x). By taking the -(/jaj-generalized eigenspace we get that 

•Sx/m^(x)-Sx ^ 5*^", 

and (i) follows. The point (ii) follows from (j64p of ^7.3.41 and (iii) from the small 
slope forms are classical result of |Chll Prop. 4.7.4]. □ 

When es is special (see 17.3.3] (iii)). most of our results hold in the stronger form. 

Corollary 7.4.7. Assume that es is special. 

(i) The natural surjection induces an isomorphism 

Cc{G{As), L)es ®esCc{G{Ks),L)es ^ > ^S- 

(ii) For all x £ X, {I[s)x is flat over 0^(^x)- 

(iii) For all x £ X , the map of Prop. [7.^.6] (i) is an isomorphism. 

Proof — By Prop. 17.4.21 (ii), 65115' = S, thus (i) follows from the discussion 
in Example 17.3.31 Assertion (ii) follows formally from (i) , the fact that for each 
X £ X, Sx is finite free over ©^(x) , and from the exactness of the functor / defined in 
Example 17.3.31 The map of Prop. 17.4.61 (i) induces an isomorphism after projection 
to es by loc. cit., hence is an isomorphism as 65 is special, which proves (iii). □ 



7.4.2. The NMSRPS locus of X. We keep the assumptions and notations of ^7.3.11 
We fix a finite set Snm of primes / such that G{Qi) is quasisplit and assume that 
e is a tensor product of idempotents e; with / S S by an idempotent outside Snm- 
Recall that we defined some C'x[G(Qi)]-modules 115^^^^ in ^7.4.11 

Let Xq C X be the subset of points x such that for each I £ S., lix ®Ox k{x) 
contains a NMSRPS G(A5)-representation in the sense of ^6.6.21 (see Remark 16.6.91 
when IS*! > 1). Let X^ivi C X be the Zariski-closure of Xq, we view it as a reduced 
closed subspace of X. Let also Ze^NM C be the subset parameterizing p-refined 
automorphic vr such that tt/ is NMSRPS for each I £ S. 



'Defined by Lp and t, 
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Proposition 7.4.8. There exists a unique eigenvariety for Zf,^^M; namely 

Xnm is a union of irreducible components of X, hence equidimensional of di- 
mension m if Ze^NM / 0- It satisfies also properties (iv), (v) and (vi) of X (see 
Theorem \TJl\ ). 



Proof — For any open affinoid V C X , set Vq = V H Xq and define Vq C V to 
be the Zariski-closure of Vq equipped witli its reduced structure. By Prop. 17.4.21 
(see also remark [Y.3.6p . Hsj^j^^j^y is tlie slieaf associated to tlie A(y)-admissible 
representation Ilsf^i^j{V), to wliich we can apply the construction of ^6.6.3i By 
definition, Vq is the intersection of the Spec{A(y))o defined there with its subspace 
V = Specmax(A(y)) (and the Zariski-topology of V is by definition the topology 
induced from Spec{A{V))). As A{V) is a Jacobson ring, and as Spec(^(F))Q is 
constructible by Prop. 16.6.51 (i), we check easily that we also have Vq = V Ci 
Spec(^(y))Q. By Prop. IG.O.ST ii) and by Prop. 17.4.21 (v), we know that Vq is a 
union of irreducible components of Vq. 

We claim that for any two open affinoids V, W C X, 



(66) VqDW = {V nw)^. 

Note that 1/ n is affinoid as X is separated, and by replacing by y n in 
(j66p . we may assume that W C V. Moreover, the inclusion D above is clear as 
VoCiW = (y n W)o, thus it only remains to prove that VqCiW C Wq. As we 
know that Vq has a Zariski-dense open subset V C Vq by Prop. 16.6.51 (i). V'CiW is 
Zariski-dense in H^nFo by Lemma EMI (applied to Y = Vo, U = V , n = W DY), 
and we are done. 

As a consequence of (j66|) . all the Vq glue to a reduced closed subspace T C X. 
By construction, Xq C T is Zariski-dense, as it satisfies the much stronger assertion 
that for any open affinoid V , Vq = V Ci Xq is Zariski-dense in Vq = V PiT. Hence 
T = Xnm and the proposition follows at once. □ 



Lemma 7.4.9. Let Y be an affinoid, U <ZY a Zariski-open subset, and Q CY an 
affinoid subdomain. If U is Zariski-dense in Y , then H C/ is Zariski-dense in VL. 

Proof — Set F := Y\U, we have to show that F n Q does not contain any 
irreducible component of 17. If it was the case, F D would contain an affinoid 
subdomain of fi, hence F would contain an affinoid subdomain of Y, as well as 
each irreducible component of Y containing it, but this is a contradiction. □ 



7.5. The family of Galois representations on eigenvarieties. 

In this part, we explain how the existence of Galois representations attached to 
classical automorphic representations for G give rise to a family of Galois represen- 
tations on eigen varie ties. We keep the notations and assumptions of ^7.2.11 as well 
as those of MiIpI . 

-'^'^^Of course, we take the same choice of Q, Q^, Lp and too in both cases. 
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7.5.1. Setting. So as not to multiply the statements, let us assume once and for all 
that G is: 

(a) either the group U(m) defined in ^6.2.21 in which case we assume that 
hypothesis (Rep(m)) of §6.8.21 holds. 

(b) or a definite unitary group such that for any finite prime I, G{Qi) is either 
quasisplit or isomorphic to the group of invertible elements of a central 
division algebra over Q;, this latter case occurring at least for one I =: q. 
Assume moreover that G(Qp) ~ GL,„(Qp). 

As explained in Remark 16.8.21 (vii), recall that in the second case, the obvious 
analog of condition (Rep(m)) is known if we forget property (P3). 

We assume moreover that the set Sq defining Tiur has Dirichlet density one, and 
we fix a decomposed compact open subgroup C G(Ay) as well as a finite set S 
of primes, such that p G S and that for each / ^ S or in S'o, i^i is a maximal hyper- 
special or a very special compact subgroup. We choose the decomposed idempotent 
e such that eexp = ^kp- If we are in case (b), we assume mo reov er that eg vanishes 
on the one dimensional representations of the division algebrs F^ G(Qg) . We fix also 
a finite set of primes Snm C S that we assume to be empty in case (b), and define 
Z G Zf> to be the set parameterizing p-refined automorphic representations of type 
e which are NMSRPS at primes in Snm (note that G{Asf^j^j) is quasisplit), with 
one of the weights fixed if we like (sse Rem. 17.3.21 (iii)), and let 

{X,'il^,uj,Z) 

be the corresponding eigenvariety given by Prop. I7.4.8t which is a closed subspace 
of the eigenvariety Xg associated to e. 

Recall that Ge,s is the Galois group of a maximal algebraic extension of E 
which is unramified outside the primes above S. For each regular automorphic 
representation vr, properties (PO)-(Pl) assert the existence of a unique semisimple 
continuous representation 

■■ Ge,s GL„(Qp), 
such that for each prime I = ww G ^o, the trace of a geometric Frobenius at x, say 

Frob^ G Ge,s, 

is the trace of the Langlands conjugacy class of ipL'^{'Kw.\ det | 2 ). Let 

G C{Ki\C{Gm/Ku'L) C(GL^(ZO\GL„(Q/)/GL^(Zz),Z) 

be the usual Satake element 1, . . . , it satisfies 

tr (/9^(Frob^)) = 'i/'(7r,7^)(^u>)• 

We denote by Zreg C Z the subset of points parameterizing the p-refined 

{TZ, n) such that tToo is regular, and such that the semisimple conjugacy class of 
TTp (see §6.4.3p has m distinct eigenvalues. If z G Zj-^g parameterizes the regular 
p-refined vr, we will set 

Pz ■= Pit- 



We need to make this technical condition to ensure that automorphic representations of G 
admit associated Galois representations (see [HLI Thm. 3.1.4] and ^6.8.21 (vii)). 
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Lemma 7.5.1. Z^-^g is a Zariski- dense subspace of X accumulating at each point 
ofZ. 

Proof — It is immediate from properties (iv) and (v) of the eigenvariety X (see 
Theorem EXH). □ 

We end this paragraph by an important example-definition. 

Example 7.5.2. The minimal eigenvariety containing tt. Let {tt,TZ) be ap-refined 
automorphic representation of G. 

In case (a) (resp. in case (b)), assume that vr is either NMSRPS or unramified 
(resp. is unramified) at all the finite nonsplit primes. Define 5 as the finite set 
consisting of p and of the primes I such that either vr; is ramified or G{Qi) is the 
group of invertible elements of a division algebra (which occurs only in case (b)). 
Define also Snm C S as the subset of nonsplit primes I such that vr; is NMSRPS 
(this set is empty in case (b)). Choose e = es such that: 

(i) For / G SnMi ei = es, is a special idempotent attached to the Bernstein 
component attached to the inertial class S; of vr; (see Example 17.3.31 (v)). 

(ii) For / = WW ^ p £ S\Snm such that G{Qi) = GLmiQi), e; = where r; is 
the finite dimensional irreducible representation of GLm{OE^,) attached to 
TT; by Prop. 16.5.31 

(iii) For / = wiv such that G{Qi) is the group of invertible elements of a division 
algebra, e; = e^ where r; is a Bushnell-Kutzko's type for the Bernstein 
component of vr;. Such a r; exists by [BusKul ]. 

Choose a finite extension L/Qp which is sufficiently big so that ipi'^TTj and each 
e; is defined over L. 

Definition 7.5.3. Under these assumptions, the unique eigenvariety over L for 
2^e,NM given by Prop. 17.4.81 will be referred as the minimal eigenvariety of G 
containing tt (or (vr,7^)). 

Of course, in this context, if we are interested in the variant with the weight 
fixed as in Rem. 17.3.21 (iii), we shall always choose the integer k to be the weight 
of vroo. 

7.5.2. The family of Galois representations on X. We adopt also from now on 
the notations of ^4.2.2[ The first result is that the pz with z G Z^-^g interpolates 
uniquely to a rigid analytic family of p-adic representations of Ge,s on X. It uses 
only properties (PO) and (PI). 

Proposition 7.5.4. There exists a unique continuous pseudocharacter 

T : Ge,s 0{Xf 
such that for all z £ Z, T^ = tr(pz'). Moreover: 

(i) T{cgc-^) = T{g)x{gr-^ for each g E Ge,s (see ^MJD, 

(ii) for each prime I = ww in Sq, we have T^Froh^) = ilj{huj)- 

In the statement above, x '■ Ge,s — *■ is the p-adic cyclotomic character. 
Moreover c is the outer complex conjugation (see ^5.2.ip . 
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Proof — By property (vi), V'('^ur) C ©(X) is a relatively compact subset, and by 
Lemma [73TT] Zreg is Zariski-dense in X. The existence and uniqueness of T follows 
then from [Chl[ Prop. 7.1.1]. The equalities in (i) and (ii) hold as X is reduced 
and as they hold on the Zariski-dense subspace Zj-^g (see Remark 16.8.21 (i)). □ 

For X £ X, recall that Ox is the rigid local ring at x, k{x) its residue field and 



k{x) an algebraic closure of k{x). As Ox is reduced and noetherian, its total fraction 
ring 

Kx := Frac(O^) 

is a finite product of fields, and we will denote by ICx a (finite) product of algebraic 
closures of each of those fields. By Taylor's theorem [Tl Thm. 1.2], we have then 
two canonical representations attached to x: 

(a) px ■ Ge,s — > GLm{k{x)), which is the unique (up to isomorphism) contin- 
uous semisimple representation with trace Tx : G — > Ox — > k{x). 

(b) pf"^ : Ge,s — ^ GLm{]Cx), which is the unique (up to isomorphism) semisim- 
ple representation with trace T ICx ■ Ge,s — > — > ^x- 

Corollary 7.5.5. For each x £ X , and for each prime I = ww in Sq, we have 

-± - / i\ J gen J- gen/ -. \ 

Px — Px[m - 1) and p% ~ (m - 1). 

7.5.3. Properties ofT at the primes I ^ p in S. Let I ^ p £ S and w a prime of E 
above /. We are interested in the restriction to W^;^ — > Ge,s of the family T. We 
invite the reader to read first the Appendix 17.81 of which we will use the concepts 
and notations. 

Lemma 7.5.6. For each x £ X and s{x) a germ of irreducible component at x, 
there exists z £ |^rcg| the same irreducible component as x such that 

S{X) '-E-W ^ 

Proof — It follows from Prop. I7.8.2UI (i) and (ii), and the Zariski-density of |.^reg| 
in X. □ 

Assumption (P3) has the following consequence. 
Proposition 7.5.7. Assume that I £ Snm. For each x £ X, Nx = N§^'^ = 0. 

Proof — By assumption (P3), = for each z £ \Z^(.g\^ hence we are done by 
Lemma [7X6] and Prop. lZA20J(iii). □ 

Assume now that / = ww ^ p splits in E and that G{Q_i) ~ GLm(Qi). Let us 
fix a Qp-valued d-dimensional Weil-Deligne representation (ro, A''o) of E^. Assume 
that the idempotent 

ei £ Cc{G{Qi)Mp) -^w CciGLmiQi),Qp) 

occurring in the definition of X (see §7.5.ip has the property that for all the irre- 
ducible smooth representations vr of Qp[G(Qz)], we have 

(67) e(7r) ^ N{tt) -<i^^ No- 

Note that such idempotents exist by Prop. I6.5.3[ 
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Proposition 7.5.8. Assume that I = ww ^ p splits in E and that ei is as above. 
For each x £ X , and each germ s{x) of irreducible component at x, then 

Proof — By assumption (P2), we have -< Nq for all z S |-^rcg|- As ^/^^ 
implies we conclude by Lemma [Y. 5. 61 and Prop. 17.8.201 fiii). □ 



Remark 7.5.9. For sake of completeness, let us consider also the following stronger 
variant of condition (P2): let I = ww' ^ p be a prime that splits in E, and (r, N) 
(resp. [r ,N )J the Qp-valued Weil-Deligne representation attached to 7ri„|det|^~ 
(resp. Pn\WE )■ V ^ '^Ie^u ^^^'^ ^' '^^Eiu Under this stronger assertion, 
the proof of Prop. 17.5.81 shows that we even have A^^; ^/^^ ^s{x) ~^^e^, ^ ■ 

Let us give another application in a more specific situation. Let us fix a; G X and 
assume that px is irreducible and defined over k{x). Let us view T as a continuous 
pseudocharacter 

T : Ge,s — > Cx, 
and consider the faithful Cayley-Hamilton algebrg j^ 

5:=Ox[GE,5]/Kerr. 

Then S ~ A^d(C'x) by Thm. 11.4.41 (1). so that T is the trace of a unique (continuous) 
representation 

P-.Ges^ GL^(0,). 
Let K be the total fraction ring of Ox^ then p ® K \s absolutely irreducible as 
Ox[Ge,s\ — *■ J^rn{Ox) is surjective. In particular 

pf" c^p®K. 

By Lemma 14.3.71 and Prop. 17.8.141 p admits an associated O^-valued Weil-Deligne 
representation, say {r,N), N G Mfi{Ox)- 



Corollary 7.5.10. We keep the assumptions of Prop. \7.5.8 . Assume that 

then N admits a Jordan normal form over Ox and N ^i^^ Nq. 

Proof — Note that A''i ^z^,^ N2 and A^i ~ A''2 imply A'^i ^i^^ N2. In particular, by 
Prop. I7.5.8l and the assumption, we get that for each germ of irreducible component 
s{x) at X, 

hence all the -< above are . The corollary follows then from Lemma 17.8.91 (ii). 
□ 



It actually coincides with the universal Cayley-Hamilton quotient (see i]1.2.5p of 
{04Ge.s],T) by theorem [Tll](i). 
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7.5.4. Properties of T at the prime v. We are interested in the restriction of the 
family T to 

Gal(Qp/Qp) Ge,s 
given by the prime v above p, as in section 4. For any representation p of G, we 
win shortly say that p is Hodge- Tate, crystalline etc... if its restriction by the map 
above is. 

Let z £ Zj-cg parameterizing the p-refined automorphic form {tt,TZ) of weight 
k = {ki,---, km)- By properties (P4) of {Rep{m)), pz is Hodge- Tate, with Hodge- 
Tate weights the following strictly increasing sequence of integers: 

-ki, -k2 + 1, . . . , -km + m - 1. 

For convenience, and also in order to fit with the notations of sections 2 and 3 of 
this book, this shift leads us to modify a little the map uj as follows. Let 

logp: W^Homgr(To,Ai). 

be the map induced the usual p-adic logarithm Gm A^ (killing p), and let us 
identify 

Homgr(ro, A^) ^ HomQ^(Lie(T), A^) ^ A"" 

via the diagonahsation T (Qp)™- Under these identifications, logp : W A™ 
associates to the character x = (xi) • • • > Xm) ^ W(L) the element 

In particular, the composition of the embedding ^ W defined in ^7.2.31 with 
logp is the natural inclusion C A™. 

Definition 7.5.11. The morphism k = (ki, • • • , Km) '■ X — > A™" is the composi- 
tion of the map logp -a; by the affine change of coordinates 

(Xi, • • • , Xm) ^ {-Xl, -X2 + 1, • • • , -Xm + m - 1). 

For each z G ^regi ^1(2;), • • • , Ki{z) is the strictly increasing sequence of Hodge- 
Tate weights of pz- 

It turns out that this is enough to imply that for each x G X{Qp), the Sen 
polynomial of p^ is ni^i(^ " Ki{x)). 

Lemma 7.5.12. Let T : Gal{Qp/Qp) — > X he any m- dimensional continuous 
pseudocharacter on a separted rigid analytic space over Qp, k = : 
X — > A™ an analytic map, and Z C X(Qp) a Zariski-dense accumulation subset. 
Assume that for each z £ Z , the Sen polynomial of pz is W^iiT — Ki{z)). 

Then for each x G X(Qp), the Sen polynomial of px is YYiLi{T — Ki{x)). In 
particular, px is Hodge- Tate whenever the Ki{x) are distinct integers. 

Proof — By replacing X by its normalization X and Z by its inverse image in X, 
we may assume that X is normal and irreducible. 

Let C X be an open affinoid. Let g, g' , Y, Y' and y and My be as in Lemma 
17.8.111 For each open affinoid V C y, Sen's theory jSen] attaches to the locally free 
continuous 0(y)-representation of Gal(Qp/Qp) on Aiy{V) a canonical element 

ipv G Endo(v){-My{V))Cp, 
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whose formation commutes with any open affinoid immersion V' C V. The char- 
acteristic polynomial Pipy of each ipv lies in C'(y)[T], and all of them glue to a 
single polynomial G 0(3^)[T]. 

Let 5" C O be a Zariski-dense subset. Then g~^{S) is Zariski-dense in Y by \Ch.l\ 
Lemme 6.2.8], hence {S)riY' is Zariski-dense in y. Assuming that the conclusion 
of the lemma holds for all x in 5, then P<^ coincides then with Y[i=i(.'^ ~ '^i) y^'^'^, 
so the conclusion of the lemma holds actually on the whole of Q (note that g and 
g' are surjective). In particular, by a connectedness argument it is enough to show 
that the conclusion of the lemma holds for each x in a single affinoid subdomain of 
X. 

As Z is a Zariski-dense accumulation subset of X, there is an affinoid subdomain 
fl of X such that Z is Zariski-dense in Q. We claim that the conclusion of the 
lemma holds for each x G 0. Indeed, this follows from the previous paragraph for 
that specific Q and for S = Z HQ, and we are done. □ 

Let again z G Zj-^g parameterizing the p-refined automorphic form (vr, TZ) as 
above, and set 

By Definition 17.2.1:^1 

is an accessible refinement of vr^l det |^~. By properties (P4) and (P5) of {Rep{m)), 
Pz is a crystalline representation and J^z is an ordering of the eigenvalues of its 
crystalline Frobenius. As z G ^regj all these eigenvalues are distinct hence Tz is 
also the ordered set of Frobenius eigenvalues of a unique refinement of px in the 
sense of ^2.41 that we will call also J-'z- 

Proposition 7.5.13. {X,T, K.i,{Fi}, Zj-^g) is a refined family in the sense of ^4.2.3 . 

Proof — By Lemma 17.5.121 and what we just explained, (X, T, Kj, {i^j}, Zreg) 
satisfies properties (i) to (iv) of the definition 14.2.31 of a refined family. It also 
satisfies (*) of loc. cit. as the maps iVi lift the Ki by Def. 17.5.111 

To prove the property (v) of the definition of a refined family, we need to prove 
for any z £ Z and any integer C that the set Zq accumulates at z. By property (iv) 
of Thm [TTHTTl there is an open affinoid C X such that k{^}) is an open affinoid 
and K^Q is finite and surjective when restricted to any irreducible component of 17. 
Thus k{^}) contains an open ball of center k{z), and there is an integer such that 
k{Q) contains the set y C Z"^ of m-uples {ki, . . . , km) with ki < k2 < ■ ■ ■ < km, 
and {ki, . . . , km) = k{z) (mod {p — l)p^). Set 

Yc:={iki,...,km)eY, \ki-kj\>C, V/,Jc{l,...,m},|/| =|J| ^0} 

where ki := ^jgj k^. Then by definition, Zc contains k~^{Yc)- From the properties 
of K recalled above and by [ChU Lemma 6.2.8], it is thus enough to prove that Yc 
accumulates at k{z), and we are reduced to a simple question about the closed unit 
ball of dimension m. Consider the set 

= {(^ii • • • '^m) G Y, fcj+i - ki > m^{ki - h^i) + C, Vi G {1, . . . , m - 1}. 
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It is obvious that accumulates at 



k{z) and is Zariski dense. 



exercise 



107 



to check that C Yq, which completes the proof. 



It is a simple 
□ 



7.6. The eigenvarieties at the regular, non critical, crystalline points and 
global refined deformation functors. In this part, we give an application of 
the techniques and results of this book to study some global deformation rings, 
as we announced in ^2.61 of section 2. This has some counterparts concerning the 
geometry of the minimal eigenvarieties at the classical, non critical, crystalline 
points. We will show that those eigenvarieties should be smooth at those points 
and that they are very neatly related to deformation theory. By contrast, a much 
more complicated situation is expected at reducible, critical points, and this will 
actually be the main theme of the last sections 8 and 9. 

7.6.1. Some global deformation functors and a general conjecture. Let m > 1 be 
an integer, E/<^ a quadratic imaginary field, S a finite set of places of E, and 

P ■■ Ge,s GLm{L) = GUV) 

an absolutely irreducible continuous representation with coefficients in the finite 
extension L/Qp. We assume (see ^5.2. ip that 

V-^ ~ V{m- 1). 

Let us assume also that the prime p = vv splits in E, that Vp := V^e^ is a crystalline 
representation whose crystalline Probenius has m distinct eigenvalues in L*, and 
that the Hodge- Tate weights of Vp are two-by-two distinct. 

Choice: Let us choose a refinement of in the sense of 3231 

We will introduce below a deformation functor of V depending on this choice, 
but let us first remind some general facts of deformation theory. Let C be the 
category of finite dimensional local Qp-algebras with fixed residue field L that we 
introduced in ^2.3.5^ H a topological group and V a finite dimensional continuous 
L-representation of H. Following Mazur |Ma2| . let 

Xv -.C — > Ens 

be the deformation functor of the //-representation V. For any A £ C, Xv{A) is 
by definition the set of isomorphism classes of pairs (V^, vr) where is a finite free 
A-module equipped with a continuous A-linear action of H and vr : Va L — > V 
an //-equivariant isomorphism. If V is absolutely irreducible and if the continuous 
cohomology group {H adiV)) is finite dimensional, we know from |Ma21 §10] 
that Xy is prorepresentable by a complete local noetherian ring, with tangent 
space isomorphic to the cohomology group above. 



To see that, take I and J as in the definition of Yc, and define n + 1 as the greatest integers 
that is in / or J but not both. We may assume that n + 1 G /. Then fc/ — kj — fc^+i + X]i<n 
with ei G { — 1, 0, 1} and "^2^1 ~ ~li We may write the last sum, up to adding terms of the forms 
—ki + ki, as X^;<„e!fc; = — a sum of at most (n + 1)'^ < terms of the form ki ~ ki^i 
with I < n. None of those term is greatest than fe„ — fc„_i. Thus if (fci, . . . , km) G Yq, we have 
\ki — kj\ > kn+i — k„ ~ m?{kn — fc„_i) > C, which proves that (fci, . . . , km) G Yc- 
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Remark 7.6.1. Note that in Mazur's theory |Ma2j . the residue field k of the 
coefficient rings is a finite field. However, everything also applies verbatim when 
k is a finite extension of Qp (in which case it is actually even a bit simpler as 
k automatically lifts as a subfield of the coefficient rings). The adequate version 
in this setting of the p-finiteness condition of loc. cit. is the following : for any 
finite dimensional continuous Qp-representation U of the continuous cohomology 
group H^{H, U) is a finite dimensional Qp-vector space. By |RuH Prop. B.2.7] and 
Tate's theorems, this condition holds \i H = Ge,s or the Galois group of a local 
field. 

Let us denote by Xy and Xy^ the deformation functors associated respectively 
to the G£;^5-representation V and to the Gp-representation Vp. The choice of any 
embedding E — > extending v defines a natural transformation by restriction 

Xy — > Xy^ , 

that is (VA,vr) i— > (V^|£;„,7r). Let us denote again by the triangulation of Drig(^) 
associated to our chosen refinement J- by Prop. 12.4. 1[ Recall that we defined in 
^2.3.61 a refined deformation functor 

Xy^^T ■ C — > Set 

of {Vp,J^) equipped with a natural transformation Xy^^jr — > Xy^. By assumption 
on Vp and Prop. 12.3.61 and 12. 4. H Xy^^jr is actually a subfunctor Xy^. 

Definition 7.6.2. Define two subfunctors Xy^jr and Xyj of Xy as follows. If 

A £ C, say that {Va,t^) G Xy^jr[A) (resp. Xyj{A)) if, and only if: 

(i) V^c^VA{m-l), 

(ii) For w £ S not dividing p, Va is constant when restricted to Ie^ , that is 

(iii) (^A|£;,,7r) G Xy^^jr{A) (resp. Va\e^ is crystalline). 

We call Xyj the fine deformation functor of V, and Xy^jr the refined deformation 
functor of V associated to 

Recall that the parameter of a triangulation define for each A a morphism 

5 = i5i) : Xy^^A^) Bom{q;,A*r. 

Here Hom means continuous group homomorphisms. In particular, the derivative 
at 1 of such a morphism is an element of A'^ , which gives us a morphism 

dK : Xyp,:p G^. 

Denote hy 6 : Q*p ^ {L*)'^ the parameter of (see [2X1]). 

Proposition 7.6.3. (i) Xyj andXyjr are prorepresentable by some local com- 
plete noetherian rings. 

(ii) The parameter of a triangulation induces a canonical morphism 

5 : Xy^r Hon^G^)-^. 

(iii) There is a canonical isomorphism Xyj{L[e\) H^j{E,a,d{y)). 
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Proof — In order to prove (i), we have to check that each of the conditions (i), 
(ii) and (iii) in Definition 17.6.21 are deformation conditions in the sense of Mazur 
[Mi2l §19, 23]. 

For condition (i), note that as V is absolutely irreducible, a deformation Va is 
uniquely determined up to isomorphism by its trace (Serre-Carayol's theorem). It 
is then trivial to check conditions (1), (2) and (3) of §23 of loc. cit. for that 
defo rma tion condition. For condition (ii), (1) is obvious, (3) follows from Prop, 
and (2) follows easily from (1) and (3) (see the proof of Prop. I2.3.9p . 
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For condition (iii) in the refined case, it is Prop. 12.3.91 In the fine case, it 
follows from Ramakrishna criterion (see |Ma21 §25, Prop. 1]) and from the fact that 
the category of crystalline representations is closed under passage to subobjects, 
quotients, and finite direct sums, by a result of Fontaine. That concludes the proof 
of part (i) of the proposition. 

We already explained assertion (ii) before the statement, and assertion (iii) is 
now immediate. □ 

By imitating assertion (iii) of the definition above, let us set 

F>(i?,ad(y)) ■.= Xv,ALM)- 
Recall that we defined in ^2.4.31 a notion of non critical refinement. 

Proposition 7.6.4. If is a non critical refinement of Vp, then Xyj is a sub- 
functor of Xy^jr. If moreover IIonnQ^{yp,Vp{—l)) = 0, then 

(i) Xyj is exactly the subfunctor of Xy^j^ defined by the equation dn = 0, 

(ii) This inclusion induces the following exact sequence on tangent spaces: 

H}{E, ad(F)) H^{E, ad{V)) ^"-^"'^ 

Proof — The first assertion follows from Prop. 12.5.71 Point (i) is Theorem 12. 5. H 
and (ii) is then obvious. □ 

We believe in the following conjectures. 

Conjecture 7.6.5. (CI) Xyj is a closed point. 

(C2) // is non critical, then dn is an isomorphism. In particular, Xy^jr is 
(formally) smooth of dimension m. 

By Prop. 17.6.31 (iii). Conjecture (CI) is actually equivalent to the conjecture 
BK2{p) introduced in ^5.2.31 (see also l5.2.^ . Let us record this fact in the following 
corollary. 

Corollary 7.6.6. Conjecture (CI) is equivalent to the conjecture BK2{p) (see 
\5.2.3\) . In particular, the Bloch-Kato conjecture implies (CI). 

As a consequence, (CI) is a very "safe" conjecture. In what follows, we will try 
to provide evidence for (C2) and we will relate it to eigenvarieties. In particular, 
this will shed some light on the expected structure of those eigenvarieties in some 
cases. 



108j£ (^j-,N) is the Weil-Deligne representation of Va\e^, note that condition (ii) is equivalent 
to ask that A*' is constant on each isotypic component of the semisimple representation r^j^ . 
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Remark 7.6.7. Assuming that RomGp{Vp,Vp{-l)) = 0, Prop. 17.6.41 (ii) shows 
that (C2) implies (CI). As p is conjecturally pure, this assumption conjecturahy 
always hold, hence (C2) is conjecturally stronger that (CI). As we shall see, the 
input of eigenvarieties will show that they are actually equivalent. 

7.6.2. A modular special case. We keep the assumptions on §7.6.11 As we want 
to give examples providing evidence for (C2), we will focus from now to some 
special cases (but still rather general, see Rem. I7.6.9P coming from the theory of 
automorphic forms for which everything we shall need is known. Let us fix a prime 
q ^ p that splits in E, as well as another split prime q' ^ {q,p} if m = mod 4 and 
such that q' = q else. 

Lemma 7.6.8. There exists a unique unitary group in m variables G attached to 
E/Q such that 

(i) G(M) is compact, 

(ii) if I ^ {q,q'}, G{Qi) is quasisplit, 

(iii) if I = q or q' , G{Qi) is the group of invertible elements of a central division 
algebra over Qi. 

Proof — This follows from Hasse's principle (see e.g. [Cll (2.2)]). There is no 
global obstruction when m is odd ([Cl, Lemme 2.1]), and a Z/2Z-obstruction when 
m is even. In that case, the local invariant in Z/2Z of a division algebra is always 
non zero (see (2.3) of loc. cit.), and the one at the real place is (— l)™'/^ by |CH 
Lemme 2.2], hence the lemma. □ 

Let vr be an automorphic representation of G. Assume that vr is not 1 dimensional 
and that: 

(vrl) vr is only ramified at primes that split in E, 

(7r2) TTp is unramified and its Langlands conjugacy class has m distinct eigenval- 
ues, 

(vrS) -Kg is supercuspidal. 

It is easy to construct such representations. Let us fix some choices of too and Lp 
as in ^7.2.11 By [HLt Thm. 3.1.3], such a vr admits a strong base change vr^; to 
GLm(A£;) (it is cuspidal as tt is not one dimensional). Moreover, this tte satisfies the 
assumptions of Harris- Taylor's theorem |HT| . hence by loc. cit. we can attach to 
this vr and those embeddings a Galois representation p with the following properties: 

(pi) p has all the properties of ^7.6. 1[ 

{p2) p\E^ is unramified for each nonsplit place w of E, and compatible with 
tt.bI.I^'""^^/^ at all split w (up to Frobenius semi-simplification). 

{p2>) p^Ev is crystalline and the characteristic polynomial of its crystalline Frobe- 
nius is the same as the one of ipi'^ L{TTp). 

Remark 7.6.9. If we believe in Langlands' extension of the Taniyama-Shimura- 
Weil and Artin conjectures, as well as Arthur-Langlands' yoga of parameters (see 
Appendix A), any p as in ^7.6.11 which is unramified at nonsplit places, irreducible 
at q, and indecomposable at q' , should occur this way. 
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Under assumptions {p3) and (vr2), i-pL^ induces a bijection TZ ^ between 
the refinements of vr^ in the sense of ^6.4.41 and the refinements of Vp in the sense 
of §2.41 As TTp is tempered by Harris- Taylor's theorem, all its refinements are 
accessible by Example 16.4.81 In particular, to any choice of any refinement J-" of 
Vp as in ^7. 6. II corresponds an accessible refinement of TTp and vice- versa. For some 
technical reasons, let us also assume that: 

(p4) is non critical and regular (see Def. I2.5.5p . 
(ps) For i = 1, - ■ ■ , m, A*p is irreducible. 

All these assumptions being done, we can consider the minimal eigenvariety 
associated to [it, J-) (see Example I7.5.2p . Let 2; G X be the L-point parameterizing 
TT equipped with its refinement J^, and set 

T := O,. 

7.6.3. R = T at the regular non critical crystalline points of minimal eigenvari- 
eties. Assume that p and vr are as in ^7.6.11 and ^7.6.21 Let Rp,j^ be the universal 
deformation ring of the refined deformation functor Xy.j^ given by Prop. 17.6.31 (i). 

Proposition 7.6.10. There is a canonical commutative diagram 

(68) Rp,r T 

L[[ti,--- ,t^]]^6^^ 
Moreover T is equidimensional of dimension m and is a finite injective map. 



Proof — We claim first the existence of a natural map Rp^j^ T. Let A = Oz- 
As p is absolutely irreducible, T is the trace of a unique continuous representation 

PA ■■ Ge,s — > GL„(^), 

hence for each cofinite length proper ideal / of A we have a canonical element 
PA (2) A/ 1 e Xv{A/I) (note that A/I = T/IT). We have to show that this element 
falls in Xv,j^{A/I), i.e. to check conditions (i) to (iii) in Def. I7.6.2i Condition (i) 
follows at once from the fact that T"*- = T{m—1) and that p is absolutely irreducible. 
Condition (ii) follows from Cor. 17.5.101 which applies by [TYj . Last but not least, 
condition (iii) follows from Theorem l4.4.1l if we can check the assumptions of ^4.4.11 
at the point z. They hold as (X, T, k, {Fi}) is a refined family by Prop. 17.5.131 and 
as the assumptions (REG), (NCR) and (MF') of gXU follow form (p4) and (p5). 
This concludes the claim. 

The existence of a commutative diagram as in the statement is moreover given 
by the identification of the parameter 6 (^i A/I in the statement of Theorem 14.4.11 
More precisely, that theorem furnishes a commutative diagram 

(69) Rp,:F T 
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where d G Hom(Q*, G^) is the parameter of J^, and where the map on the right is 
the natural map. 

The assertion on T and fohow from property (iv) of the eigenvariety X, thus 
it only remains to check that the upper map is a surjection. By property (i) of 
eigenvarieties (see Def. I7.2.5p . T is generated by Ti. as an ©^(^j-algebra. As 

n = Ap^ Hur 

we see that T is generated over 0^(2) [-^ii " " " > -^m] by the T(Frob ^)'s for the primes 
I = WW £ Sq. But each T(Frobt„) obviously lifts in Rp^j^ as the trace of Frob^ in 
the universal refined deformation, and we are done by the commutative diagram 

dSH). □ 

Corollary 7.6.11. Assume that p is associated to a tt as in § 7. 6. 2\ 

(i) Conjecture (CI) is equivalent to conjecture (C2). In particular, if the Bloch- 
Kato conjecture holds then ( C2) holds. 

(ii) Conjecture (CI) implies that all the maps of the diagram of Prop. \7.6.10 
are isomorphisms. 

Proof — By Harris- Taylor's theorem (especially property (P5) of l6.8.ip . p is pure 
and HoTUGpiypi ^(—1)) = 0, hence Prop. 17.6.41 applies. In particular, (C2) implies 
(CI) by Remark [TMl 

Assume that (CI) holds. We claim that Bk^ is an isomorphism. It would imply 
(C2) as well as assertion (ii) of the corollary, since the top arrow (resp. the right 
arrow) in Prop. 17.6.101 is surjective (resp. injective), so it is enough to prove the 
claim. 

By Prop. 17.6.101 dn^ is injective. As it induces an isomorphism on the residue 
fields L and as Rp^j^ is a complete local noetherian ring, it is enough to show that 
dtx^ induces an isomorphism on tangent spaces. Under conjecture (CI), the exact 
sequence of Prop. 17.6.41 (ii) shows that the tangent space of Rp^j^ has dimension 
< m, and that is enough to know that it has dimension exactly m in order to 
conclude. But by Prop. 17.6.101 Rp^j^ has Krull dimension > m, as its quotient T 
has dimension m. The dimension theory of local noetherian rings shows then that 
the Krull dimension of i?p,:r and the dimension of its tangent space both coincide 
with m. Thus Rp^j^ is regular of dimension m and we are done. □ 

In particular, the map Rp^T — *■ TT that we defined should always be an iso- 
morphism. Moreover, we also get that a far reaching infinitesimal version of the 
principle a non critical slope form is classical should hold for eigenvarieties. 

Conjecture 7.6.12. (R=T) The map Rp^r — * I" is an isomorphism. 
(CRIT) The map is an isomorphism, i.e. the weight map k is etale at z. 

Of course, the natural trend in the area since the work of Wiles and Taylor- 
Wiles is that we should first try to prove conjectures (R=T) and (CRIT) using the 
cohomology of Shimura varieties and the theory of automorphic forms. Note that 
(R=T) and (CRIT) together imply (C2) by Prop. 17.6.101 Then (CI) would follow 
by Cor. 17.6.111 

Corollary 7.6.13. Conjectures (R=T) and (CRIT) imply (CI) and (C2). 



182 



J. BELLAiCHE AND G. CHENEVIER 



The deepest part there is certainly to show (R=T), but we will not say more 
here about that conjecture (see Kisin's paper [Ki2j in the case m = 2, as well as 
the discussion in §5.2.3p . In the remark below, we discuss instead what is known 
about conjecture (CRIT). 

Remark 7.6.14. (i) Assuming that T is moreover [/-non critical (see 12.4.61 
(iii) or jChU §7.5.1])), then by Prop. 17.4.61 (iii) - that is essentially the small 
slope forms are classical result - the refined automorphic representation 
(tTjTZ) does not have any infinitesimal deformation in the space of p-adic 
automorphic forms. 

This fails short to imply that k is etale because of a subtlety: for these 
general G we do not have a good control of X in terms of the spaces of p-adic 
automorphic forms, for instance like the pairing we have for GL2/Q given 
by the g-expansion (see e.g. |BCh21 Prop. 1 (c)]). However, if we knew that 
the multiplicity one theorem holds for the automorphic representations of 
G which are unramified at the nonsplit primes (which is expected), then 
(CRIT) would follow easiljl^ from Prop. 17.4.61 (iii). In particular, by 
results of Rogaswki we know (CRIT) in the [/-non critical case when m < 3. 

(ii) Even admitting this multiplicity one result for G, it would be very interest- 
ing to have a proof of conjecture (CRIT) in general. As explained in Rem. 
12.4.61 (ii), in the classical case of the eigencurve and the group GL2/Q, the 
full case of (CRIT) is known and is quite deep: it follows from Coleman's 
theorem [CI] (including the so called boundary case where v{ap) = k — 1) 
and from the existence of overconvergent companion forms due to Breuil- 
Emerton [BrEj . 

(iii) Let us mention that we certainly believe that conjectures (R=T) and (CRIT) 
also hold without the assumption that J- is regular or that the A*p are irre- 
ducible for i > 1 (but of course still non critical). However, it seems to be 
an interesting problem to understand the case where the crystalline Probe- 
nius of Vp are not assumed to be two-by-two distinct any more (or, which 
is the same, when {tt2) does not hold). Indeed, there seems to be no trivial 
way to make refinements of TTp and Vp correspond without this assumption. 
It is quite clear that it in this case our definition of a refinement of vTp is 
not the good one (it is somehow an " archimedean one" rather than p-adic) . 
From the point of view of the hypothetical Breuil-Langlands correspon- 
dence between m-dimensional crystalline representations of Gp and p-adic 
representations of GLm(Qp), we should rather define those refinements in 
terms of the closure (in the space of p-adic automorphic forms for G) of the 
representation TTp vrj^ and show that they match (in the dictionary) with 
the refinements of V^. In the case of GL2/Q, this appears quite naturally 
in Emerton's theory of Jacquet modules and it is actually a theorem [E2J. 

(iv) If we do not assume that is critical (but say all the other hypotheses), 
the situation is actually very interesting but quite different. For example, 
the can be no map from Rp^j^ to T as the refined family (T, X) is generically 
non critical. We postpone its study to a subsequent work. 



Basically because when an A-module Af is free of rank one over A, then each commutative 
A-subalgebra of EndA(M) is equal to A (hence etale over A)... 
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7.7. An application to irreducibility. A simple application of the results of this 
section, together with the generic irreducibility theorem I4.5.H is the existence of 
many n-dimensional Galois representations of Ge that are irreducible, even after 
restriction to a decomposition group at a place v above p. As an example, let us 
prove the following result : 

Theorem 7.7.1. Assume Rep{m) (actually for that matter we may release condi- 
tions (P2) and (P3)). Then for any integer C , there exists an automorphic repre- 
sentation vr for U{m) such that the Galois representation 

- is unramified at every places not dividing p, 

- is crystalline and irreducible at each of the two places dividing p, 

- and has Hodge-Tate weights kt, i = 1, . . . ,m, such that \ki — kj\ > C for 
every i j- 

Proof — Let vr be the trivial representation of U(m). It is unramified at all the 
finite primes hence we may consider the minimal eigenvariety containing tt as in 
^7.5.21 By definition it is the eigenvariety (A/Qp, ■0, v-, Z) for the set Z of p-refined 
automorphic representations (tp^n.-R)^ k) such that vr is unramified at all finite places 
and TZ is an accessible refinement of VTp. For that reason, we may wish to call it the 
unramified, or tame level 1, eigenvariety for U(m). Note that X is not empty since 
it contains the point xq corresponding to the trivial representation tt of U(m) with 
its unique refinement at p (see Ex. 16.4.81 (ii)). 

By an argument similar than the one given in the proof of Prop. 17.5.13^ there 
exists a point xi £ Z arbitrary close to xq that corresponds to an automorphic 
representation tti (together with a refinement TZi) such that: 

(i) (vri)oo is regular, 

(ii) the eigenvalues Ai,-- - , Am of the Langlands conjugacy class of (vri)p are 
distinct, and no quotient of two of them is equal to p, 

(iii) if I, J C {1, • • • , m} are such that \I\ = \J\, then Hie/ ~ n^Gj ^ ^ — 
J. 

Condition (ii) ensures that (vri)p is a full irreducible unramified principal series, 
hence that all its refinements are accessible (cf. Prop. [674. 7p . 

We now use the refined family T of Galois representations on X constructed in 
this section. The representation p^^ corresponding to vri has distinct Frobenius 
eigenvalues at v and distinct Hodge-Tate weights by (i). In particular, we may 
write as a sum pi ® ■ ■ ■ ® Pr oi non-isomorphic irreducible representations. As 
explained in ^4.4.3t there is a partition {!,..., m} = Wi U • • • U ^r-, such that 
\Wi\ = for i = I, . . . , r, defined by setting Wi equal to the set of j's such that 
Kj{xi) is a weight of pj. Moreover, as explained there, to a refinement J- (that 
is, an ordering of the crystalline Frobenius eigenvalues) of px^^ is attached a second 
partition {!,..., m} = Ri{J^) U • • • II Rr{^) with \Ri{T)\ = di, and all partitions 
of this type are attached to some refinement T. It is a simple combinatorial task, 
tackled in the next lemma, to see that there is always one (and in general, many) 
partition (i?j) of this type which is "orthogonal" to the partition {Wi), in the sense 
that 

VPc{I,...,r}, 0< |P| <r, 

ieP iev 
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We choose such a partition, and a refinement J- of p^^ defining that partition. 

To T corresponds a refinement 7^2 of (7ri)p, necessarily accessible. We thus may 
define a point X2 oi Z <Z X corresponding to (7ri,7?.2). Note that T is regular by 
property (iii) above of x\. By Thm H3TT| and the properties of 7^2) the family 
of Galois representation T restricted to is generically (absolutely) irreducible 
near X2- Hence for any integer C, there is a point X3 G Zf, such that {fix-i)\D^ is 
crystalline absolutely irreducible. So is {s>x2)\D^-, since it is the dual of the preceding 
representation. 

It is clear that the automorphic representation tts corresponding to 2:3 satisfies 
all assertions of the theorem. □ 

Remark 7.7.2. The trivial representation of U(m) has a unique refinement, and 
it turns out that this refinement does not allow us to conclude using Theorem l4.5.1l 
that the deformation it defines of the trivial representation is generically irreducible 
restricted to (and likely it is not for m > 3). Indeed, as explained in ^4.4.3[ 
since the trivial representation is ordinary in the sense of loc. cit., this unique 
refinement is characterized by a permutation a of {!,..., m}. Actually for the 
trivial representation we have <t(1) = m, . . . , a{m) = 1 and we see that, for m > 3, 
a is not transitive, or in the language of loc. cit. the refinement is not anti-ordinary 
(it is not ordinary either). That is why we had to process in two steps in the proof 
above. 

We now prove the combinatorial lemma needed in the above proof. 

Lemma 7.7.3. For every partition {1, . . . , m} = Wi IJ • • • U with \Wi\ = di 
for all i, there exists a partition {1, . . . , m} = -Ri U • • • U ^r, with \Ri\ = di for all 
i such that 

VP C {!,..., r}, 0< |P| <r, 

Proof — Pick up an element ti in each Wi. Choose a transitive permutation a of 
{1, . . . ,r}. Put in Ri. Complete the construction of Ri as you like. Then for 
all C {1, . . . , d}, Ujgp Wi contains ti for i G P and no other tj., while Ujg-p Ri 
contains the ti for i £ cr{V) and no other tj. Hence if those two unions are equal, 
a{V) =V. □ 

Remark 7.7.4. The proof above may be adapted to prove the existence of parti- 
tions (Ri) satisfying further properties. For example, we shall need in a remark of 
chapter 8 to deal with a case where di = dr = 1, Wr = {k}, Wi = {k + 1}, with 
l<A:<fc-|-l<m;in this case we want a partition {Ri), satisfying the above 
properties and moreover Ri = {1} and Rr = {m}. It is certainly clear for the 
reader how the above proof has to be adapted to prove the existence of such Ri. 
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7.8. Appendix: p-adic families of Galois representations of Gal(Q;/Q/) 
with / 7^ p. 

7.8.1. Some preliminary lemmas on nilpotent matrices. Let A; be a field and n G 
Md{k) a nilpotent matrix. By Jordan's normal form theorem, there exists a unique 
unordered partition of {1, . . . , d} 

t{n) ■.= {h>t2>--- ), ti£N, ^ ti = d, 



such that n is conjugate in Md{k) to the direct sum of Jordan's block^ 

where s is the smallest integer such that ts+i = 0. If A; — > k' is a field embedding, 
then t{n (g)^ k') = t{n). 

Recall that the dominance ordering on the set of decreasing sequences t = {ti> 
i2 > • • • ) of integers is the partial ordering 

t-<t' ^ Vi>l, tiH hti<tiH ht-. 

We refer to [Mac! §1] for its basic properties. 

Proposition 7.8.1 (Gerstenhaber). Let n,n' G Md{k) be two nilpotent matrices. 
Then the following assertions are equivalent: 

(i) n is in the Zariski- closure of the conjugacy class of n' in Mdik), 

(ii) For all i >1, rankn* < rankn'*, 

(iii) t{n) -< t{n'). 

Proof — The equivalence between (i) and (ii) is |Gerl Thm. 1.7]. Assertion (ii) 
is equivalent to ask that for each i, dim(ker(n*)) > dim(ker(n'*)), which is another 
way to say that t*{n) >- t*{n'). Here, t* is the conjugate partition of t, and the 
result follows ast^t' -^f >- t'* by [MaHl §1.11]. □ 



Definition 7.8.2. If n, n' are any two nilpotent matrice a^^H . we write n ^ n' (resp. 
n ~ n') if t{n) -< t{n') (resp. t{n) = t{n')). If n,n' S M(i{k), n ~< n' if, and only if, 
n is in the Zariski-closure of the conjugacy class of n' £ Md(k). 

Corollary 7.8.3. Let V he a finite dimensional k-vector space and n S Endk{V) 
a nilpotent element. Let U <Z V he a k[n]-submodule and n' is the endomorphism 
induced by n on U V/U, then n' -< n. 

Proof — It is clear on condition (ii) of Prop. 17.8.11 □ 



For us, the Jordan block Jd G Md{A) for any commutative ring A is the matrix of the 
endomorphism n of A'' defined by n(ei) = and n{ei) = d-i if i > 1. 

"'^"'^^It is not necessary to ask, in this definition, that they have the same coefflcient field (or even 
the same size). 
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Let US collect now some useful results about nilpotent matrices with coefficients 
in a ring. Let ^ be a commutative ring and n £ M[i{A) a nilpotent matrix. We 
will say that n admits a Jordan normal form over A if n is GL(i(A)-conjugate in 
Md{A) to a direct sum of Jordan's blocks Jt^ ® • • • Jts for some unordered partition 
{ti > t2 > • • • ) of {1, • • • , d} as above. Again, we see by reducing modulo any 
maximal ideal of m that if such a Jordan normal form exists, then the associated 
partition is unique. The following proposition is probably well known. 

Proposition 7.8.4. Let A be a local ring and n £ M^^A) a nilpotent matrix. The 
following properties are equivalent: 

(i) n admits a Jordan normal form over A, 

(ii) for some faithfully flat commutative A-algebra B, the image of n in M(i{B) 
admits a Jordan normal form over B, 

(iii) for each integer i > 1, the suhmodule n'^{A'^) C A'^ is free over A and direct 
summand. 

Proof — It is clear that (i) implies (ii), and also that (i) implies (iii) even if we 
do not assume A to be local. Note that for u G EndA(^'^) any element and B a 
faithfully flat ^-algebra, then 

Im{u) ®A B Im{u (^a B), 

and the latter is projective and direct summand in B^ as a S-module if, and only 
if, Im (n) C A'^ has those properties as j4-module. As a consequence, (ii) implies 
that n^{A'^) are projective and direct summand yl-modules, hence free as A is local, 
hence (ii) implies (iii). 

It only remains to show that (iii) implies (i) , for which we argue as in the classical 
proof of Jordan's theorem. For i > let Ni := Im(n*) G A"^. We construct by 
descending induction some ^[n]-submodules -Fj+i and Qi of A"^ for i = d — 1, . . . , 0, 
such that 

- Fd = 0, 

- Fj+i and Qi are free and direct summand as ^-modules, 

- n|Q. has a Jordan normal form over A with blocks of size i + 1 (if any), 

- Fi = Fi+i © Qi and n^F^+i) © n*(Qi) = Ni. 

Assume that Fj and Qj are constructed for j > i, we have to define Qi. Note that 
is free and direct summand as ^-module, and that J^iFi+i admits a Jordan 
normal form, so n*(Fj_|_i) and 

Ki := Kernnn*(F,;+i) 

are free and direct summand as an A-module as well. In particular, Ki is a direct 
summand of Kern n Ni, by Lemma 17.8.71 (i) below. 

As A is local, we may then find a finite free A-module Q • C Ker nCi Ni which is 
a complement to Ki, it satisfies: 

(70) Ki®Q'i = KeinnNi, Q[nn\Fi+i) = 0. 

We claim that 



(71) 



n'{Fi+i)eQ'i = Ni. 
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Indeed, n{Ni) = iVj+i = n*+i(i^j+i) implies that Ni = n*(Fi+i) + Kern n iVj, which 
proves the claim by (|70p. Note also that 

(72) n Fi+i = 0. 

Indeed, the Jordan blocks of Qj for j > i have size > i + 1, thus Kern n -F^+i C 
n*(Fi+i). As n(Q^) = 0, we get that Q[ n F^+i C Q ■ n n*(Fi+i) = by ([70]), and we 
are done. 

We can now conclude the proof. If = 0, then we set Qi = and we are done. 
If else, we may choose fi, • • • , fr in A'^ such that n^{vi), • • • , n'^{vr) is an A-basis of 
Q[. Set 

Qi := A[n]vi^ ^ A[n]vr. 

Note that n*+i(Qi) = n{Q'^ = 0. We check at once by applying n several times 
that 

- the n^{vj) with < s < i and 1 < j < r are an A-basis of Qi (so in 
particular, ti^q. admits a Jordan normal form Jj+i © Jj+i © • • • © Jj+i (r 
times)), 

- n Fi+i = (note that Q[ n i^+i = bv 

and we are done by ([7T]) if we set Fj := Fj+i © Qj. □ 

Criterion (i) 4^ (ii) of Prop. l7.8.4l shows that the property of admitting a Jordan 
normal form (say over a local rin g^^T ) is invariant under faithfully flat base change. 
When we deal with deformation theory, the following other kind of descent is useful. 

Proposition 7.8.5. Assume that A — > A' is a local homomorphism between ar- 
tinian local rings inducing an isomorphism on the residue fields, and let n £ M(i{A) 
be a nilpotent matrix. Then n admits a Jordan normal form over A if, and only if, 
its image in Md{A') admits a Jordan normal form over A' . 

Proof — Assume that the image of n in M(i{A') has a Jordan normal form 
(the other implication is obvious). For i > 1, let Ni := Im{n^) C A'^ and = 
Im{{n ©A Aj) c A"^. ks A c A', we have 

Ni C ^.N, = Ni. 

Recall that A and A' have the same residue field k := A/m, and let n G Md{k) be 
the image of n. We have two natural surjections with the same image 

(73) Ni0Ak — > Im (n*), iV/ ©a' A; ^ Im (n^), 

where the second map is an isomorphism as N- C A"^ is a direct summand. Let 
vi, - ■ ■ ,Vr a A:-basis of n^{k'^), and vi, • • • ,Vr £ Ni some liftings of the vj. Set 

r 

Pi ■.= Y,Avj C Ni. 

i=i 

(If n* = then we set Pi = 0). This is a (free) direct summand of A'^ by Lemma 
17.8.61 below. Moreover, the vj generate N^ over A' by (j73p and Nakayama's lemma, 
hence PiA' = NiA' = N^. By Lemma [710 (ii) below, this imphes that Pi = Ni, 
thus Ni is free and direct summand, and we are done by Prop. I7.8.4[ □ 

In the general case, the well-behaved definition for "admitting a Jordan normal form over 
A" is certainly to ask directly that the n'(A'') are projective and direct summand. 
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Lemma 7.8.6. Let A be a local ring with residue field k. If some elements vi, . . . ,Vp 
in A"^ have k-independent images in k'^ , then they are A-independent and 

etiM c A'^ 

is a direct summand. 

Proof — Let M E M^^p^A) be the matrix defining the Vi in the canonical basis. 
By assumption, some p x p-minor of M G Md^p{k) is nonzero, hence the same pxp- 
minor of M is in A*, and the Vi are ^-independent. We conclude by completing 
the Vi in a basis of k'^ and by Nakayama's lemma. □ 



Lemma 7.8.7. Let A be a commutative ring, P <Z N <Z M an inclusion of A- 
modules such that P and M are projective, and P is a direct summand of M . 

(i) P is a direct summand of N . 

ill) Assume that A — > B is an injective ring homomorphism, then M — > 
M^aB is injective. IfB.P = B.N in M (E)a B, then P = N. 

Proof — We can write M = P ® P' for some ^-module P' C M. It is immediate 
to check that N = P (B (P' H A^), which proves (i). To check (ii), we may assume 
that AI is a free A-module, and the first assertion is then obvious. Assuming that 
B.P = B.N, we have to show by (i) that P' n iV = 0. But 

{P' nN) c B.{P' nN) c B.P' n b.n = B.P' n B.P = o, 

which concludes the proof. □ 

When a nilpotent element in Mfi{A) (or even in a GMA over A) does not nec- 
essarily admit a Jordan normal form there are still some inequalities between the 
generic and residual partitions that are satisfied. 

Proposition 7.8.8. Let A be a com mutative reduced local ring whose total fraction 



ring is a finite product of fielda^^^ K = Y\s ^s, and let k be its residue field. Let 
R C M(i{K) be a standard GMA of type {di, . . . ,dr) (see Example \ 1.3. 4^ . Assume 
that the natural surjective map 

R^llMd^ik) 

i 

is a ring homomorphisn ^^ . Let n G R be a nilpotent element that we write n = 
{ug) E {Mii{Ks)), and let n G WiMdi{k) C Md{k) be its projection under the map 
above. Then n ~< Ug for each s. 

Proof — Note that n £ Md{k) is nilpotent as the map of the statement is a ring 
homomorphism, hence the statement makes sense. 

By Prop. 17.8.11 we have to show that for each i > 1 and for each s, 
(74) d\mKAn\K'!:)) > diuik{n\k'')) . 



^^^See Prop. ll.3.11l for a discussion of this assumption 
It is the same to ask tha 
as explained in Example 11.4.21 



"'^"'^'^It is the same to ask that the Cayley-Hamilton algebra {R,T) is residually multiplicity free, 
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By replacing n by n* we may assume that i = 1. Let us write A'^ = ©[^^V^ according 
to the standard basis, Vi = x A'^^- x 0. For each i = 1, . . . , r, let 

n{vi^i), ■ ■ ■ ,n{vi^ti) 

be a /c-basis of n{k'^'), ti < di (choose no Vi if t{n)i = 0). Let Wi^j G Vi be any 
lifting of Uj.j. To prove (|74p . it suffices to show that the elements 

n{wij) £ K'^, i = l...r, j = l---ti, 

are X-independents. It suffices to check that for each i, if pi : K"^ —>■ K"^' denotes 
the canonical i^-linear projection on KVi, the elements 

Piin{wij)) G A'^\ j = l...ti, 

are ^-independent. By construction these elements reduce mod m to the elements 
'>T'{vi,i), ■ ■ ■ ,n{vi^ti) £ k'^' which are A;- independent, hence we conclude by Lemma 

rrsil ' □ 



Proposition 7.8.9. Let A be as in the statement of Prop. \7.8.8 . and let n £ M(i{A) 
be a nilpotent element. 

(i) for each s, >- n. 

(ii) if (i) is an equality for each s, then n admits a Jordan normal form over 
A. 



Proof — Assertion (i) follows from Prop. 17.8.81 in the special case when R = 
Md{A). Let us check (ii). We have to show that Ni := n^{A'^) is free and direct 
summand as A-module. By assumption, 

(75) Vs, dimx,(iVi ©a K.,) = dimfc(n*(/c'^)) =: di, 
and we also have a natural surjection 

(76) Ni^Ak — > n\k'^). 

By Nakayama's lemma and (|76|) . Ni is generated over A by di elements, and those 
elements are necessarily /C- independent by (j75p . thus Ni is free of rank di over A 
and the map in (j76p is an isomorphism. We conclude by Lemma l7.8.6[ □ 



Lemma 7.8.10. Let A be a noetherian commutative domain, K its fraction field. 
Let n £ Mii{K) be a nilpotent matrix. There exists a nonzero f £ A such that 
n £ Md{Af) and such that for each x £ D{f) C Spec(A), if Ux denotes the image 
of n £ M(i{Ax/xAx), then we have n ~ n^. 

Proof — We may assume that n £ Md{A). For i = 1 . . . d, let Mi = n^{A^). 
As Mi ®A L^ is free and direct summand in K"^, we may assume, by replacing A 
by some Af for a nonzero f £ A ii necessary, that all the Mj are free and direct 
summand in A"^. But then for each x £ Spec(74), rkn^ = dimx Mi ©^ K, and we 
are done by Lemma l7.8.11 □ 
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7.8.2. Preliminaries on general families of pseudocharacters. Even in the " specific" 
context of tlie pseudocharacter T on the eigenvarieties X introduced in ^7.5.21 there 
is no reason to expect that T should be the trace of a representation of Ge,s on 
a locaUy free Ox-module of rank m, or on a torsion free Ox-module of generic 
rank m, and this even locally. However, this holds for general reasons on an etale 
covering of the Zariski-open subspace of X consisting of the x such that px is 
absolutely irreducible by |ChH Cor. 7.2.6]. Moreover, recall that in the first part 
of this book, we studied that question in details locally around any point x such 
that px is multiplicity free. 

We collect here some general facts that might be used to circumvent this problem. 

Lemma 7.8.11. Let T : T — > C'(X) be any continuous m-dimensional pseu- 
docharacter of a topological group T on a reduced rigid space X over Qp. Let 
^ <Z X he an open affinoid. 

(i) There is a normal affinoid Y , a finite dominan^}^ map g : Y — > fl, and 
a finite type torsion free 0{Y)-module M{Y) of generic ranks m equipped 
with a continuous representation 

py -.T ^ GLo(Y){M{Y)) 

whose generic trace is T. 

Moreover, py is generically semisimple and the sum of absolutely irre- 
ducible representations. For y in a dense Zariski-open subset Y' C Y , 
M(Y)y is free of rank m over Oy, and M{Y)y ® k{y) is semisimple, and 
isomorphic to Pg(y). 

(ii) There is a blow-up g' : y ^ Y of a closed subset of Y\Y' such that the 
strict transform Aiy of the coherent sheaf on Y associated to M(Y) is 
a locally free Oy-module of rank m. That sheaf My is equipped with a 
continuous Oy -representation ofV with trace (g'g)^ oT, and for ally G y, 
{M.y,y (SD k{y)Y^ is isomorphic to Pg'g{y)- 

Proof — Let us prove (i). By normalizing Q if necessary, we may assume that 
O = X is irreducible. By Taylor's theorem (TJ thm. 1.2], there exists a finite 
extension K' of K := Frac(C'(X)) such that T : T — > K' is the trace of a direct 
sum of absolutely simple representations of F ^ GLm(-ft^')- If define 0{Y) as 
the normalization of X in K' , the existence of a finite type, continuous, L-stable 
C(r)-submodule M{Y) G K''^ is [BChll Lemme 7.1 (i), (v)]. 

It satisfies the "Moreover, ..." assertion by definition. By a classical result of 
Burnside and the generic fiatness theorem, this latter fact implies that for y in a 
Zariski-open subset of Y , M(Y)y = M(Y) ®o{Y) is free of rank m over Oy and 
that M(Y)y (gi k{y) is a semisimple A;(y)[r]-module. In particular, for those y we 
have M{Y)y (^Oy k{y) ~ as they both have the same trace, which concludes 
the proof of (i). 

Part (ii) follows then from (i) and Lemma 13.4.21 (either reduce Y' in (i) or note 
that the explicit blow-up of Y used in that lemma is the blow-up of the m-th Fitting 
ideal of M{Y), whose associated closed subset does not meet Y'.) □ 



Precisely, it is surjective, and the image of any irreducible component of Y is an irreducible 
component of Q,. 
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7.8.3. Grothendieck's l-adic monodromy theorem in families. From now and to the 
end of this section, F denotes a finite extension of Qi with / ^ p, Wi? its Weil 
group, If C Wf its inertia group and £ W a geometric Frobenius. We fix also 
a nonzero continuous group homomorphism tp : If ^ Qp. The following lemma is 
well known. 

Lemma 7.8.12. Let B he any Q-algebra and p : Wf — > B* any group homo- 
morphism. Assume that there exists some nilpotent element N £ B such that p 
coincides with g h-> exp(tp{g)N) on some open subgroup of If- Then N is the 
unique element with this property. Moreover, the map 

r:WF^ B\ ^""g ^ p{ip^g)exp{-tp{g)N), Vn G Z, 5 G If, 

is a group homomorphism, trivial on some open subgroup o/Wi?. 

Definition 7.8.13. Let p be as above. If exists, we say that {r,N) is the 
Weil-Deligne representation associated to p. By Lemma 17.8.121 it is unique and 
determines p entirely. 

We are interested in the study of p-adic analytic families of representations of 
Gal{F / F) , and actually a little more generally of Wf- Let us give a version of 
Grothendieck's /-adic monodromy theorem adapted to this setting. We let A be an 
affinoid algebra over Qp and B a finite type A-algebra equipped with its canonical 
A-Banach algebra topology. 

Lemma 7.8.14. Let p : Wf — > B* be a continuous morphism, then p admits a 
Weil-Deligne representation- 
Proof — We fix a submultiplicative norm on B and let B^ C B he its open unit 
ball. Then {1 +p'^B^-,n > 1} is a basis on open neighborhoods of 1 G -B* whose 
successive quotients are discrete and killed by p- As a consequence, the restriction 
p' of p to the the wild inertia subgroup of If (which is pro-Z) has a finite image, as 
its Kernel contains the open subgroup p'~^{\+pB^)- Let F' / F be a finite extension 
such that p\j^i is tame and pro-p, so that it factors through a continuous morphism 

tp{lF') — > B*- 

The derivative at G tp{lF') C Qp of the map above gives an canonical element 
N £ B- As ipNip~^ = XN for A a nonzero power of /, is nilpotent by Lemma 
17.8.151 and we are done. □ 

Lemma 7.8.15. Let A be a noetherian <Q-algebra and B a finite type (non nec- 
essarily commutative) A-algehra. If x £ B is B* -conjugate to Xx for some X £ A 
such that A — 1 G then x is nilpotent. 

Proof — By replacing B by Endyi(i3) we may assume that B = Endyi(M) for 
some finite type A-module M. When Supp(M) = {P} is a closed point, then M 
has a finite length and using the -B-stable filtration P'^M we may assume that M 
is a vector space over A/P, in which case the result is easy linear algebra. 

In the general case, we argue by noetherian induction on the closed subset 
Supp(M) £ X := Spec(^). Let P be the generic point of an irreducible com- 
ponent of Supp(M), and let K be the kernel of the natural map M Mp, it is 
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a i?-stable submodule. By the previous case x acts nilpotently on Mp, and by 
notherian induction x^j^ is nilpotent since P ^ Supp(-fr), and we are done. □ 

7.8.4. p-adic families of Wp -representations. Let us now fix a topological group G, 
a continuous homomorphism Wp — > G, a rigid analytic space X over Qp and a 
continuous d-dimensional pseudocharacter 

T -.G — > 0{X). 

The reason for the appearance of the group G here is exactly the same as in our 
study of the p-adic case (see section H]) . 

Let us fix x S X. As already explained in ^7.5.21 we have two canonical semisim- 
ple G-representations px and pf°'^ with respective traces T0k{x) and T(8)/C^. As 
is continuous and defined over a finite extension of k{x), its restriction to Wi;' has 
an associated Weil-Deligne representation. This holds also for pf^^. Indeed, let us 
choose an open affinoid neighborhood of x and apply Lemma [7.8.11l (i) to this fi. 
It gives us a continuous representation py ■ G — > GLo(y)(M(y)), which admits 
a Weil-Deligne representation (ry, A^y) by lemma [7.8.141 If we choose an 0{0,)- 
morphism 0{Y) ICx, we can compose (ry,A^v) with the ring homomorphism 
End0(y) (M(y)) M(i{K.x) to get a Weil-Deligne representation for pT^^^-^p, and 
we are done. 

Definition 7.8.16. We call irx,Nx) (resp. (ri*^°, A|™)) the residual (resp. generic) 
Weil-Deligne representation of F attached to T at x. 

Remark 7.8.17. Let x & X. As the Qp-algebra Ox is local henselian and k{x) 
is finite over Qp, there is a canonical embedding k{x) Ox inducing the identity 
after composition with Ox k{x). In particular, we can chose an embedding 

ix . > 

and try to compare the two Weil-Deligne representations ijx ^xi^x ^x) 
and [rr^ND. 

Lemma 7.8.18. r^^\ip is isomorphic torx\ip ®lx ^x- Moreover, T^j^ is constant 
on the connected component of x in X. 

Proof — The representation r^^^^i^ has a finite image by construction, hence 
T~W^\ip is actually a semisimple iF-representation and its trace is /c(x)-valued. But 
this trace coincides by definition with Lx(Tx), which proves the first part of the 
lemma. 

Let us show the second assertion. Let H C Ip he an open subgroup such that 

T{gh) = T{g) e k{x), G Ip. 

Then we just showed that the equality T{gh) = T{g) holds in Ox, which implies 
that it holds on each irreducible component of X containing x, and actually on the 
whole connected component X{x) of x in X by applying the same reasoning to all 
the points of X{x). In particular, 

k^ := %{T{Ik)) C 0{X{x)) 

is a finite dimensional Qp-algebra. But Spec(C'(X(x))) is connected and reduced, 
as so is X{x), hence /cq is a field, which concludes the proof. □ 
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Let (r, A^) be a AI(i{k)-valued Weil-Deligne representation, with k an algebraically 
closed field of ctiaracteristic 0. Tlien the representation r^j^ is semisimple and 
commutes with A^, so each of its isotypic component is preserved by A^. If r is any 
(fc- valued) finite dimensional irreducible representation of Ip, let us denote by A^,- 
the induced nilpotent element acting on Hom/^(T, /c*^). The following definition is 
a mild extension of Definition 17.8.21 and was already studied in ^6.51 when k = C 

Definition 7.8.19. Let {pi,Ni) and (^25-^2) be two Weil-Deligne representations 
as above. We will write A^i -</^ A'2 (resp. A^i A''2) if for each r, A^i^,- -< N2^t 
(resp. A''i^^ ~ ^2,t)- 

If both (pi,A^i) and {p2,N2) are Mrf( A;) -valued, A^i^t- -< N2^t if, and only if, 
(pi, A^i) is in the Zariski-closure of the conjugacy class of {p2, N2). 
Of course, A^i -</^ A'^2 implies that A'^i -< A'^2- 

Let X £ X and write /C^ = Yls(x) ^s{x) where s{x) runs the finite set of irreducible 
components of Spec(C'^), i.e. the germs of irreducible components of X at x. We 
can write in the same way pT and {rf^'^ , N§°'^) as a set of /C5(j,)-representations 

Prop osit ion 7.8.20. Let x £ X , s{x) a germ of irreducible component at x, and 
W th^ irreducible component of x in X containing s{x). 

(i) Let y £ W and s(y) a germ of irreducible component of X at y belonging 
to W. ThenN^\ N^.- 

s{x) s{y) 

(ii) For each open affinoid C W , there is a Zariski-dense and Zariski-open 
subset 17' C $7 such that Ny ^t^) Z^*" y £ 0,' . 

Proof — By normalizing X if necessary, we may assume that X = W is normal 
and irreducible. In particular. Ox is a domain for each x hence we will not have to 
specify the s any more: rf^ = rT\- We may also assume that X is affinoid, and 
it is enough to show (ii) when = X. 

Let y be a normal affinoid, as well as g :Y — > X, M{Y), py and Y' , be given 
by Lemma 17.8.111 (i). By replacing K by a connected component, we may assume 
that Y is irreducible. Note that for each x £ X and y £Y with g{y) = x, we have 

Py — Px ; Px — Py, 

SO we may assume that Y = X, and that T is the trace of a continuous represen- 
tation 

p:G^GLa^x){M) 



116rpjjjg component is defined as follows. Let be any open affinoid of X containing x. We 
liave a natural map 0{^l)x — + Ox from ttie Zariski-local ring at x to the analytic one, wtiicti is 
known to be injective, and both are reduced if 0{Q) is, so we get an injective morphism 

Frac(0(n)^) ^ Frac(C'^). 

The image of Spec{ICs(x)) in Spec{0{Q)x) is the generic point of a (unique) irreducible component 
Wn of f2 containing x. The component W alluded above is then the unique irreducible component 
of X containing Q. It does not depend on the choice of Q. Indeed, if SI' C SI is another open 
affinoid containing x, then Wqi is an irreducible component of Wn ("1 Q' , hence is Zariski-dense in 
W. 
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on a finite type, torsion free, and generic rank d C'(X)-module M. 

Let K = Frac(C'(X)). For eacli y £ X, the natural map 0{X) ICy extends to 
an embedding K ICy. As the K[G]-module Mi^^f^x) ^ is semisimple by Lemma 
17.8.111 (i), we have p^dx ICy ~ pf^'^- By Lemma [7.8. 14^ p admits a Weil-Deligne 
representation (r, A'") , so by the uniqueness of the Weil-Deligne representation we 
have 

(77) (r, N) <E>K ICy ^ (rf°, Nf^), Vy G X, 
which proves (i). 

Let us show (ii). By replacing X by a finite etale covering coming from the base, 
we may assume that the irreducible representations of the finite group r{lF) are 
all defined over some local field C 0{X)^ hence we can write the following finite 
decomposition of M^^/^ 

M = r Mr, Mr := Homfco[,(^^)] (r, Mr). 

T 

Let us choose a nonzero / € 0{X) such that each {Mr)f is a free 0(X)j-module, 
and that k{y) ~ k{y)'^ is a semisimple /c(y)[G]-representation for each y in Xf 
(use Burnside's theorem). In particular, 

(78) M(^o{x)k{y)^Py, yyeXf. 

Applying Lemma [7.8. lUI to Nr € End0(x)y ((^r)/), we may assume by changing / 
if necessary that 

(79) Nr,yr^Nr<E)K, yy£Xf, 

hence (ii) holds by ([771), ([78]) and ([Tgj) if we take n' := Xj. 

It only remains to prove assertion (iii). We claim first that me may assume 
that the module M defined in the second paragraph above of the proof is free. 
Indeed, take g' : y ^ Y = X and My as in Lemma 17.8.111 (ii). If V an affinoid 
subdomain of 3^, then V CiY' is Zariski-dense in V, so My(y)y is a direct sum of 
absolutely irreducible G-representations for each y in a Zariski-dense subset of V. 
Thus Aiy{V) (do{V) Frac(C'(y)) has the same property, which proves the claim by 
replacing X by y, and then by an affinoid subdomain as 3^ ^ X is surjective. In 
particular, the Weil-Deligne representation {r,N) is now Md{0 {X))-va\ued. 

As M is free over 0{X), we have 

(M (^o{x) W)f~'' ~ px, Vx G X, 

so Lemma 17.8.31 (i) implies that it is enough to get (iii) to check that the image 
of N in End^(-^)(M k{x)) satisfies 

Nc, N(^K. 

As this is an assertion on the action Wp, we may decompose M (again, up to 
enlarging the base field if necessary) as a sum of its isotypic components Air as 
above, and the result follows then from Prop. 17.8.91 (i) applied to the Zariski-local 
ring A of X at X and to N acting on the free A-module Mr 'X>c'(x) ^- ^ 
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Remark 7.8.21. Let x & X. For each s G Spec(C'a;.), say with residue field k{s), 
there exists a unique (isomorphism class of) semisimple representation 

Ps-G^ GU{W)) 

whose trace is the composite T{s) : G Ox k{s). The same argument as we 
gave for rf"^ shows that ps admits a Weil-Deligne representation {rs,Ns). As an 
exercise, the reader can check using a slight variant of the proof of Prop. 17.8.201 
that 
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8. The sign conjecture 

8.1. Statement of the theorem. We use the notations of section [Sj especially 
of ^5.2.11 ii^ is a quadratic imaginary field, p a prime that is split in 

P-.Ge^ GL„(L) 

an n-dimensional, geometric, semisimple, representation oi Ge with coefficients in 
a finite extension L/Qp, satisfying 

We fix also embeddings too and Lp as in ^6.8.11 We denote by v and v the two places 
of E above p as in loc. cit. We make the following assumptions on p : 

(1) The dimension n is not divisible by 4. 

(2) There is a cuspidal tempered automorphic representation vr of GL„(A£;), 
satisfying properties (i),(ii) and (iii) of ^6.9.11 and such that for every split 
place X oi E the Weil-Deligne representation of ipi'^Tr^l det and the one 
attached to p^^^ isomorphic up to Frobenius semi-simplification. 

(3) The representation p^^^ crystalline and the characteristic polynomial of 
its crystalline Frobenius is the same as the one of LpL^{L{Try \ det l^''^)). 

Note that for the sake of generality, and because irreducibility may be hard to 
check in applications, we do not assume that p is irreducible. 

Example 8.1.1. There are many known examples of such p, in any dimension 
n (say not divisible by 4). Start with a cuspidal representation vr of GL„(A£;) 
satisfying the hypothesis (i), (ii), (iii) of ^6.9.11 Assume moreover that vr is square- 
integrable at some finite placeclj Then by the main result of [HTj . vr is tempered 
and there is a Galois representation p satisfying (1), (2) and (3). In this case, by 
|TY) we also know that p is irreducible. It should be possible, in a near future, to 
remove the square- integrability hypothesis using results of [GRFAbook] . but then 
the irreducibility of p might not be known. 

Recall that we introduced previously assumptions Rep and AC (conj ectures 16 . 8 . Il 
and [6X9|) . 

Theorem 8.1.2. Assume AC(tt) and Rep(n + 2). Then the sign conjecture holds 
for p: namely, if e{p,0) = —1, then diuiL Hj{E, p) > 1 

Since hypotheses AC{p) for a character p and Rep (3) are known (see Remarks 
[6A2] fvi) and 16.9. lUI an), we deduce: 

Corollary 8.1.3. If n = l, for a p as above, the sign conjecture holds. 



When n = 2, it is well known that this assumption is not necessary. When n = 3, it is 
actually possible to remove it, but we have to assume that p is outside a density zero set of primes 
depending on tt. Indeed, if tt satisfies (i) and (ii) of 16.9.11 tt/x descends by Rogawski's base change 
to the quasi-split unitary group U(2, 1)(Q) attached to E (or even to the form that is compact 
at infinity), there is a Galois representation that we may write pfj, attached to nfj, satisfying (2) 
by [BlRolj . The temperedness of tt together with the compatibility condition in (3) are then the 
main result of IB3I. 
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This result was the main result of [BChlj . where it was proved by similar meth- 
ods, and can also be deduced of earlier results of Rubin (see the introduction of 
loc. cit.). 

For n = 2 we can prove a result avoiding the hypotheses at nonsplit primes. 
Corollary 8.1.4. Let f be a modular form of even weig ht k > 4 and level N prime 



to p, and p = pf as in Example \5.2.2[ Assume AC(iTf TT^ y^n and Rep{A). Then the 
sign conjecture holds for pf, namely ife{pf,0) = —1, we have dimL Hj{Q, pf) > 1. 

Proof — By Proposition I5.2.H there is a quadratic imaginary field E where p 
and all the primes dividing N are split, and such that s{pf^E,0) = ^(P/jO) 
Hj{Q,pf ) = Hj{E, pj^e)- So the corollary follows from Theorem 18.1.21 if we verify 
hypotheses (1) to (3) for p = Pf^E- Assumption (1) is clear. For the automorphic 
representation vr needed in (2) we simply take vr := iTf^E the Langland's base change 
to E of the automorphic representation vrj of GL2(A([j) attached to / which is 
normalized so as to be autodual: vrj ~ vtj and it has a trivial central character. It 
is clear that vr satisfies (i) and (ii) of 16.9.11 since the L-parameter of tToo coincides 
with 

1 — fc fc — 1 

z I— > diag((z/z)~, (z/z)") 

on C* and A; > 2 is even, and also (iii) since vr is unramified at non-split places of 
E by construction of E. It is well known that assumption (3) holds since p does 
not divide N. □ 



Remark 8.1.5. (i) When / is ordinary at p, this result, without its automor- 
phic assumptions, was proved by Nekovar as a consequence of his parity 
theorem. A similar result was also proved later by Skinner-Urban in [SkU] . 
using automorphic forms on the symplectic group GSp4 . Since the existence 
of Galois representations attached to such forms is known they do not as- 
sume any variant of hypothesis Rep(4) but they have stronger hypotheses 
on /, namely that p is an ordinary prime for /, and that = 1. 
(ii) It may be possible to remove the restriction k > 2 from this result (or, 
for that matter, the restriction on the weight in Thm I8.1.2|) by actually 
deducing the k = 2 case from the result above and a deformation argument. 
We postpone this to a subsequent work. 

Remark 8.1.6. As we explained in section 5, it was not our policy in this book 
to assume the most general versions of Langlands and Arthur's conjectures on 
the discrete spectrum of unitary groups, but rather to formulate a minimal set of 
expected assumptions which we prove to be enough to imply the sign conjecture 
in a large number of cases. Indeed, the version of Theorem 18.1.21 that we state is 
actually the stronger that we can prove under our assumptions (Rep(n-|-2)) and 
(AC(7r)). A reason for that restriction is that is not clear to us which part of those 
general conjectures will be proved first and in which form (this might clarify itself 
during the completion of the book project [GRFAbook] ) . This especially applies 

llSrpjjg needed representation TVf^E is actually defined in the proof. Precisely, TVf.E is the base 
change to a quadratic imaginary field E as in Prop. [572.1l of the automorphic representation vr/ of 
GL2(A(rj) attached to /, where tt/ is normalized so that yrj^ — tt/. 
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to the part concerning the Langland's parameterization for the local unitary group 
and the local-global compatibility of the base change from U(m) to GLm at those 
primes (see Appendix A), of which our proof would need some properties {e.g. if 
we do not want to make assumption (iii) of §6.9.ip . Let us simply say that we 
believe that at the end, those general conjectures should imply the full case of 
the sign conjecture for the p attached to a regular algebraic cuspidal automorphic 
representation of GL„(Ae). We hope to go back to this extension as a part, or a 
sequel, of the aforementioned book project. 

The following two subsections are devoted to the proof of 18.1.21 

8.2. The minimal eigenvariety X containing vr". 

8.2.1. Definition of n"' and X. From now till the end of this book, we set 

m := n + 2. 

Assume that e(7r,0) = —1 and let vr" the automorphic representation of U(m) 
given by AC{tt). Recall that the representation vr" depends on the choice of a 
Hecke character fi : — > C* as in Definition I6.9.5[ Recall that /i-*- = /i, that 
^ = 1 if m is even, and that p, does not descend to U{1) when m is odd. 

By ^6.9.11 for each prime I that does not split in E, tti is either NMSRPS or 
unramified, so that it make s se nse to consider the minimal eigenvariety X contain- 
ing vr"' as in Example 17.5.21^^^ We will use in the sequel the same notations as in 
^7.51 In particular, recall that 5 is the finite set of primes consisting of p and of 
the primes / such that vr; is ramified, and L/Qp is a big enough finite extension of 
Qp on which vr" and X are defined. Assume also that L is big enough so that p is 
a sum of absolutely irreducible representations defined over L. 

In order to associate a point of X to vr" we have to specify an accessible refinement 
of vrp. They are given by the following lemma. Recall that the place v fixes an 
isomorphism U{m){Qp) GLm(Qp). 

Lemma 8.2.1. (i) The representation tt^ is almost tempered (see Def. \6.4.10 ). 

(ii) Its accessible refinements are the nl orderings of the form 

pM-'/\p){...,i,...,p~\...), 

where 1 preceds p^^. 

(iii) The ordered set of the other eigenvalues in the dots above is any ordering 
of the eigenvalues of the Langlands conjugacy class L(vrp|.|^/^). Each of 
those eigenvalues has complex norm ^/p^^ , and in particular is different 
from l,p~^. 

Proof — By Remark 16.9.61 vr^ is the unramified representations such that 

L(^;)=/i,|.ri/2(L(vrp|.|i/2)©l©|.|), 

and the parameter L{Tip) is bounded as vrp is tempered by assumption. The lemma 
follows now from Prop. 16.4.91 □ 



The results here wiU apply whether we choose or not the variant with a fixed weight. 
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Let us choose any such refinement TZ for the moment, which fixes an associated 

point Z = (V'(,r",7^),^)• 

Remark 8.2.2. Note that we did not make any assumption on the compatibility 
between p and vr|.|^/^ at the nonsplit primes. Actuahy, we can prove a version 
of it under the running assumptions. Indeed, as X is the minimal eigenvariety 
containing tt^, Prop. 17.5.71 and Prop. I7.5.8[ p is unramified outside S, and has a 
trivial monodromy operator at the primes / € Snm- In the same way, Lemma [7.5.12l 
shows that the Hodge-Tate weights of p^E^ correspond to the highest weight k of 
TT^ as in part (P4) of property (Rep(m)) of ^6.8.2i In particular, those Hodge-Tate 
weights are two- by- two distinct. 

8.2.2. Normalization of the Galois representation on X. As explained in ^7.5.21 by 
assumption Rep{m) we have a continuous pseudocharacter 

T : Ge,s 0{X), 

such that T{g^) = x{9)"^^^T{g) for all g € Ge,s- Recall that x is the cyclotomic 
character. It will be convenient to twist it by a constant character as follows. The 
following lemma is immediate (see ^6.9.2|) . 

Lemma 8.2.3. The Hecke character p~^\ ■ |^ has an integral weight 6 := ^ ^Z"*- 
is even, and 5 := ^^^^^^ if m is odd. In particular, it is an algebraic Hecke character. 

Enlarging a bit our base field L/Qp if necessary, we may assume that it is defined 



over L via ipi^ ■ By class field theory, there is an associateq^^ continuous character 

u = p, I • I 2 o rec : Ge,s — > ■ 

By Cebotarev theorem and Rem. 16.9.61 the evaluation of T at the point z is the 
trace of the representation 

This leads us to define T', k[ and F/ as follows: 

- T' := T © I., i.e. T'{g) = T{g)iy{g) Vg G Ge,s, 

- k[:= Ki — 5 for i = 1, m, 

- F[ := FiLpL~^{vy{p)) for i = l,...,m. 

Definition 8.2.4. From now on, we shall use the letters T, Ki and Fi to denote 
respectively T', k[ and Fl above. With this choice of normalisation we have 

(80) p, = l@x®p, T^ = r(-i), 

and the new (X, T, {kj}, {Fj}, Z) is obviously still a refined family. 



120rpjjjg character is the unique continuous character v such that for each finite prime w of E 
prime to p, 

^|We„ = hi-^i'rec'^il^w^] -1^)) 
where the local rec map is the one discussed in i]6.3l 
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8.2.3. The faithfull GMA at the point z. Let A := Oz be the rigid local ring at the 
closed point underlying to z, and m its maximal ideal, k = k{z) = A/m ~ L. We 
will focus on the ^-valued m-dimensional continuous pseudocharacter induced by 
T, 

T : Ge,s A, 
that we denote also by T (rather than T A). Let 

R:=A[GE,s]/KerT 

be the faithful Cayley-Hamilton algebra associated to T. Recall that 

As the Hodge- Tate weights of pz are two-by-two distincts by Rem. 18.2.21 pz is 
multiplicity free. For later use, let us write 

P = ®]=iPj 

where the pj are pairwise non isomorphic and absolutely irreducible. As each pj is 
defined over L by assumption on L, T is actually residually multiplicity free in the 
sense of Definition 11.4.11 By Theorem 11.4.41 and Remark 11.4.51 we get the following 
lemma. 

Lemma 8.2.5. R is a GMA over A and is a finite type, torsion free, A-module. 

We will be interested in the Ext-groups between the irreducible constituents of 
pz- For this purpose we set 

which is also the set of simple i?- modules by Lemma 11.2.71 
Definition 8.2.6. If i,j € X are two irreducible factors of pz, we sec£^ 

ExtT(i, j) := Ext/j0^fc(i,i) = ExtK(i, j). 
It is a finite dimensional A;-vector spacel^ 

The following lemma follows from Prop. 11.5.101 

Lemma 8.2.7. The natural k-linear injection 

ExtT{i,j) ^ Extk[GE,s](^J) 
falls inside the subspace of continuous extensions ofi by j as k[GE,s]-i"^P''^^sentations. 

Remark 8.2.8. By definition, the image of the inclusion above is exactly the set 
of extensions of i by j that occur in some subquotients of some i?-module M. As 
R = A[G]/KerT is the only natural Cayley-Hamilton quotient of (^[G],T) that we 
can consider a priori here, ExtT(i, j) should be thought as the space of extensions 
of i by j that we can construct from the datum of the pseudocharacter T, hence the 
notation Ext-p. 

We will study now the local conditions at each primes of the elements in ExtT(i, j). 

-'^^^Note that the last equahty in the definition below is Remark ll.5.91 
^^^This follows for example from Theorem ll.5.5l and Lemma [8.2.51 



p-ADIC FAMILIES OF GALOIS REPRESENTATIONS 



201 



8.2.4. Properties at I of Extjp{i,j). Let us fix / 7^ p a prime, w a prime of E above 
I, as well as a decomposition group Ge^ — > Ge,s- We begin by a general lemma. 

Lemma 8.2.9. Let V be the semisimplification of the representation P\Ge ■ 

(i) Assume that I splits in E. For d £ 1j, x'^ is not a subrepresentation of V , 
and 

ExtLiG,jV,x'') = ExtLiG,Jx',V) = 0. 

(ii) Ext^GEjix,l) = 0. 

Proof — Assume that / splits in E. We claim first that for all d Z, l"^ is not an 
eigenvalue of a Probenius at w in p^^ . Indeed, as vr^ is tempered, the eigenvalues 
of any geometric Frobenius element (pw in the complex Weil-Deligne representation 
attached to vr^|.| ' have norm Vl. This proves already the first part of (i) by 
assumption (2) on p. 

Let W be either V{d), V*{d) or x""^- We need to show that H^{E^, V) = 0. As 
I ^ p, we know from Tate's theorem that 

dimi H\E^, W) = diuiL H\E^, W) + dim^ H^E^,, W*{1)), 

so the case W = is clear and the other ones follow from the claim and assump- 
tion (2) on p. □ 



Proposition 8.2.10. For each i 7^ 1 inZ, ExtT{l,i) consists of extensions which 
are split when restricted to Ie^ ■ 

Proof — Let d Rhe the image of ^[G^;^,] in R via the natural map 74[G£;^5] — > 
R. It is of finite type over A as i? is and as A is noetherian. Let K be the total 
fraction field of A, and set Rk = R®a K- As R is torsion free over A, R d Rk- 
Let us choose any datum of idempotents e^,ei^... as well as a representation 
Rk Mm{K) adapted to the chosen {cj} as in Theorem 11.4.41 consider the 
induced representation 

PK : Ge,s GLmiK). 
By Lemma 14.3.91 and Prop. 11.3.121 px is semisimple and the sum of absolutely 
irreducible representations, so pK^K. ~ pT^. In particular Pk\Ew has an associated 
Weil-Deligne representation {r,N) with values in Rw 

The argument will be different according as / splits or not in E. As the proposi- 
tion is obvious ii I ^ S, we may assume that / G S. Let us assume first that / does 
not split in E, which implies that I G Snm- Note that for a continuous extension U 
of 1 by z / 1 G T to be trivial when restricted to Ie^ , it is enough to check that Ie^ 
acts through a finite quotient on U, as Q-linear representations of finte groups are 
semisimple. By Theorems 11.5.51 and 11.5.51 (1). it suffices to show that the image of 
N in R G Rk is trivial, because then Ie^ R* factors through a finite quotient. 
But as X is a minimal eigenvariety containing vr", Prop. 17.5.71 shows that A*" = 
when w G Snm, and we are done in this case. 

Let us assume now that / = ww splits in E. By Lemma [8.2.9l (i). there is nothing 
to prove when i ^ x^ hence we concentrate from now on Ext7^(l, x)- We will need 
to choose a specific GMA structure of R. 
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Lemma 8.2.11. Let A be local henselian noetherian commutative ring, m its max- 
imal ideal, S an A-algebra (non necessarily commutative) which is finite type as 
A-module. Letlii{S) be the (finite) set of simple S -modules, or which is the same 
of simple S/mS-modules, and let V C Irr(S') a subset with the following property: 

VM G iV G \tt{S)\V, Exts,^s{M,N) = Exts/ms{N,M) = 0. 

Then there is a unique central idempotent e £ S such that for each M £ Irr(S'), 
e(M) = M if M £V, if else. 

Proof — Note that if M is a simple S module, it is monogenic over S hence of finite 
over A, thus mM = by Nakayama's lemma. It shows that Irr(S'/mS') — > Irr(S') is 
bijective. Moreover, mS C Tad{S). 

Assume first that A = k is a field, hence S is any finite dimensional /j-algebra. 
Let M be any finite type S'-module, M has finite lenght. Define Mp (resp. M^) 
as the largest submodule of M all of whose simple sub quotients lie in V (resp. 
in 1tt{S)\V). Obviously, M-p D M'^ = 0. We claim that M = Mv ® M'^ . Ab 
absurdum, as M is of finite lenght, we can find a submodule M-p © C M' C M 
such that 

Q := M'/{Mv © M^) G Irr(5). 
By the Ext-assumption and an immediate induction, note that Exts'(j4, i?) = 
^yits{B,A) = whenever A and B are finite lenght 5"- modules such that each 
irreducible subquotient of A (resp. of B) lies in V (resp in Irr(5)\P). Assume 
for example that Q ^ V. The remark above shows that there is an S'-submodule 
M-p C Mo C M' such that M' = M-p © Mq. But Mq has all its subquotients in 
Irr(5)\7-', a contradicton. The case Q € V is similar, which proves the claim. 

We check at once that the decomposition M = MpQM'^ is stable by End5'(M). 
In particular, we can write S = Sp (B and we get that both S-p and S"^ are 
two-sided ideals of S. We check now at once that the element e £ Sp given by the 
decomposition above of 1 = e + (e — 1) G is a central idempotent with all the 
required properties, thus proving the case where j4 is a field. 

In general, we choose e G S/mS as above. As A is henselian and S finite over 
A, there is an idempotent f G S lifting e. By reducing mod m the direct sum 
decomposition 

s = fSfe{i- f)Sf © fs{i - /) © (1 - f)s{i - /), 

and as e is central, we get that fS{l — f) ©a A/m. = (1 — f)Sf ©a A/m. = 0, hence 
fS{l — f) = (1 — f)Sf = in S" by Nakayama's lemma. In other words, / is central, 
and we are done. □ 

We show now that up to i2*-conjugation, is bloc diagonal of type (2, n) in R. 

Lemma 8.2.12. There is a datum of idempotents {ei,i G 1} for the generalized 
matrix algebra R such that e := + ei is in the center of Ry^,. 

Proof — We have rad{R)riRw C rad{Rw) by Lemma ri.2.7| so the set Iw of simple 
i?^/mi?tt,-modules is the set of irreducible subquotients of the W^q^ with W £ T. 
Let us consider the subset 

V = {x, 1} C I^. 
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By the second assertion of Lemma [8.2.9l (i). we can apply Lemma [8.2.11l to S = 
and the set V above, which gives us a central idempotent e G Rw 

By the first assertion of Lemma 18.2.91 (i), T(e) = T{e) = 2, so if we consider 
now the restriction of T to eRe, it is a Cayley-Hamilton pseudocharacter of 
dimension 2 (see Lemma I1.2.5P which is residually multiplicity free with residual 
representations 1 and x- By Lemma ll.4.31 we can then write 

e = + ei 

where e-^, ei G eRe lift the residual idempotents 1 = + ei (see the proof of 
Lemma I1.4.3P . We conclude the proof by lifting then successively the remaining 
residual primitive idempotents in (1 — e)R{l — e) and arguing as in the first part of 
the proof of Lemma ll.4.3l or better by applying that lemma to (1 — e)R{l — e). □ 

We can now conclude the proof of Prop. 18.2.101 Let us choose a datum of idem- 
potents e^,ei, . . . as in Lemma [8.2.121 as well as a representation Rk — > Mm{K) 
adapted to those {ej} as above. Note that a continuous G^;^ -extension of 1 by x is 
trivial if and only if its monodromy operator is trivial. By Theorems II. 5. 51 and II. 5. 6] 
(1), it suffices to show that the image eA^ of in eR^e = eRu, C eRxe is trivial. 
Write N = [Ns) £ Md{K), K = Yls^s- By the minimality of X, assumption (2), 
and by Prop. 17.5.81 we have for each germ s of irreducible component of X at x, 

hence ~ Ng (recall that is the monodromy operator of pz)- We have to 
show that eN = 0. Let us write by abuse (1 — e)Nz for the image of in 
Wj=i r-^^^(/^i)- have ~ (1 — e)Nz as 1 and x ^-'^e unramified. But 
(1 - e)kz -< (1 - e)Ns by Prop. [TMl applied to (1 - e)R{l - e) and n = (1 - e)iV, 
so we get 

(81) Vs, (1 - e)A^, ~ A^, ~ (1 - e)iV, 

and eN = by the first of the ~'s above. □ 

Let us record now a fact that we will use in section 9. We assume here, and only 
here, that p is irreducible. Let I^ot C ^ be the total reducibility locus of T (see 
^1.5.11 and Definition ll.5.2p . Let J D Itot be a proper ideal of cofinite lenght of A. 
Recall that T ® A/ J writes uniquely as the sum of of three residually irreducible 
pseudocharacters 

T ® A/ J = T^ + Ti+Tp 

of respective dimension 1, 1 and n, lifting the decomposition of T k. Moreover, 
let 

Rp ■■ Ge,s GLrn{A/J) 

be the unique (up to conjugation) continuous representation with trace Tp (see Def. 
grnSl Prop. ll.5.1Up . 

Lemma 8.2.13. Assume that p is irreducible. The monodromy operator of Rp^^ 
admits a Jordan normal form over A/J. 
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Proof — We keep the notations of the proof above. As we showed, this monodromy 
operator is if u; is not spht, hence we may assume that is does. As p is irreducible, 
(1 — e)i?(l — e) ~ Mn{A), and by Lemma ri.5.4l (ii). it suffices to show that (1 — e)A^ G 
(1 — e)R{l — e) admits a Jordan normal form over A. By ()8ip . 

Vs, (1 - e)Ns ~ (1 - e)N, 

and (1 — e)Nz is the monodromy operator of as p is irreducible, so the lemma 
follows from Prop. 17.8.91 (ii). □ 



8.2.5. Properties at v and v of ExtT{l,i). Let us assume from now that the acces- 
sible refinement TZ of tt^ has been chosed of the form 

(I,-- - ,P-'), 

there are n! such refinements by Lemma 18.2.11 We fix for * = v,v some decompo- 
sition group map Gal(£'=K/-E*) — > Ge,s- 

Proposition 8.2.14. For all i ^ 1, ExtT{l,i) consists of extensions which are 
crystalline at v and v. 

Proof — By Prop. 17.5.131 (X, T, {kJ, {FJ, Z^g) (see also Def. ISXil) is a refined 
family for the restriction Gal{E^/ Ey) Ge,s- As a consequence, it induces a 
weakly refined family, and as T-*- = Tx^^, the family 

{X, T, Kjji 1, Fjy^ , Z^Qg) 

is also a refined family for the restriction Gal{E{j/ E^) Ge,s- Note that by the 
choice of TZ, 

By left exactness of the functor Z^crysj Lemma 18.2.11 and assumption (3), it suffices 
to check that for each extension U in Extr(l,i), 

But this follows from Theorem 14.3.61 once we now that assumptions (ACC), 
(MF) and (REG) (for v and v) of ^4.31 are satisfied. Assumption (ACC) follows 
from Lemma 17.5.11 (MF) from ^8.2.31 and (REG) from Prop. 18.2.11 again, and we 
are done. □ 

Recall the definition of -ffj from ^5.1.21 
Corollary 8.2.15. For each i e I with i / 1, ExtT{l,i) C Hj{E,i). 

Proof — It follows from Prop. E2H and Prop. ESDI □ 
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8.2.6. Symmetry properties of T. We choose now a particular GMA datum on R 
using the symmetry of the pseudocharacter T (see ^l.Sp . 

Let r : 0{X)[Ges] ^ 0{X)[Ge,s] be the 0{X)-lme&T map such that 

T{g) ■■= cg~^c~'^x{g)- 

We have = 1 and T{gg') = T{g')T{g), hence r is an 0{X)-lmeav anti-involution 
of 0{X)[GEg]. By Em it satisfies 

ToT = T. 

As a consequence, r induces an ^-linear anti-involution on the ^-algebra R and 
we can apply to it the results of §1.81 (see Remark 11.8.11) . The involution r induces 
naturally an involution on Z that we still denote bjt£j namely 

Vi G 1, t{i) = i"*" X. 

For example, we have r(l) = x- By Lemma ^1.8.31 we can find a data of idempo- 
tents {cj, z G X} for the GMA R such that 

(82) Vi gT, r(ei) = e,(,). 

We choose now a GMA datum for R of the form {ei,ipi, i £ 1} with the Cj as above. 
It will be also convenient to fix an adapted representation 

R ^ M^{K) 

associated to this datum in the sense of Theorem II .4.41 (ii) . so that R identifies with 
the standard GMA of type (1, 1, di, • • • , dr) associated to {Aij,i,j £ 1} where the 
Aij C K are fractional ideals. In particular, each Aij is finite type over A. 

Lemma 8.2.16. For all i,j G I, AijAj^i = 

Proof — We have to show that T{eiRejRei) = T(eT-(j)i?eT-(j)i?e^(j)), which is 
immediat from the fact T o t = T, and that T(e*) = e^^^^y □ 

Let i 7^ j G T. Recall that we defined in ^1.8.51 a map 

±ij : Extfc(^)[G^ ,,](i,j) — > Extfc(^)[G^ .,](r(j),r(i)). 

The following lemma is a consequence of Prop. 11.8.61 and Lemma ll. 8. 51 

Lemma 8.2.17. The map _Ljj induces an isomorphism 

ExtriiJ) ^ ExtT(T{j),T{i)). 

In particular, using Prop. 18.2.141 and 18.2.101 the lemma above has the following 
corollary. 

Corollary 8.2.18. For all i ^ x in 2, ExtT{i,x) consists of extensions which are 
crystalline at v and v, and split when restricted to Ie^ for each w prime to p. 

8.3. Proof of Theorem 111121 

123rpjjjg involution is denoted by a in ill. 81 
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8.3.1. Let us show Theorem 18.1.21 By Corollary 18.2.151 it suffices to show that for 
some irreducible subquotient pj of 

Extr(l,Pj) /O. 

For that we will relate those Ext-groups to some reducibility ideal of T and we 
will show that the associated reducibility locus is bounded. We first draw a key 
consequence of the vanishing of Hj{E,x) and of the work above. Recall that we 
fixed in ^8.2.61 a specific trace embedding R ^ Mm{K) identifying R with the 
standard GMA of type (l,l,di,--- ,dr) associated to {Aij,i,j £ Z} where the 
Aij C K are fractional ideals of K (hence of finite type over ^4). 

Lemma 8.3.1 (Vanishing of Hj(E,x))- We have 

ExtT{l,x) = and = '^Ay,^p^Ap^^i. 

j 

Proof — By Prop. 15.2.21 Hj{E,x) vanishes, hence so does ExtT(l,x) by Cor. 
18.2.151 Set 

j 

By Theorem 11.5.51 applied to J = m, we get that B.omA{A^^i/A'^^,k) = 0. But 
Ay.^1 has finite type over A, hence we conclude by Nakayama's lemma. □ 

Let V be the following partition of T: V = {{x}, {l})2^\{x> 1})) and Ip C A its 
reducibility locus (see Def. I1.5.2p . 

Lemma 8.3.2 (Reduction to the nonvanishing of I-p). 

(i) Iv = A^^^A^^i + Y.J ^i,P.-4p,,i + Ei ^x,P.-4p^,x- 

(ii) Iv = Y.jM,p,Ap^,i- 

(iii) // Extxil, Pj) = for all j, then I-p = 0. 

Proof — Assertion (i) is Prop. 11.5.11 As t(1) = Lemma 18.2.1 61 shows that 

j j 
But by Lemma [8.3.11 A^^i = J2j ^x^Pj^PjA^ hence 

^X.l^l.X = X^^X,Pj^Pj,l^l,X ^ y^^X,Pi^P7,X' 

j j 
as Ap.^iAi^^ C Ap.^^. This proves assertion (ii). 

Arguing as in the proof of Lemma 18.3.11 Extj'(l,/9j) = implies that 

"^Pi'i = X] Ap.^iAi^i. 

Assume that this holds for each j. By applying this identity or Lemma 18.3.11 
s := 1 + |X| times, we get that for each j, Ai^p-Ap.^i is a finite sum of terms of the 
form 

(83) Ai^p.Ap.^i^Ai^^i^ ■ ■ ■ j4j^^i. 
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with all the £ I, ii ^ pj, ig ^ 1, and ik+i 7^ ik- As s > for each such term 
there exist k < k' such that = i^/, which implies that 

hence that 

This proves that I-p C m/-p, hence that /-p = by Nakayama's lemma. □ 

By Lemma 18.3.21 (iii), it only remains to show part (ii) of the following lemma. 
Recall that {Ki(z)}i=i...m is the strictly increasing (see Def. I7.5.11|) sequence of 
Hodge- Tate weights of pz at v. Let a £ {1, ... , m} be the unique integer such that 

Ka{z) = 0. 

Lemma 8.3.3 (Non triviality of I-p). 

(i) {Ka - Kl) - {Ha{z) - Ki(z)) G Ip. 

(ii) a 7^ 1 and I-p ^ 0. 

Proof — As already said in the proof of Prop. 18.2.141 {X,T, ki, Fi, Zj-cg) is a 
weakly refined family for G|£;„ ~^ Ge,Sj and the assumption (ASS), (MF) and 
(REG) of ^4.31 are satisfied. Part (i) is then Theorem 14.3.41 as 

DcrysiPz)'^ — -C'crys ( 1 ) ''^ 

has dimension 1 by Lemma 18.2.11 and assumption (3). 

Let us show assertion (ii). By property (iv) of the eigenvariety X, the natural 
map C'k(z) — ^ ^ is injective, so it suffices to check that 

{Ka - Ki) - {Ka{z) - Ki{z)) / 0, 

i.e. that a ^ 1. If a = 1, Ka{z) = is the smallest Hodge- Tate weight of pz at v. 
But this is absurd as —1 is a Hodge- Tate weight of pz at v, namely the one of x- D 



8.3.2. Some remarks about the proof. The proof above of Theorem 18.1.21 can actu- 
ally be simplified in several different ways. We chosed to look at the full minimal 
eigenvariety X containing z and its associated Galois pseudocharacter T because 
this is the relevant point and space for which the analysis developped here can 
be pushed further (and for which the Exty have a maximal dimension) as we will 
explain in the next section. All the strenght of the results proved here (especially 
the ones in ^8.2.ip will be used in section 9, and we found it convenient to directly 
include them here so as not to repeat half of the story there. 

In the style of [BChlj . we could have replaced X by the normalization of the 
germ of any irreducible curve C C X containg z such that Zn C is infinite and that 
Ka — Ki is not constant on C. The ring A would have been a DVR which would 
have simplified some of the pseudocharacter theoretic arguments. Note that in the 
argument above, we do not really choose a stable "lattice" as in [BChlj but we 
rather work with the full ring theoretic image R of the family of Galois represen- 
tations. This is actually convenient and it illustrates the techniques developped in 
the previous sections of this book. Had we worked on the germ of a smooth curve 
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as explained above, we could have used the choice of a good lattice as in jBChU 
Prop. 7.1] (as written, it requires p to be irreducible). 

Moreover, a nice way to understand the combinatorics in (iii) of Lemma 18.3.21 



is to compare it with the connected graph theorem [B2| Thm. In our case, 

there would be no edge 1 — > x by Lemma [8.3.11 hence at least an edge 1 pj for 
some j. Note that we do not claim that the pseudocharacter T used in the proof 
above is generically irreducible, but Lemma [8.3.31 rather says that it is not "too 
reducible" , and this is actually enough to conclude. Actually, had we assumed that 
the eigenvalues of the Langland's conjugacy class of iTp are "regular" , we could have 
chosed a refinement TZ (hence a z) leading to a generically irreducible T (even on 
the curve C), as follows from Rem. I7.7.4[ 

As is clear from the proof, the cornerstone of the argument is the fact that 

ExtT(l,x) Ci/)(S,X), 
(that is Lemma 18.3. 1|) which requires to control the deformation at all the finite 
places, from which we deduced that ExtT(l,x) = using the finiteness of (in 
terms of the graph alluded above, it is the step: "there is no arrow 1 ^ x")- This 
last fact fails for a general CM field E, and actually the whole argument breaks 
down in this generality because of that. We will discuss that issue in greater details 
in the subsequent Remark 19.5.11 



^^*Here is the statement: let A be a henselian DVR, r : G — > GLd(A) a generically absolutely 
irreductible representation, and assume that the semi-simplified residual representation f"" is mul- 
tiplicity free. Then the oriented graph whose vertices are the irreducible constituents of f"", and 
with an edge from i to j if there is a nontrivial extension of i by j in the subquotients y4-modules 
of A"^ , is connected as an oriented graph. 
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9. The geometry of the eigenvariety at some Arthur's points and 

HIGHER RANK SeLMER GROUPS 

9.1. Statement of the theorem. We keep the notations of ^8.11 In particular 

p : Gal(E/E) — > GL„(L) 

is a modular Galois representation attached to a cuspidal automorphic representa- 
tion vrl.l^/^ of GL„(A£;) that satisfy conditions (1), (2) and (3) there. We now make 
the following new assumptions on p : 

(4) A*p is absolutely irreducible for i = 1, . . . , n. 

(5) the crystalline representation p^^^ admits a regular non critical refinement 
(see ^2X31 and Def. 12331) . 

(6) the hypotheses BKl{p) and BK2{p) hold (see g523])- 

Remark 9.1.1. (i) The irreducibility assumption (4) is known if n < 3. 

(ii) Recall that the regularity assumption in (5) combined with (3) means that 
the Langlands conjugacy class c G GLn(C) of the unramified representation 
7rp|.|^/^ has distincts eigenvalues, and that those eigenvalues can be ordered 
as 

in such a way that for each j = 1, - ■ ■ ,n, ipi - ■ ■ (pj is a simple eigenvalue of 
A-'(c). If n < 3, it is equivalent to only ask that the ipi are distinct, and if 
n = 2 (resp. n = 1) this is conjectured to always be the case (resp. it is 
obviously true). 

The non critical part of the assumption of (5) means that the refinement 
of p^E^ associated by property (3) to the ordering above is non critical in 
the sense of ^2.4.3i Again, this is automatically satisfied if n = 1, and in 
most cases when n = 2 (see Remark 12. 4. 6|) . 

(iii) As we saw in Propoositions 15.2.51 and 15.2.61 the hypothesis (6) is know to 
hold if n = 1 and also in the n = 2 case for p of the form pf^E for / a 
modular forms of even weight with a small explicit set of exceptions. 

Of course, we will also assume that e(/0, 0) = —1, and that Rep(m) and AC(7r) 
hold. As in ^6.91 we denote by tt" the non-tempered automorphic representation 
of U(m) attached to p by assumption AC(7r), for some choice of a Hecke character 
p as in Def. 16.9.51 that we fix once for all. Recall that we defined in ^8.2.11 the 
minimal eigenvariety X of U(m) containing vr". We consider here the variant where 
we fix one of the m weights (anyone), so that X is equidimensional of dimension 
m — 1 = n -|- 1. Any choice of an accessible refinement TZ of vr^ defines a point 
z & X. By Lemma 18.2.11 and assumption (5), we may choose a refinement of the 
form 

where the ipi are chosen as in Remark 19. 1.1 1 to satisfy the regularity and non criti- 
cality assumption of (5). We fix once for all such a refinement TZ , hence a point 

zex, 

which is the Arthur's point that we refer to in the title, z is defined over L. 
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In all this section, we will generally follow the notations of ^8.2. 1[ In particular, 
recall that we defined in Def. 18.2.61 an L-subspace ExtrCljp) C Extg^ £,(1, p) 
which is the space of extensions of 1 by /? that we can construct from the Galois 
pseudocharacter T carried by X (see Remark l8.2.8p . By Prop. 18.2.141 and 18.2.181 
we know that 

ExtTil,p)cH}{E,p). 

Theorem 9.1.2. Assume that p satisfies (1) to (6), as well as AC(tt) and Rep(m). 
Let t he the dimension of the tangent space of X at z and h the dimension of 
Extxil, p), then 

h+1 , 

t < h{n+ -^). 

Note that both dimensions above are taken over the residue field k = k{z) ~ L. 
As Ox, 2 is equidimensional of dimension n + 1, we have 

h + l, 

71 + 1 < + ) 

so we recover in particular that h ^ (i.e Theorem 18 . 1.21 for p) and get the following 
corollary. 

Corollary 9.1.3. (same assumption) If X is not smooth at z, then 
dimi ii){E, p) > dim^ Extril, p) > 2. 

When n = dim(p) = 1, i.e. when 

p : G&\(E/E) — > L* 

is any continuous character such that p-^ = p(— 1), class field theory and Remark 
19.1.11 imply that conditions (1) to (6) are satisfied once we assume that the two 
Hodge- Tate weights of p^^v different from or —1 (because of condition (ii) on 
TT in ^6.9.ip . Moreover, by Remarks 16.8.21 (vi) and 16.9.10] (ii). assumptions Rep(3) 
and AC(7r) are also known. 

Corollary 9.1.4. If n = 1, Theorem \9.1.i^ and its corollary above hold under the 
single assumption that and —1 are not Hodge-Tate weights of the character p\e^- 

Remark 9.1.5. As we already said, various versions of the main conjectures 
are known for Hecke characters from the work of Rubin |Ru2] . These "main- 
conjectures" also imply that dim^, -ff|(-E, p) > 1 when expected. However, as far as 
we know, they do not allow to show that d\m.i Hj{E, p) > 2 when the L function or 
rather its p-adic analogues vanish at a higher order (this phenomenum is sometimes 
called the possible non semisimplicity of the Iwasawa module). As a consequence, 
even the simplest case covered by the corollary above is of interest. 

In all this book, we have concentrated on the Galois side part of the study, letting 
aside the various p-adic L-functions that should enter in the picture. We hope that 
once this will be done, the Galois deformations studied here will shed some light 
on the < part of the conjectures alluded above. From a more conjectural point of 
view, this remark actually applies to any p satisfying conditions (1) and (2). 
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9.2. Outline of the proof. The proof of Theorem 19. 1.21 is a refinement of the one 
of the sign conjecture consisting in a careful analysis of the Galois pseudocharacter 

T : Ge,s — * Ox,z 

at the point z. As in ^8.2.31 we let A = Ox,z, the maximal ideal of A, k = 
A/m ~ L its residue field, and 

R := A[G]/KerT 

the faithful Cayley-Hamilton GMA associated to T at z. Recall that it is finite 
type and torsion free over A (which is a reduced henselian noetherian ring). As p 
is irreducible, we have now 

i = {x,pA}- 

As in ^8.2.61 we fix a data of idempotents {e^, Cp, ei) for R such that r(e*) = e^(^^,y 
Note that a fixes p, and exchanges 1 and x- Last but not least, K = Yl^ Kg is the 
total fraction ring of A, and we fix a representation 

PK-.R^ Mm{K) 

associated to this data of idempotents, as in Theorem 11.4.41 (ii). Recall that this 
gives us a set of finite type 74-modules Ai^j C K, i,j E I, such that Ai^i = A for 
each i, AijAj^k C Ai^k for each i,j,k (the Chasles relations), and AijAj^i C m if 
i 7^ j. Moreover, R = pk{R) C M„i{K) is the standard GMA of type (l,n, 1) 
associated to these data (see Example ll.3.4p . that is 



(84) R = p^{R)=\ mXa) \ciMm{K). 

Our aim will be to elucidate as much as possible the structure of the A-modules 
Aij. 

One the one hand, those Ai^j are related to the ExtT'(j, i) by Theorem II. 5. 5[ In 
turns, by results already proved in ^8.2.11 those ExtT(j, «) are related to all the 6 
possible fine Selmer groups occuring here, namely Hj(E, *) where 

* = X,X~^,P,P*,PX'^,P*X~^- 

Up to the underlying symmetries, and by BKi{p) when * = /)*, we will actually 
know all of them except the one of p, which is precisely the one we are interested 
in. 

On the other hand, the Ai^j are also related to the reducibility loci of T by Prop. 
11.5.11 A remarkable fact is that we are able to compute here all the reducibility 
ideals of T. Precisely, we will show that all the proper reducibility loci actually 
coincide schematically with the closed point z. In other words, T is as irreducible 
as possible. The proof of this key fact will actually use all the machinery that we 
developped in sections 1 to 4 of the book. This will provide then the missing link 
between the tangent space of X at z and the ^jj, and then with the ExtT(l,p). 
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9.3. Computation of the reducibility loci of T. Let us analyse the proper 
reducibility loci of T (see ^1.5. ip . Recall that each of them is attached to a non 
trivial partition "P of T = {x,l,p}, and there are 4 such partitions. An especially 
interesting one is the the total reducibility ideal /tot , which is attached to the finest 
partition {{x}, {!}, {p}}. 

Lemma 9.3.1. 

(i) All these four reducibility ideals coincide with /tot- 

(ii) /tot = Ai^pAp^i. 

(iii) ItotK = K. 

Proof — By Prop. 11.5.11 each proper reducibility ideal is a sum of terms of the 
form AijAj^i with i ^ j, and contains A^:^pAp^^, for * = 1 or x- By Lemma 18.2.161 

= ^a{j),(7(i)A(7(i),(7{j) so 

(85) AlpApl = Ay^^pAp^y^. 

By Lemma 18.3.11 we also have 

(86) Ay,^^=Ay,^pAp^^. 

But by the Chasles relation Ai^^A^^p C Ai^p, so 

Ai,xA,i C ^i,p^p,i, 

which proves assertions (i) and (ii). Part (iii) follows from (i) and Lemma [8.3.31 (ii) 
as K\ {Ka{z) — Ki{z)) ^ in the domain C'k(^); and as the composition of 
the maps 

is injective by propety (iv) of the eigenvariety X. □ 

Lemma 9.3.2. px induces an isomorphism R^aK Mm{K), and pK'^Ks is 
absolutely irreducible for each s. 

Proof — This is actually a general consequence of Prop. 11.3.121 and of the fact 
that IK = K for all irreducibility ideals /, but we argue directly. By Lemma 19.3.11 
(ii) and (iii), Ai^pK = Ap^iK = K, and the same equality holds with 1 replaced 
by X by formula ([85|) . As Ai^y^ D Ai^pAp^^ we get also that Ai^^K = K, as well 
as Ay-^iK = K hy the same reasoning. This proves the first part of the lemma, of 
which the second part is an obvious consequence. □ 

Note that for the moment, we did not use assumptions (5) to (6), and only the 
irreducibility assumption of p in (4). We will now use (4) and (5) by beginning a 
deeper study of Itot ■ We show first that the total reducibility loci 

V{hot) C Spec(0,) 

lies in the schematic fiber of the weight morphism k : X — > W over k{z). 

Proposition 9.3.3. For each integer j £ {1, . . . , m}, kj — Kj{z) C /tot- 
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To prove this proposition, we will need to recall some aspects of refined defor- 
mations that we developped in ^4.4. li By definition of the chosed refinement TZ, 
the refinement ^2 of = 1 © /) © x is 

This makes sense as by assumption (5) and Lemma I8.2.H the m Frobenius eigen- 
values above are distinct. Of course, this refinement induces also a refinement J^z,* 
of each p^: Tz,\ = (1), J^z,x = and Tz,p = ipi^{^i, • • • , ^n)- 

Recall that in this situation, we attached in ^4.4.31 a permutation 



cr G 6 



m 



that encaptures how the indices i of the weights K.i{z) and the Frobenius eigenvalues 
Fi{z)p'^*^^^ are related to the decomposition pz = l(B p (B X- 

- R^: is the set of integers i such that Dcrys(/0*)'^^'^'*^^-*^'''''^' / 0. 

- PF* is the set of integers i such that Ki{z) is a Hodge- Tate weight of p*. 

Lemma 9.3.4. 

(i) a is a transitive permutation. 

(ii) J-z is a critical regular refinement of pz- However, for each *, !Fz,* is a non 
critical regular refinement of p^ and is a subintervall of {1, ■ ■ ■ ,d}. 

Proof — Let us show assertion (ii) first. As (1,^^"'^) is a critical refinement of 
1 © X) is a critical refinement of pz- For the regularity property, let us fix 
J > 1 an integer. By Lemma 18.2.11 the eigenvalues A of the crystalline Frobenius 
on Dcrys{^^ Pz) such that |ioo'-p = y/p~^~^^ are exactly the products of j — 1 
elements of ipL~^{{ipi, - ■ ■ ,^Pn\)- We conclude then by assumption (5). The non 
criticality of Fz,* is obvious for * = 1, x and is assumption (5) for * = p. Moreover, 
the assertion on R^ is clear, namely: 

(87) i?i = {l}, i?p = {2,3,...,m-l}, Rx = {m]. 

We show now (i). Let a G {1, • • • ,m} be the unique integer such that Ka{z) = 0. 
As already said, a > 1 (see Lemma 18.3.31 (ii)). and we have 



Wi = {a}, Wp = {l,2,...,a-2,a + l,...,m}, M^;^ = {a-1}. 
By definition of the permutation o", we see now that 



a{i) 



a, if i = 1, 

z — 1, if i = 2, - ■ ■ ,a— 1, 
« + 1, if i = a, - ■ ■ ,m — 1, 
a — 1, if i = m. 

which is a cycle, and we are done. □ 



Proof — (of Prop. I9.3.5P As one of the Ki is constant by assumption on X, the 
proposition is an immediat consequence of Lemma 19.3.41 and Corollary 14.4.51 once 
we know that assumptions (REG), (NCR), (INT) and (MF') of pXD are satisfied. 
But the first three ones are by Lemma [9. 3. 41 (ii). and (MF') follows from assumption 
(4) and from the fact that 1 and x are one dimensional. □ 
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Corollary 9.3.5. /tot 'is a cofinite lenght ideal of A. 



Proof — It follows from Prop. 19.3.31 and from the fact that the natural map 
^k{z) Oz = a is finite by property (iv) of the eigenvariety X. □ 

Recall from Def. I1.5.3l that for each * G X, there is a (unique up to isomorphism) 
continuous representation 

P* ■■ Ge,s — ' GLd.(^//tot) 

lifting p^. 

Proposition 9.3.6. 

(i) For each * G P* is crystalline at v and v. 

(ii) Moreover, the characteristic polynomial of the crystalline Frohenius on the 
free A/ hot-module Dcrys(p*|£;J is 

Proof — Note that Homc^^ 1)) = for each *. Indeed, it is clear for 

* = 1, X; and it holds for * = p as ipi ^ pipj for each i,j G {!,..., n} by Lemma 
18.2.11 The first part of the proposition for the place v follows then from Corollary 
031 (ii) (we aheady checked that (INT), (REG), (NCR) and (MF') hold in the 
proof of Prop. I9.3.5p . But ~ /9^(*) for each *, as they share the same trace and 
each is residually irreducible, so the proposition also holds for the place v, which 
proves (i). 

By Theorem 14.4.41 we know that the crystalline representation p^ is trianguline 
over A with parameters the 6i with i G R^, such that 

Si\z; = x-"-«^^\ 6,{p) = G {A/hot)*. 

By Berger's theorem l2.2.9l the characteristic polynomial of the statement writes as 
the products over the i £ of the characteristic polynomial of tp on Z)crys('^A/7tot i^i))^ 
hence the statement. □ 

We now come to the main proposition of this subsection. We will use here 
assumption BK2{p) of hypothesis (6). 

Proposition 9.3.7. /tot is the maximal ideal of A. 

Proof — Note that the residue field k := k{z) oi A lifts canonically to a subfield 
of A by the henselian property. Let us fix a 

: A/ hot — >k[el 
a A;- linear ring homomorphism. We claim that for each *, 

is a trivial deformation of which means that we have an isomorphism 

p*,tl; - P* ®fc k[e]. 
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Let us assume this claim and show how to conclude. By property (i) of eigenvarieties 
(see Def. 17.2. 5p . A is generated by Ti as an ©^(^■j-algebra. As 

and by assumption (2), we see that A is generated over 0^(2) by the -Fj's and by 
the T(Frobi„)'s for the primes / = ww G Sq. Assuming that each p^^^ is constant, 
we get that for any such w, 

V'(r(Frob^)) eke k[e] 
is constant. Moreover, Prop. 19.3.61 (ii) implies that for each i, 

ip{Fi) eke k[e] 

is also constant (use that the Fi{z)p'^^^^^ are two-by-two distinct by Lemma l9.3.4p . 
Last but not least, by Prop. 19.3.31 the image of 

— ' A/Itot — >v ^[^] 

also falls into k. As A is generated over 0^(2) by the Fj and the r(Frob^), we get 
that 

V'(^//tot) = k. 

As this holds for all ip, A/Itot = k and we are done. 

Let us show the claim now. By Prop. 19.3.61 we know that p^^^^ is crystalline 
at V and v. Moreover, p^^^ is obviously unramified outside S. By Lemma 18.2.131 
(applied to J = Ker'0) we know that for each prime w of E not dividing p, the 
monodromy operator of admits a Jordan normal form over A/Itot, hence is 

constant, when * = p. This trivially also holds when * = 1 or x, as any continuous 
-extension of 1 by 1 is unramified for such a w. 

If * = 1 or X) the finiteness of the class number of E, and more precisely Prop. 
15.2.31 (i), implies then that p^,^^ is constant. If * = p, we have p-^^ = p^^^ (see the 
first paragraph of the proof of Prop. I9.3.6p . hence hypothesis BK2{p) in assumption 
(6) shows again that /)*,»/' is constant, which completes the proof. □ 

Remark 9.3.8. We could also study the proper reducibility loci of the restriction 
of r to G^;^. For example when p^^^ is irreducible (e.g. when n = 1), the same 
proofs as above show that they all coincide and that they lie in the schematic fiber 
of K above k{z). However, they do not necessarily coincide with the maximal ideal 
of ^. 

9.4. The structure of R and the proof of the theorem. For i ^ j eZ, let us 

consider the integers 

hij := dimLExtT(i,i). 
We first recapitulate all that we know about those hij. 

Lemma 9.4.1. 

(i) /ii,p = hp^^ = h, 

(ii) hi^-^ = and h^^i < 1, 

(iii) hp^i = h^^p < n. 
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Proof — The first equalities in (i) and (ii) follow from Lemma [8.2.17l which proves 
(i). Assertion (iii) is then a consequence of Prop. 18.2.101 and of Prop. 15.2.71 (which 
assumes hypothese BKi{p) and whose assumptions are satisfied by Lemma [8.2. ip . 

We already proved that hi^^ = in Lemma [8.3.1l so it only remains to show that 
/ix>i — That will follow from Prop. 15.2.31 (ii) if we can show that 

J^^iT{xA)^H\E,L{-l)) 

falls into an eigenspace of the endomorphism U ^ U'^{—\) of the latter space. But 
this follows from Lemma 19.3.21 and Prop. 11.8.101 as r fixes p G X. We will actually 
show later that ExtT(X) 1) foUs inside the part of sign +1. □ 

As \I\ = 3, recall that from Theorem 1 1 . 5 . 5 1 that for i, j and k two-by-two distinct 
in X, we have an isomorphism 



YiomL{Ai^j/Ai^kAk^j,L) — > ExtT(j,i). 
Lemma 9.4.2. h is the minimal number of generators of Ap^i. 

Proof — By ()89p above and Nakayama's lemma, we have to show that 

But A^^i = A^^pAp^i by Lemma [8.3.11 (that is by hi^^ = and ([89]) ). and we 
conclude as Ap^y.Ay.p Cm. □ 

Lemma 9.4.3. 

(i) There are /i, • • • , /n G ^i,p such that Ai^p = ^"^^ Afi + Ai^^A^^p. 

(ii) There is a g £ Ai^^ such that Ai^^ = Ag + Ai^pAp^^^. 

(iii) Ai^pAp^i = X;r=i fi^pA + 9Ax,pAp,i. 

(iv) For some A G K* , we have A^^p = XAp^i. 

(v) m = Ai^pAp^i. 

Proof — Assertions (i) and (ii) follow from Lemma 19.4.11 (ii) and (iii) , formula 
()89p and Nakayama's lemma. By expanding Ai^pAp^i with the formulas of (i) and 
(ii), we get part (iii) as the missing term satisfies 

Ai^pAp^^A-^^pAp^i c xnAi pAp^i, 

hence may be deleted by Nakayama's lemma. 

Assertion (iv) holds as Aij and j4^(j) are ^-isomorphic submodules of K by 
Lemma ll.8.51 (ii). Part (v) is Prop. 19.3.71 combined with Lemma 19.3.11 (ii). □ 

Proof — (of Theorem I9.1.2p By computing the minimal number of generators of 
m with formulae (v) and (iii) of Lemma 19.4.31 as well as Lemma I9.4.2[ we get 

t < nh + s, 

where s is the minimal number of generators of A^- pAp^i. But this ^-module is 
isomorphic to Ap^iAp^i C K hy (iv) of loc. cit, so s < ^^^^^^ and we are done. □ 
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Let us give a simple corollary of this analysis when Hj{E,p) has dimension 1 
(hence h = 1), which is somehow the generic situation. 

Corollary 9.4.4. Assume that h = 1. Then A is regular of dimension n + 1, all 
the inequalities of Lemma \9.4-1\ are equalities, and up to a block- diagonal change of 
coordinates in K^'^'^ , we have 

I A A" A \ 

R=\ m" Mn{A) A^ c Mn+2{K), 
\ Ag + m^ m" A J 

for some g G m\m^. 

Proof — The proof of Lemma 19.4.31 actually shows that 

t < /ip,i h + h^^i s. 

li h = 1, the term on the right is less that nh + h{h + l)/2 = n + 1. As t > 
n + 1, all these inequalities are equalities, thus h-^^i = 1 and hp^i = h^^p = n. 
Moreover, Lemma 19.4.21 shows that Ap^i is free of rank 1 over A, as well as A-^^p 
by an argument similar to Lemma 19.4.31 (iv). In particular, up to a block-diagonal 
change of coordinates we may then assume that Ap^i = A-^^p = A, and the corollary 
follows at once from Lemma 19.4.31 □ 

9.5. Remarks, questions, and complements. 

9.5.1. The case of a CM field E and the sign of Galois representations. Throughout 
this paper, we have made the assumption that E \s a, quadratic imaginary field. 
Actually, most of the work we have done can be extended to the case of a CM field 
E (say quadratic over its totally real subfield E~^ , with E~^ of degree d over Q), 
but the method (both for the sign conjecture and for this chapter) ultimately fails 
if E is not quadratic over Q. Let us explain why. 

We would work with a unitary group U(m) defined over E~^ , which is compact at 
every archimedian places and quasi-split at every finite places. Such a group exists 
if m is odd or if dm ^ 2 (mod 4). Starting with a couple (tt, p) of an automorphic 
cuspidal representation vr of GL„(A£;) a Galois representaions p oi Ge satisfying 
the obvious analogs of assumptions of 18.11 there shoud exist a representation vr" of 
U(m) under the hypothesis that e(p, 0) = (—1)'^. The results of chapter 7 would 
extend easily to this case. But in chapter 8 and 9, it is used in a crucial way that 
ExtT(l,x) = 0. This result is deduced form the fact that Hj{E,x) = 0, which in 
turns was deduced in chapter 5 from the equality Hj{E, x) = O*^ 0z Qp (Example 
I5.1.2P and the fact that E is quadratic. In the general CM case, we see that instead 
dim Hj{E, x) = d — 1, from which we cannot conclude that Ext^(l, x) = 0. Thus 
we are not able to make the proof of the sign conjecture (chapter 8) work in this 
case and construct a non zero element of Hj{E, p). This is consistent with the fact 
that we haven't made any hypothesis implying L(/j, 0) = (since e(p, 0) may be 1). 

The discussion above is more or less the content of remark 9.1 of [BChlj . In 
the context of this book, we can offer a much finer analysis of the situation in the 
case of a CM field E. We denote by c the non-trival element in Gal(£'/£^'^) and 
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by cr a lifting of c in 0^+ satisfying = \. The notations and (for a 
representation U of Ge) are then defined as in ^5.2.1i 

The operation U i— > "*"(!) defines a hnear involution r on /^)(£;,Qp(l)). From 
Prop 11.8.101 we see that there is a sign e = ±1, such that the subspace Ext;^(l,x) 
of (£', Qp(l)) is in the eigenspace of eigenvalue e of r. To be more precise about 
e we need actually the following result of independent interest : 

Theorem 9.5.1. Assume only the hypothesis (PO) of Rep[m) (extended to the 
case of a CM field E). Let tt be an automorphic representation of U{m){AE+) as 
in Rep{m) such that the attached Galois representation p^^ is absolutely irreducible. 
Then if Q & GLm{%) is such that p^{g) = Qpn{g)Q'^x{9T~^ for all g £ Ge, 
then we have = Q. 

The existence of a Q as in the statement follows from remark (i) after Rep(m), 
and it follows from the absolute irreducibility of Pt^ that = eQ with e = ±1 (see 
Lemma ri.8.4p . If m is odd, then it is clear that e = 1. We postpone the proof that 
this result also holds for an even m to a subsequent work. 

Going back to our specific situation, we can deduce 
Corollary 9.5.2. Exl}p{l,x) is a subspace of the +l-eigenspace ofr in Hj{E,Qp{l)). 

Proof — By Lemma r9.3.21 the generic representation pK is absolutely irreducible, 
hence we are in the situation of Example 11.8.71 We have in particular a collection 
of signs indexed by the irreducible components of K. By an argument already 
given in ^4.3.31 and the accumulation of classical points at z £ X, Theorem 19.5.11 
shows that each of those signs is +1. The corollary follows then from Prop [L8.10I 
(i). □ 

But it turns out, perhaps surprisingly, that the information given by the above 
corollary is empty : 

Lemma 9.5.3. The involution r is the identity of Hj{E,Qp{l)). 

Proof — We recall the Kummer isomorphism 

kum : E*/{E*Y"' ^ Fi(^,Z/p"Z(l)), 
that sends x £ E* to the class of the cocycle kum(3;) oi Ge defined by 

kum(x)(s) = s{u)/u, 

where u £ E* is an element such that n^" = x. The conjugation by a defines 
an involution of H^{E,'Ii/p'^'Ia{1)) by sending an extension U to U^. In terms of 
cocycle, this involution sends a cocycle j to j'^ , with j'^(s) = j{asa~^). Hence 

kum(x)'^(s) = {asa^^){u)/u = a{s{a{u))/a{u)) = a{u)/s{a{u)) = kum(c(x))~"'^ 

(use that = 1 and that a acts as the reciprocal on roots of unity) . 

Another natural involution on H^{E,7j/p'^7j{l)) is U ^ U*{1), and it is easy to 
see that this involution sends kum(x) on kum(x~^). Finally, the involution r on 
H^{E,'Ij/p"''Ij{1)) defined hy U ^ U^{1) is the composition of the two preceding 
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involutions, and thus sends kum(x) on kum(c(x)). Taking the limit over n, ten- 
sorizing by Qp, and restricting to Hj, we see that under the Kummer isomorphism 

kum: (g)zQp^ H}iE,qp{l)), 

the involution r corresponds to the conjugation c. Hence the lemma is reduced to 
the assertion that c acts by the identity on a finite index subgroup of O^. But this 
arithmetical statement is a well known consequence of Dirichlet's unit theorem, 
that says that and have the same rank. □ 

9.5.2. When is T4 the trace of a representation over A? If h = 1, then Ta is the 
trace of a representation of over A by Cor. 19.4.41 Another way to argue would be 
to say that A is regular, hence a UFD, and use Prop [L6?Tl Conversely : 

Lemma 9.5.4. IfT^ is the trace of a representation ofGE,s over A, then we have 
either h = 1 or h = t > n + 1. 

Proof — Since T4 is the trace of a representation we may assume that R C Mm(A), 
i.e. that the ^-modules Ai^j are actually ideals of A (use Prop fL6^ Lemma 11.3.71 
and Prop. I1.3.8|) . From Lemma EH^l^v) we see that either Ap^i = A and Ai p = m 
or Ai^p = A and Ap^i = m, and we conclude by Lemma 19.4.21 □ 

In the conclusion of the above lemma, the case h = t seems very unlikely. How- 
ever, it is not possible to exclude it by a simple GMA analysis, since the data 
A^^i = m^, Ap^i = A^^p = m, Ai^^ = Ai^p = Ap^^ = A define a GMA satis- 
fying all the assertions of Lemma 19.4.11 (which is even equipped with an obvious 
anti- involution) . 

Another related intruiguing question is to know whether ExtT(x, 1) 7^ 0. By 
Cor. 19.4.41 this is the case if /i = 1, and the example above shows that it is not 
formal from what we have proved. 

9.5.3. Other remarks and questions. From a philosophical point of view, a very 
intruiguing open question is the following one. 

Question: Should we expect that Fixtxil, p) = Hj{E,p) ? 

On the one hand, although ExtrCl,/?) is a canonical subspace of Hj{E,p), it is 
attached to the unitary group U(n+2) so its arithmetic content is somehow included 
in the one of the cohomology of the unitary Shimura varieties of dimension n + 2. 

On the other hand, the trend of ideas initiated by Mazur- Wiles' proof of Iwa- 
sawa's main conjecture and by Wiles' R = T philosophy rather suggests that we 
may have equality in our context too. This is also confirmed by our results in ^7.61 

Note that by Corollary 19.1.31 we can detect directly on the geometry of the 
eigenvariety X at x if Extr(l,/o) has rank > 2. It would be very interesting to 
find examples where it is indeed the case! As we saw, the space X is built from 
some rather explicit spaces of p-adic automorphic forms on the definite unit ary 
group U(m), thus we hope that some numerical experiments could be mader^^ 

125a 

ctually, for those questions as well as many others, it would be very useful to have at 
hand a database like the one of William Stein for classical modular forms, as well as a program 
computing slopes as Buzzard's one. 
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The first step is actually to find a p for which the Bloch-Kato conjecture predicts 
that diuiL H^^{E, p) > 1. When n < 2, this amounts to find some modular form of 
even weight k > 4, whose sign is —1, and whose archimedian L- function vani shes 
at order > 2 at k/2. The authors do not know any such example at the momenl|^. 

As explained in Remark 19. 1.51 we hope that we can go further in the future and 
make the L-function of p (or say a p-adic version) enter into the picture, altough 
it is not clear how at the moment. 



Of course, if we could have handled the case k — 2 it would have sufficed to take an elliptic 
curve over Q with sign —1 and rank > 2, and there are plenty of them. 
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Appendix : Arthur's conjectures 

In this appendix, we offer a brief and somewhat personal exposition of parts 
of Langlands' and Arthur's conjectural program. This exposition will allow us to 
check that the assumptions Rep(m) and AC(7r) about automorphic forms on unitary 
group that we have made in chapter 6 are predicted by that program. We do this for 
two reasons: first, this should make our assumptions more believable, and second, 
more importantly, putting those assumptions in the general picture of Langlands' 
and Arthur's program is very helpful to understand our method and how it may or 
may not be generalized. For a more complete overview of the conjectures, we send 
the reader to [Ar| . |BlRo2] and |Rogl| (assuming the reader already knows well the 
material of |Bolj ). 



Let F be a number field and G a connected reductive grou p^^l over F. An 
automorphic representation vr of G is an irreducible constituent of the regular rep- 
resentation of G{Af) on the Hilbert spac^^ 

L\G{F)\G{Af),u;,C), 

for some admissible character uj of G{Af) which is trivial on G{F). In general, 
this representation will have a discrete and a continuous part, which makes the 
previous definition rather unprecise. Recall that vr is discrete if it occurs discretely 
in (that is, as a sub-representation of) the space above, such vr are well defined. 
For example, it is known that the above are completely discrete if (and only if) 
G is anisotropic modulo its center (this was the case of our definite unitary groups 
of ^6.2p . In general, Langlands theory of Eisenstein series reduces the study of all 
the automorphic vr to the discrete ones, and we will focus on those ones in this 
appendix. For vr a unitary admissible irreducible representations of G{Af) which 
is not a discrete automorphic representation, we set m{7r) = 0. 

The aim of Arthur's program (an extension of Langland's program) is to compute 
m(vr) for all vr. This is done (partially) by a very rich set of conjectures that are not 
completely rigid (meaning that they do not always make precise sense, and that 
they are susceptible to change slightly as our understanding progress) that proceed 
in two steps: describing a natural partition of the set of all discrete automorphic 
representations into "packets" and understanding m(vr) for vr within a given packet. 

We denote by nunit(G', F) (or Ilunit when there is no ambiguity) the set of all iso- 
morphism classes of irreducible unitary representations of G{Af) and by ndisc(G, F) 
the subset of discrete automorphic representations. Two interesting subsets of 
ndisc(G, F) are ncusp(G', F), the set of cuspidal automorphic representations, and 
ntemp(G', F), the set of tempered discrete automorphic representations. 

Example A. 0.1. (G = GL^) The Ramanujan conjecture asserts that 

ncusp(GLm,F) = UtempiGhm, F) 



127rpjjg conjectures we shall describe so far has been mainly tested for classical groups - it is 
possible that some minor changes will be needed in the exceptional cases. 

Precisely, let Z be the center of G and Z^o be the connected component of its real points. The 
aforementionned space is the space of measurable complex functions / on G{F)\G{Af) such that 
the associated map g f{g)Lo~^{g) is ^oo-invariant and square-integrable on G{F)Zoo\G{Af) 
for a (finite) G(AF)-invariant measure on this latter space (which exists by a result of Borel and 
Harish- Chandra) . 
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(this is known to be false for other reductive groups) r^l Moreover, a theorem of 
MoegUn-Waldspurger |MoWaj shows that the fuh discrete spectrum of G is built 
from the cuspidal spectrum of the GLd with d dividing m, which might be suprising. 
For example, if m is a prime, a discrete vr is either cuspidal or one dimensional. 
In this context, each packet of discrete representations is actually a singleton, and 
each discrete representation occurs with multiplicity one {weak multiplicity one 
theorem). All these facts are actually predicted by Arthur's philosophy, which not 
only predicts the m(7r) but also gives a general hint about how the discrete spectrum 
of a general G is constructed from the tempered one, and even from the cuspidal 
one of the GL^- 

A.l. Failure of strong multiplicity one and global j4-packets. For two uni- 
tary irreducible representations vr and vr' of G(Ai;'), say vr ~ vr' if vr^ ~ vr^ or almost 
all primes v. 

When G = Ghm (resp. an inner form of GLm), it is known (resp. conjec- 
tured) that if TT and vr' are discrete automorphic then vr ~ vr' implies that vr = vr' 
as a subrepresentation of L'^{G{F)\G{Af),u!,C) {strong multiplicity one) but this 
statement is known know to be false for some other groups, including some groups 
very close to GL^ like SL^, and our unitary groups. 

Following Arthur we should be able to define naturally certain disjoint subsets 
of Hunit called global A-packets. Every global ^-packet should be a subset of an 
equivalence class of ~, and its intersection with Ildisc should be a full equivalence 
class of the restriction of ~ to Hdisc- In other words, ^-packets are equivalence 
classes of ~ in Hdisc enlarged with some non discrete elements of Hunit i chosen in 
the same equivalence class of ~. Any nonempty ^-packet should contain a discrete 
representation. The motive for such an enlargement is to allow the global >l-packets 
to be products of local A-packets, as we soon shall see. For GL^ (resp. an inner 
form), thus, every A-packet is (resp. should be) a singleton. A global j4-packet n 
is said tempered, if every n G II (discrete or not) is tempered. 

To describe the set of A-packets we need to introduce the conjectural Langlands 
group Lp. 

A.2. The Langlands groups. For K a topological group, we define Ilep^{K) 
(resp. lvVrn{K) C Rep^(iC)) as the set of equivalence classes of complex m- 
dimensional continuous (resp. moreover irreducible) representations of K whose 
range contains only semi-simple elements. 

According to Langlands, there should exist for tannakian reasons a group Lp 
(called by others the Langlands group), extension of the global Weil-group Wp 
by a compact group, with a natural bijection (the global correspondence) between 
Irr^(Lj?) and ncusp(GLm, F). The collection of L-groups {Lp} with F varying 
should satisfies conditions similar to the collection of global Weil-groups {M/f} (see 

my 

For V a place of F, we define explicitly a local Langlands group Lp^ as the Weil 
group Wp^ if V is archimedean, and Wp^ x SU2(M) if v is not. In this latter case 



129a 

ctually there are trivial counterexamples, like the one dimensional representations of G = 
D* for a division algebra D, but there are deeper ones with G split, or like the representation tt" 
we are especially interested in. 
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the local Langlands group is closely related to the Weil-Deligne group, in the sense 
that there is a simple bijection between Rep^(-Li?^) and the set of Frobenius semi- 
simple Weil-Deligne representations (r, N) of that we recalled in §6.31 Langlands 
conjectured the existence of a natural bijection (the local correspondence) between 
Repm(Li?^) and the set of equivalence classes of irreducible admissible represen- 
tations of Ghm{Fy). He proved that conjecture when v is archimedian, and the 
non-archimedian case is now also a theorem of Harris and Taylor |HT| , relying on 
works on many people. 

It is part of the conjectures that there exists a distinguished class of embedings 
Lp^ ^ Lp, and the global correspondence should coincide after restriction to the 
local Langlands group to the local correspondence. 

A. 3. Parametrization of global yl-packets. We now go back to a general re- 
ductive group G. We refer to |Bol| for the definition of the L-group ^G of G. Let 
us simply recall that ^G is a semi-direct product of Wp by the dual group G{C) 
of G(C), that the product is direct if G is split, and that the L-group of two inner 
forms are canonically isomorphic. 

Following Arthur, a global A-parameter (for G) is a continuous homomorphism 

i;:Lpx SL2(C) — > ^G 

such that 

(0) V'|SL2(C) is holomorphic and falls into G(C), 

(1) for all w Lp, the image of ijj{w) in the quotient Wp of ^G is the same as 
the image of w by the map Lp ^ Wp, 



(ii) ip{w) is semi-simplqlfj for all w G Lp, 

(iii) the image ip{Lp) is bounded in ^G modulo the center Z{G{C)) of G(C), 

(iv) lp is relevant, that is ip{Lp x SL2(C)) is not allowed to lie in a parabolic sub- 



groupL^J of ^G unless the corresponding parabolic subgroup of G is defined 
over F. 

Note that condition (iv) is automatic if G is quasi-split since every parabolic sub- 
group of a quasi-split group is defined over the base field. 

Remark A. 3.1. In the definition of the L-group, note that the Weil group Wp acts 
on G{C) through a finite quotient Gal(L'/F), where E is a finite Galois extension of 
F on which G splits. For the sake of defining global ^-parameters (the same remark 
will apply for local ^-parameters and L-parameters, see below), it would not change 
anything if the L-group ^G was replaced by the reduced L-group of G, namely the 
semi-direct product of Gal(L^/F) by G(C) (being understood that in condition (i) 
above, each occurrence of Wp is to be replaced by Gal{E/F)). In particular, an A- 
parameter for a split group G is simply a morphism LpX SL2(C) — > G{C) satisfying 
condition (ii) and (iii) above - remember that (iv) is automatic. 

Two parameters are said equivalent if they are conjugate by an element of G{C), 
up to a 1-cocycle of Lp in Z{G{C)) which is locally trivial at every place (see |Rogl| 



-'^'^'^Recall that an element <; of is semisimple if its image in each representation ^ ^GLm 
has a semisimple GLm(C) component. 

Recall that it is a subgroup P C G which surjects onto Wf and which is the normalizer in 
^G of a parabolic subgroup of G, see [Boll §3.3]. 
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§2.1). In the cases we will deal with, namely GL^ and unitary groups, it turns out 
that every such cocycle is trivial ( |Rogl| §2.2). Thus in those cases the equivalence 
relation for parameters is just the conjugacy by an element of G{C). 

Definition A. 3. 2. - A global ^-parameter tj; is said to be discrete if C{ip)^ C 

Z(G(C)), where C(V') = {5 G G{C),gip{w) = ^l^{w)g e Lp x SLzJc)} is 
the centralizer in G{C) of the image of tp, and C{Tp)^ is its neutral compo- 
nent. 



- A global j4-parameter ip is said tempereq^ if its restriction to SL2(C) is 
trivial. 

Example A. 3. 3. Assume again G = GL^- We see at once that a global A- 
parameter ip is discrete if, and only if, the corresponding representation Lp x 
SL2(C) GLm(C) is irreducible. In particular, there exists a divisor d of m and 
an irreducible tempered parameter ip' : Lp ^ GLd(C) such that ip' = ip ® [d]^ 
where [d] denotes the unique d-dimensional holomorphic representation of SL2(C). 
Moreover, using the fact that Lp (as Wp) should be an extension of an abelian 
group (namely M) by a compact group, we see easily that lvYrn{Lp) should be in 
bijection with the set of global discrete tempered A-parameters of GL^- Note that 
this formalism matches perfectly with Ex. lA.O.li 

The first main conjecture of Arthur is the existence of a natural cor- 
respondence which associates to every global discrete yl-parameter of G 
(up to equivalence) an A-packet of G, or the empty set. 

Two ^-parameters %p and 'ip' should be sent to the same (non-empty) 74-packet 
if and only if their restriction ip^ and ip'^ to Lp^ for all Fy are conjugate. This 
condition may not imply that tp and ^ire equivalent in general, but it will in 
our situations (see Prop |A"11.5I below). The correspondence above should send 
tempered ^d-parameters to (non-empty) tempered j4-packets, in which case it should 
coincide with the former theory of Langlands. Note that this requirement, in the 
case G = GL^, is the generalized Ramanujan conjecture. 

Note that some global yl-parameter, even satisfying the relevance condition, may 
very well be sent to the empty set. We shall give an example below (see Re- 
mark [AT2]4j). However, this should not happen when G is quasi-split, or for a 
tempered ^-parameter. 

To understand the "naturality" of the correspondence between discrete global 
^-parameters and global A-packets, we need to introduce the local counterpart of 
global ^-packets and global yl-parameters. It should be stressed here that contrary 
to Langlands theory of local L-packets which should apply to all the admissible 
irreducible representations, the introduction of Arthurs' A-packets is mainly mo- 
tivated by global considerations and basically apply to local components of global 
automorphic representations. 

A. 4. Local ^-packets and local A-parameters. Following Arthur, a local A- 
parameter is a continuous morphism 

iP, : Lp^ X SL2(C) 



1 39 

There is a common abuse of language here, as strictly we should say essentially tempered, 
that is tempered up to a twist. 
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such that the analogues of conditions (o) to (iii) of global parameters are satisfied 
(of course, F has to be replaced by everywhere there, and is now the L-group 
of G/Fv). Note that there is no relevance condition (iv) in the definition. As in 
the global local ^-parameter is said to be tempered if it is trivial on SL2(C). 

The restriction ipy of a global ^-parameter ij: to Lp^ x SL2(C) is obviously a local 
j4- parameter, and ip^ is tempered if ^ is. 

Following Arthur, to every local A-parameter should correspond a finite set, 
possibly empty, of irreducible unitary representations of G{Fy). This maps will not 
be injective in general. For example, many j4-parameters could define the empty 
A-packet. Moreover, in contrast with global A-packets, local ^-packets are not, 
in general, disjoint, and their reunion will not be the set of all unitary irreducible 
representations of G{Fy) (but rather the set of such representations that appear as 
constituents of global automorphic representations.) 

According to Arthur, a global ^-packet 11 defined by an A-parameter should 
be the set of restricted tensor products 

n = {vr = (8)^7r„, TTy E 11^,}, 

for a set of local representations vr^ belonging for each v to the local ^-packet n„ 
corresponding to ip^, and such that almost all tt^ are unramified. 

A tempered ^-parameter should define a tempered ^-packet, that is an A-packet 
all of whose members are tempered. 

Ultimately, local ^-packets should be constructed using our understanding of 
the trace formula and its stabilization. One key-property that an j4-packet should 
satisfy is that a suitable non-trivial linear combination of the character-distributions 
of its members should be a stable (that is invariant by conjugation by elements of 
G{F^), not only of G{F^)) distribution. 

To say more on the correspondence between ^-parameters and ^-packets, we 
need to review the earlier notions of L-parameters and L-packets, due to Langlands. 

A. 5. Local L-parameters and local L-packets. Followings Langlands, there 
should be a partition of the set of equivalences classes of all admissible irreducible 
representations of G{F^) into (local) L-packets. We stress that the local L-packets 
behave much more nicely that the local ^-packets, since the former are disjoint and 
that their reunion do not miss any admissible irreducible representation. 

The set of L-packets should be in bijection with the set of conjugacy classes of 
relevant L-parameters. Recall that an L-parameter is a continuous morphism 

0, : Lf^ 

that satisfies conditions (i) and (ii) (but not (iii)) of ^A.3\ it is said to be relevant 
if it satisfies moreover (iv) loc. cit. Moreover, an L-parameter is said to be discrete 
if it connected centralizer is central, as in Def. IA.3.21 

A local ^-parameter ^py defines a local L-parameter (that may not be relevant) 
by the formula 

(90) (j)^^{w) = ipy (^w, 

Here |.| : Li?^ ^ M* is the composition oi Lp^ — > W|,^ — -^rec-i with the norm 
of F* . The local yl-packet corresponding to should contain the local L-packet 
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corresponding to (p^^ (if relevant) and could be larger in general, but not when ip^ 
is tempered. 

The problem with L-packets that motivated the introduction of A-packets is 
that it is not always possible to construct a non-trivial linear combinations of the 
characters of its members that is a stable distribution. This problem does not arise 
for tempered L-packets. 

A. 6. Functor iality. If G and G' are two groups as above, any admissible mor- 
phism of L-groups (that is a holomorphic group homomorphism compatible to the 
projection to Wp) 

^G ^G' 

induces a map from L-parameters or (local and global) A-parameters for G to 
similar parameters for G' . According to the conjectures described above, this should 
determine a map (rather, a correspondence) from the set of packets (local or global, 
A or L) for G to the set of packets for G' . Such a conjectural correspondence is an 
instance of Langlands' functor ialities. 

The most basic example is the case where G and G' are inner form of each other, 
which is sometimes called a J acquet- Langlands transfer. Then ^G = ^G' and the 
identity map should define a correspondence between packets of G and of G' . Note 
that even in this simplest case, this correspondence may not be a map (even for 
local L-packets) since a parameter relevant for G may not be relevant for G' . 

Note that in defining functor ialities, it is useful to work with the full L-groups, 
not only the reduced ones, since there are more morphisms between full L-groups. 

Example A. 6.1. Let L) be a quaternion division algebra over F, G = D* and 
G' = GL2. The 74-parameter of the trivial, discrete, representation vr of G or G' 
(global or local) is the discrete, non-tempered, parameter 1 <^ [2] in the notations of 
Ex. IA.3.31 and the corresponding ^-packets have a single element it. Of course, the 
Jacquet-Langlands ^-functoriality makes those trival representations correspond. 

If we had tried to understand this simple transfer in the context of L-functoriality, 
we see that we could not have asked that the transfer of tt is both discrete and 
compatible at all the finite places with the local Langlands correspondence. Indeed, 
for each finite place v such that is nonsplit, this latter correspondence would 
match the trivial representation of D* with the Steinberg representation of GL2(-F,;), 
which is infinite dimensional and that would contradict the strong approximation 
theorem for GL2. 

In other words, as long as we are interested in the discrete spectrum (say), and 
with non tempered representations, the ^-functoriality is better behaved than the 
L-one, and it is actually made for that. This phenomenum is not just a fancy prob- 
lem related to the trivial representation, but it appears in all kind of functor ialities. 
We will give later in Ex. lA.lOl a deeper example due to Rogawski in the case of a 
base change. 

A. 7. Base Change of parameters and packets. In this paragraph, it will be 
convenient to assume that F is either a global or a local field. Recall the notion 
of L-parameter we gave applies to the local context only, whereas the one of A- 
parameter does in both cases. Let -E be a finite extension of F and set 

Ge ■= G X p E . 
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The restriction of an L-parameter (p (resp. an ^-parameter ip) of G to (resp. to 
Le X SL2(C)) defines an L-parameter (j)E (resp. an ^d-parameter iPe) of G e- T he 
map (j) (pE (resp. ip — > iPe) is cahed the base change map for parameterscfj In 
general, ipE is tempered if ip is, but tpE may be not be discrete although ip is. 

We shall mainly be interested in the case where E splits G and Ge = GL^, 
what we assume now. In any of the three possible cases it is possible to attach to 
(pE or ipE a single admissible irreducible representation of G{E) (in the local case) 
or of G{Ae), as follows. If (/> is a local L-parameter, <pE is a local L-parameter for 
Ge (it is automatically relevant) and thus defines a single admissible irreducible 
representation of G{E) = Ghm{E) by the local Langlands correspondence. If ip is 
a local yl-parameter, then so is ipE, and the map (p^^ defined in formula (j90p is an 
L-parameter of G^; and thus defines again an admissible irreducible representation 
of GLjn{E). Finally if F is global and ip a global ^-parameter, we associate to ip 
the restricted tensor product on all places w of E oi the representation attached to 
the base change ipu, of ip^ (if v is the place of F below w). 

To summarize, we have defined (assuming Langland s an d Arthur's parameteri- 
zation) a base change to = GL^ of a global ^-pacfce l^'^^ 11 of G which is a single 
irreducible admissible representation of GLm(A£;), and also for local j4-packets and 
local L-packets for G (and the result is then an admissible irreducible local of 
GLm{E)). Note that by definition, the base change for global and local A-packets 
are compatible in the obvious sense. 

A. 8. Base change of a discrete automorphic representation. We keep our 
assertion that Ge = GL^. 

If L" is a global field and vr is a global discrete automorphic representation of G, 
it belongs to a unique global A-packet 11 which has a well defined base change as we 
saw above. We define the base change of vr as the base change tte of its ^-packet. 
If ^p is an ^-parameter corresponding to 11 and if ^pE is discrete, then tte should be 
a discrete automorphic representation of GLm/E. 

If F^ is a local field and tt^ is an irreducible representation of G(Fi,), it belongs 
to a single L-packet 11^. Hence we may define its base change as the base change of 
this local L-packet. Note that we can not use local ^-packets to define local base 
change inambiguously since a representation may belong to several local ^-packets 
that have different base change (see Ex. lA.lOl below). 

The inconvenient of defining local and global base change for representations 
using different types (A and L) of packets is that in general there is no compatibility 
between local and global base change for representations. However, if vr is a global 
discrete automorphic representation which is tempered, it belongs to a tempered 
j4-packet H, product of tempered local ^-packets n^, that are also L-packets and 
contain vr^. Hence it is clear that the w-component of the global base change of H 
is in this case the base change of the local components ir^ of vr. 

A. 9. Parameters for unitary groups and Arthur's conjectural description 
of the discrete spetrum. In this paragraph we specify to unitary groups the 

This base change may be viewed as a special case of the general functoriahty by considering 
the natural map ^ ^(Resj^Gs). 

-'^'^'^Note that it is clear form the definition that even if an A-packet is defined by two different 
parameters, the base change representation attached to those parameters is the same. 
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formalism developped above, including parameters (L or A, local or global) and 
the base change to GL^- We fix a unitary group G := U(m) (quasi-split or not) 
in m variables attached to a CM extension E/F of numberfields. The reduced 
L-group of U(m) is the semi-direct product 

^U(m) = GL^(C) X Gal{E/F) 

where Gal{E/F) =Z/2Z = (c) acts on GL„(C) by 

(91) cMc-i := (/.^*M-V;;\ M £ GL„(C), 



where, 
(92) 



(-1)™+! \ 



V 1 



Note that 

(93) Vm = = (-1)""^^™, C4>m. = (t>mC. 

Note that \]{ra)E is an inner form of GL^, hence the theory of base change to 
GLm/E explained in ^A.7l ETSl applies. 

An A-packet 11 of G will be a tensor products of local ^d-packets H^, where n„ 
will have one element when v splits in E, but more than one in general for the other 
places. In particular, 11 may be infinite in general. We now review what Arthur's 
theory of parameters implies for the structure of the discrete spectrum of G (and 
for these packets), following Rogawski's analysis |Rogl[ §2.2]. If 

ip-.LpX SL2(C) ^ ^U(m) 

is a discrete A-parameter, Rogawski shows that ^pE '■ Le x SL2(C) GLm(C) is a 
direct sum of r pairwise nonisomorphic irreducible representations pj (see the proof 
of Lemma 2.2.1 loc. cit.) that satisfy pj- ~ pj. He defines ip to be stable if ipE is 
irreducible. As explained in Ex. IA.3.31 tp is stable if and only ii tpE is discrete, in 
which case there is a discrete automorphic representation vr^; of GLm/E which is 
the base change of ip as explained in ^A.81 That representation vr^; is cuspidal if 
and only if tp is tempered. 

In general, for any (unordered) partition 

m = mi -|- • • • -|- rur, 



Rogawski defines an admissible map 



135 



^ : ■^(U(mi) X • • • X U(m^)) ^ ^U(m). 
He shows then that any discrete A-parameter ip of G writes uniquely as 

{^Pi X ■ ■ ■ X ^pr) 



135rpjjjg map is a special case of the so-called endoscopic functoriality as U(mi) x ■ ■ ■ x U(m,.) 
is not a Levi subgroup of U(m) when r > 1 (see |Rogl[ §1.2]). When some rrii has not the same 
parity as m, ^ actually not defined at the level of the reduced L-groups, as a character /x as in 
i )6.9.2l occurs in its definition, and ^ is not of finite order. It is an important fact that ^ is also 
not canonical at all in this case, as it depends on this choice of /i. The uniqueness assertion in the 
Rogawski's description also assumes that such an /i has been fixed once and for all. 
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where the ipj are distinct stable parameters of the quasispHt group U(mj) and for 
a unique unordered partition m = mi + • • • + as above ( |Rogl[ Lemma 2.2.2]). 
We say that ip is endoscopic if it is not stable, i.e. if r > 1. 

If G is split, this reduces conjecturally the study of the discrete spectrum of G 
to the stable parame ters (compare with Ex. IA.3.3p . and the general case is then 
a matter of relevancej^f^ This structure of the discrete spectrum of G, as well as 
other predictions of Arthur, have been verified by Rogawski when m < 3 [RogSj. 

We will refine slighty this study in ^A.lll bv giving some sufficient conditions on 
an j4-parameter ip' of Ghm/E to descend to U{m), i.e. en suring that ip' = tpE for 



some discret ^-parameter ip of U(m). As an exercise|^£3 the reader can already 
check that the parameter 1 [m] descend to a stable nontempered parameter of 
U(m). Its associated j4-packet has a single element, namely the trivial representa- 
tion. 

Remark A. 9.1. Let tt be a discrete automorphic representation of G. If vr is 
nontempered, the presence of a non trivial representation of the SL2(C) in the A- 
parameter of (the A-packet containing) vr imposes strong restrictions on the tt^. 
For example, if G{F^) is compact, tt^ cannot be regular in the sense of ^6.8.21 In 
particular, the regularity assumption there should imply that the vr is tempered, 
hence that its local and global base change are compatible (see ^A.Sp . 

By contrast, there are very few conditions ensuring that vr belongs to a stable 
^-packet. A standard sufficient condition (as in the works of Kottwitz, Clozel 
and Harris- Taylor) is that is square-integrable at a split place v (this follows 
easily from the Arthur's formalism), but this condition pushes aside a lot of very 
interesting stable packets. 

A. 10. An instructive example, following Rogawski. We give now a very 
instructive example of a nontempered A-packet for the group U(3) which illus- 
trates most of the subtleties that appeared till now. It was found by Rogawski 
( |Rog3| , [Rog2| ), and it is probably the simplest of such examples. We stress that 
it should not be thought as exotic, but rather as an important intuition for the 
general situation. Moreover, it is exactly the kind of packets that we use in the 
arithmetic applications of chapters 8 and 9. 

We keep here the notations of ^A.9I and take m = 3. We are interested in the 
nontempered ^-parameter associated to the partition 3 = 2 + 1. These parameters 
have actually a nonconjectural meaning as they factor through Wp- To fix ideas 
we fix rj an automorphic character of such that rj-^ = rj and that rj does not 
descend to U(l) (see ^6.9.2p . By class field theory, we may view it as a continuous 
character of We- We may actually use this rj to define and we are interested in 



the parameter ^o(lxl(8)[2]). More explicitely, let us simply sajl^ that there is 
a unique parameter ip whose base change 

iPe-Wex SL2(C) GL3(C) 



ISGrpjjg situation is actually not as simple as it may seem in the nontempered case, as a relevant 
parameter may exceptionally lead to an empty packet. Moreover, the multiplicity formula in more 
complicated in the nonsplit case. 

-'^'''''Note that (f)m is antisymetric if and only if [m] is symplectic. 

This suffices for the discussion here. We will say more about those parameters and their 
extension to Lp in a more general context in i]A.12l 
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fixes the vector 62 of the canonical basis (ei, 62, 63) of C^, and which acts as 

{w X g)^ r]{w)g 

on Cei ©Cea = C^. 

We are going to describe completely the ^-packet 11 associated to if) following 
Rogawski. As predicted, it is a product of local A-packets 11^,, so we are reduced 
to describe each of the 11^,. When v splits in li^ is a singleton and coincide with 
its associated (non-tempered) L-packet defined in ^A.51 so we concentrate on the 
nonsplit case. 

Consider first the local quasi-split unitary group U^[Qi) attached to quadratic 
extension of Q;. Rogawski has defined a non-tempered representation 7r"(?7^), 
where 7??, : E* — > C* is the restriction of r] at v. Recall that rj^ = r/j" but that 
r/^ does not come by base change from U(l)(Qi). That representation is actually a 
twist of the one we constructed in ^6.9.41 as the unique subrepresentation of a 
principal series of U(3)(Qi). This principal series has in this case two components. 
The other is called 7r^(ry^). According to Rogawski it is square integrable. 

The representation 7r"(ry„) forms an L-packet on its own. This L-packet is not 
tempered, and Tr"'{r]^) is not stable. The L-packet containing 7r^(r/i,) is 

where vr^(?7^) is a supercuspidal representation that Rogawski constructs using 
global considerations involving the trace formula. Since this L-packet is tempered, 
it is alsoan A-packet. There is one ^-packet containing 7r"'(r/^), namely 11^, and 
we havq^ 

n„ = {7r"(r?,),7r^(r/,)}. 

In particular, vr*(r/i,) belong to two ^-packets, and actually those representations 
are the only ones (up to a twist) that belongs to several A-packets. 

The base change of the A-packet {tt"- (rjy) , tt^ (tj^)} , and of the L-packet {7r"(?7i;)} 
is the irreducible admissible representation of GL3(L'^) whose L-parameter is 

The base change of the L and ^-packet {ir''^ (rj^) , (rj^)} coincide with this latter 
parameter on the Weil-group, but is nontrivial on the SU2(M)-factor (mixing r/i,|.|^''^ 
and r;„|.|~^/^). Hence the two ^-packets containing vr'^ have different base changes. 

Assume till the end of this subsection that G{Fy) is compact for each archimedian 
u, which is our main case of interest in this book. For v archimedian, 11^ is empty 
if r]y has weight ±1/2 (see ^6.9.2p . a singleton else: namely the one we defined in 
^6.9.51 (up to a twist). This ends the description of 11. 

As a consequence of all of that, we first see that 11 is infinite. Moreover, Rogawski 
computes th en m (7r) for each vr G 11, hence 11 n liaise (G, F). He shows that m(7r) is 
always or l l^^'l Precisely, he assigns a sign e{TTv) = ±1 to each tt^ G H^, as follows: 
e^Ky) = 1 except when v is archimedian, or when is a finite nonsplit place and 



-"^^^Note that Ti'\r)v) is a NMSRPS representation, but not ii''{r)^ 
^^'^Hence strong multiplicity on 
for the full discrete spectrum of G 



^^'^Hence strong multiplicity one holds for the packet 11, actually Rogawski shows that it holds 
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TTy = TT^. The final result [Rog2| is that m(7r) = 1 if, and only if, 

n^K) 1/2), 

V 

where £{r], 1/2) is the sign of the global functional equation of rj. In particular, one 
half of n is actually automorphic. 

The formula above is a special case of Arthur's multiplicity formula. We will 
discuss in more details this multiplicity formula in a more general case in ^A.131 

A.ll. Descent from GL^ to U(m). In this paragraph we explain the algebraic 
formalism relating the parameters (L or A, local or global) of a unitary group 
G = U(m) as in ^A.9I and their base change to GL^- This formalism also applies 
to Galois representations instead of parameters. 

We will use systematically the notation U(m) for G, which frees the letter G 
(and G') for other notational purposes. 

We consider a group G and a subgroup H of index 2. In this §, we call parameter 
any morphism ^/J : G — > ^U(m) such that H is the kernel of the composition of tp 
and the projection ^U(m) Z/2Z. 

We denote by d a fixed element oi G — H. li p : H ^ GL„(C) is a morphism, 
define p^{h) = ^p{d^^hd)^^. The representation p^ depends on d only up to 
isomorphism. 

In the applications, E/F may either be an extension of global or of local fields, 
and G and H may be respectively Lp and Lp, their Arthur's variant Lp x SL2(C) 
and Le X SL2(C), the Weil groups Wp and Wp, or the absolute Galois groups Gp 
and Gp- Note that in general, G is not a semi-direct product of Z/2Z by H. 

If ^ is a parameter, we may write 

■iP{d) = Ac. 

where A £ GLm(C), since the image of d in Z/2Z is non trivial. For the same 
reason, we may write ■ip{d~^) = Be. We thus have 

1 = ^{d)-^yj{d) = Bc{Ac) = B^jA~^(j)-^ 

so B = (/)m''A(p^ and 

(94) ^{d-^) = <t)jA(t>;^c. 

From this we deduce, calling p the restriction of %[) to H: 

(95) yheH, p{dhd-^) = C^p{h)-^C~\ 
where G = Acj)^. Indeed, 

il}{dhd~^) = Aci^{h)<t)ra*A(t)':^c by ^ 

= A<t>Ji;{h)-^'<t>^A-^'cpm<P^ hym 
= A^JiP{h)-\A(i)^)-^ using (USD. 
Note that in particular, we have 

p ~ p^. 

We also have p(d^) = ^{d^) = ipid)"^ = A<j)m A^'^ (j);^^ hence 

(96) p{d^) = {-ir+^G'C~\ 
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Lemma A. 11.1. A morphism p : H — > GLmiC) is the restriction to H of a 
parameter of G if and only if there exists a matrix C G GLm{C) that satisfies 
conditions \95\) and Ii96\) . 

Proof — We have already seen that those conditions were necessary. To prove 
they are sufficient, assume they are satisfied for some C G GLm(C) and define a 
map ip : G ^ ^U(m) by setting for all h & H, ip{h) '■= p{h) and ip^hd) := 'ilj{h)Ac 
where A := Ccf)'^ = {—l)"^^^C4>m- We only have to check that ijj is a. group 
homomorphism. Let g,g' €z G. li g € H then it is clear by definition that ^p{gg') = 
tp{g)'ip{g'). So suppose g = hd. We distinguish two cases : if g' = h' £ H, then we 
have 

= p{h)Ac^{h') 

= p{h)Acp{h')c-^A-^Ac 

= p{h)A<^Jp{h')-^(t);^A-^Ac using ^ 

= p{h)C^p{h')-^C-^Ac 

= p{h)p{dh'd'^)Ac using ([95]) 

= p{hdh'd-^)Ac 

= ij{hdh') = ij{gg') 

Similarly, if g' = h'd, we have 

il^{g)'il:{g') = i){hd)il;{h' d) = i){hd)i){h')Ac 

= p{hdh' d~^){Ac)^ like in the first six lines of the above computation 
= p{hdh'd'^d^) = il){gg'). 

□ 



Remark A. 11. 2. (i) The lemma above gives a criterion for a representation 
p : H ^ GLm(C) to be the restriction of a parameter of G. Note that the 
criterion depends on a choice of an element d in G — H. In each particular 
context, a clever choice of d may simplify the computations, 
(ii) As an exercise, let us consider the special case where G is a semi-direct 



product of Z/2Z by H. This casqllj occurs for example when E/F is a CM 
extension of numberfields, G = Gp and H = Ge- Then we may and do 
choose a d such that d'^ = 1. 

Let p : H ^ GLm(C) such that p"*" ~ p. Thus there is a C such that 
([95]) is satisfied. By applying this relation twice, and using d2 = 1, we 
see that C*C~^ centralizes Im p. Assume that p is irreducible. Then the 
latter means *C = AC, from which = 1, and we see that C is either 
antisymmetric, or symmetric. If m is odd, G has to be symmetric, but if m 
is even, it is clear that both situations may happen. On the other hand, (j96p 
reads 1 = p{d'^) = (— 1)™'"*'^C*C~^ which simply says that G is symmetric 
if m is odd, and antisymmetric if m is even. 



141 



A similar study is done in this context in the first pages of [C1HT| . 
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To summarize, an irreducible p such that p p comes from a parameter 
of G always if m is odd, and 'half the time" if m is even. 

Proposition A. 11. 3. Let p : H ^ GLm{C) be a semisimple representation such 
that p p^ . We assume that 

(i) either p is a sum of pairwise distinct irreducible representations, 

(ii) or p{H) is abelian. 

Then a parameter tp : H ^ ^U{m) extending p is unique up to conjugation by an 
element of GLm{C) (if it exists). 

Proof — As p is semisimple, we may and do assume, up to changing /? by a 
conjugate, that the algebra generated by p{H) is stable by transposition. 

Let ijj (resp. ip') be a parameter of G whose restriction to H is p, and let C (resp. 
G') be as above the matrix such that ip{d) = G(t)^c (resp. il^'i^d) = G'cp^c). The 
matrix G (resp. C") satisfies (j95]) and ([96]) . Hence: 

(a) GG'~^ is in the centralizer of p{H). 

(b) C7*C-i = G"G'-^ = {-l)'^+^p{d^). 

We want to find a matrix B G GLm,(C) in the centralizer of p{H) such that 

BG^B = G'. 

Indeed, it is clear that for such a B, ip' = BipB~^. 

Assume first that we are in case (i). In this case, we may write p = pi® ■ ■ ■ (B Pr, 
with pi, . . . , pr irreducible of dimension di, . . . ,dr, and choose a basis in which 
p{h) = diag(pi(/i), . . . ,pr{h)) for every h £ H. Since the pi are distinct, and since 
G satisfies ([95]) . it may be written as 

G = Goa 

where Co is in the standard Levi L C GLm(C) of type (di, . . . ,dr) and a is the 
permutation of {1, . . . , r} satisfying p^^^^ ~ pi (hence a"^ = 1) seen as a permutation 
matrix (in GLm(C)) by blocks of type (di, . . . , dr). By (a), we may write 

G' = GD 

where D is in the centralizer of p{H), that is of the Levi L, hence it is of the form 
D = diag(ai, . . . , ai, 02, . . . , 02, . . . , a^, . . . , Ur) where each Oj is repeated di times. 
Now we see that 

C*C7-i = C7'*C'"^ by (b) 

= (Coo-D)(*C(7Vi:»"^) using that V = a~'^ = a and that *D = D 
= {Goa)CGQ^a){cjDaD-^) using that DGq = GqD 
= G^G-\aDaD-^). 

Hence 

aDa = D, 

and Oj = ao-(i) for all i. We thus may choose complex numbers 6j, i = l,...,r 
such that 6i6o-(i) = cli for all i, and set B = diag(6i, . . . , 61, 62, . . . , 62, . . . , ftr, • • • > ^r) 
where each 6j is repeated di times. Then aBa^B = D, B is in the centralizer of 
p{H) and 

BG^B = BGocr^B = GoaaBa^B = GD = G', 
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and we are done in case (i). 

Assume now that we are in case (ii). Then p is a sum of distinct characters 
Xi, ■ ■ ■ ,Xr, each of them with multiphcity mi, . . . , nir. So we have m = mi + • • • + 
rrir. We may assume that p acts by xi on the mi first vectors of the basis, then by 
X2 on the m2 next vectors, and so on. Hence p{H) is made of diagonal matrices 
of the form diag(ai, . . . , oi, 02, . . . , 02, . . . , a^, . . . , ar) where each ai is repeated 
times. In particular, {—l)^~^^p{(f) = diag((ii, . . . ,di,d2, ■ ■ ■ ,d2, ■ ■ ■ ,dr, . . . , dr) is 
of that form by (b), and the centralizer of p{H) is the standard Levi L of type 
(mi, . . .,mr). 

Since C (resp. C) satisfies (p5]) . it may be written as 

C = Coa (resp. C = C'^a) 

where Cq = diag(Ci, . . . , Cr) (resp. Cg = diag(C(, . . . , C^)) is in the Levi L and 
a is the permutation of {1, . . . ,r} satisfying ^^(j) — Xi (hence cr^ = 1) seen as a 
permutation matrix (in GLm(C)) by blocks of type (mi, . . . ,mr). 
Fix an i G {1, . . . , r}. By (b) we see that 

Ci C /■\ — C^(-\ = dj . 

If a{i) = i, then di G C* satisfies = 1, which implies that Ci and C'^ are 
either both symmetric or both antisymmetric, and in any case that there exists a 
Bi G GLmi(C) such that BiCiBi = C[. In the other case we have a{i) = j ^ i, 
and we assume that i < j to fix the ideas. Then rrii = rrij and Cj^C~^ = C'j^C'~^ . 
From that equality, it follows that if we set Bi = C-C~^ and Bj = Idrm, then 

diag(fii, S,)diag(Q, Cjydmg{Bi,Bj) = diag(C;, Cj) 

where r is the restriction of a to the set {i,j} (and is the only non-trivial permu- 
tation of that set) seen as a matrix by blocks in GL2mi(C). 

Finally B := diag(-Bi, . . . , B^) G GLm(C) is in the centralizer of p{H) and clearly 
satisfies BC^B = C' , and we are done. □ 

Example A. 11. 4. Here is an example where the case (ii) of the proposition above 
may be used. Assume that E/F is a quadratic extension of local fields and that 
U(m) is the quasisplit unitay group in m variables attached to E/F. Let T be a 
maximal torus of \]{m){F) and x '■ ^(^) — * an admissible character of T{F). 
By the duality for tori this character x defines an L-parameter 

0(x) -Wf — >^TC1 ^U(m). 

In this book, the only representations of \]{m){F) that we consider for F nonar- 
chimedian (actually F = Qi) are in L-packets of this type. Precisely, they will be 
either unramified, which means that x is trivial on the maximal compact subgroup 
of T{F), or of NMSRPS type, in which case x is as in Def. I6.6.5[ 

The norm map Nm : T{E) — > T{F) (see ^6.9.4p defines a base change 

Xi? := X o Nm : T{E) C* 

and 4'{x)e is then the L-parameter of Ghf^/E attached in the same way to xe- 
Case (ii) of Proposition IA.11?3] shows that (p{x) is actually (up to conjugation) the 
unique L-parameter of U(m) whose base change is (P{x)e- Conversely, we may start 
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from a principal series L-parameter (p^ ■ We — > GLm(C), or which is equivalent 
from a character XE ■ T{E) — > C*, and ask whether it descends to an L-parameter 
of U(m) of the form 4'{'x) for some x above. This is requires strong conditions on 
Xe- In the two cases (unramified or NMSPRS) we are interested in, this analysis 
is precisely the work done in ^6.9.41 Lemma 16.9.71 shows that the conditions (iiia) 
or (iiib) of ^6. 9. li on the (unique) representation vr/ of G\jm{E) whose L-parameter 
is are sufficient. 

This quite general uniqueness result is completed by the following more restric- 
tive, but still very useful, existence result. We suppose given a subgroup G' of G 
which is not a subgroup of H. Hence H' := G' CiH has index two in G' . We choose 
the element d in G' — H' . 

Proposition A. 11.5. Let p : H ^ GLm{C) be a representation such that ~ p. 
Let p' he its restriction to H' . We assume that p' is a sum of distinct irreducible 
representations p\ such that p'- ~ p^"*". Then p extends to a unique parameter tp of 
G whenever p' extends to a parameter ip' of G' . 

Moreover, if this holds, then the centralizer in GLm{C) of the image ofip is finite. 

Proof — Let C" be the matrix attached to the parameter ip' of G' . Arguing as 
in the proof of the above proposition (case (i)) applied to p', we may assume that 
p'{H') lies in the standard Levi L of type (di, . . . ,dr) (here di = dimp-)) that the 
centralizer of p'{H') = p{H') is the centralizer (and the center) Z{L) of L, and that 
C' is in L (note that p'^ ~ pj'^ if and only if i = j, so that a = Id). 

Now let C be a matrix that satisfies (I95p for p. Then CC'~^ centralizes p{H'), 
hence it lies in the centralizer Z(L) of L, and commutes with C". From that we 
deduce that 

and condition (196p holds for C since by hypothesis it holds for C'. Hence the 
existence of a parameter ^p whose restriction to H is p follows from Lemma lA.ll.ll 
The uniqueness follows immediately from Proposition [ATL3] (case (i)). 

Finally, the centralizer G{'tp) C GLm(C) of tp{G) is a subgroup of the analogous 
centralizer C{ip') of ip{G') = ip'{G'). This is the subgroup of the centralizer of 
Tp'{H') = p'{H') that is fixed by the map g i— > G*g~^G~^ . Since the centralizer of 
p'{H') is Z{L), and since G £ L, this map is g ^ g~^ and C{'ip') ~ (Z/2Z)^. Hence 
C{ip) is finite. □ 

Remark A. 11. 6. If ^/^ is a discrete ^-parameter for ^U{m), then Rogawski ( |Rogl 
Lemma 2.2.1, 2.2.2]) has shown that its restriction p to Le x SL2(C) is a sum of 
irreducible, pairwise non isomorphic representations pi satisfying pf- = pi. The 
above proposition, in the case G = G', provides a converse to this result. 

Corollary A. 11. 7. Let E/F he a CM extension of number fields, and 

p ■■ Le — > GLm{C) 

a tempered A-parameter for GLm/E that satisfies p^ ~ p. Assume that there is 
an infinite place of F such that, for the corresponding inclusion Wc ^ Le (well 
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defined up to conjugation in L^), the restriction of p to Wc extends to a discrete L- 
parameter ofW^ (see Remark \A.11.8\ below). Then p extends to a discrete tempered 
A-parameter Lp — > ^U{m) of the quasisplit unitary group U{m). 

Proof — This is the proposition for G = Lp, H = Lp, G' = VFr, H' = Wq. 
The hypothesis of the proposition on the restriction p' of p to H' follows immedi- 
ately from the Remark lA. 11.81 below. The obtained parameter is discrete as is its 
restriction to W^. □ 

Via the philosophy of parameters, this result shows that a sufficient condition 
for a cuspidal automorphic representation vr of GLm{^E) that satisfies tt"*" ~ vr to 
come by base change from the quasi-split unitary group in m variables attached 
to E/F is that there is a place v at infinity such that tt^ comes by base change 
from a representation of the compact unitary group. Note that this is exactly the 
assumption at infinity on the representations vr studied by Clozel [Clj and Harris- 
Taylor [HT] . 

Remark A. 11. 8. Recall that the discrete L-parameters (j) : — > ^U(m) are 
exactly the ones whose restriction (pc to C* is conjugate to 

z^{{z/-zr\...,{z/-zT-), 

where the Oj are in ^^^^^ + Z and strictly decreasing (see e.g. [BergCl Prop. 4.3.2]). 
For each such sequence (a^) there is a unique such parameter]^ As they are 
discrete, they are relevant for each inner form of U(m)iR, and in particular for the 
compact one. 

Proposition A. 11.9. For unitary groups U{m), two everywhere locally equivalent 
discrete A-parameters are actually equivalent. 

Proof — Let ipi and ^2 be two such discrete A-parameters, and set G = G' = 
Lp X SL2(C), H = H' = Lp X SL2(C), and pj = By Rogawski's classification, 

the Pj are semisimple and satisfy the assumption of Prop. IA.ll.5i By assumption, 
the Pj are also everywhere locally equivalent. By 'Cebotarev's theorem for Lang- 
lands' group", the reunion of the conjugates of Lp^ is dense in L^;, hence a trace 
consideration implies that the pj are actually equivalent. By Prop. lA. 11.51 the 
same thing holds then for the D 

The following corollary is an immediate consequence of the proposition above 
and of the simplest case of Arthur's mutliplicity formula. 

Corollary A. 11. 10. If 11 is a stable A-packet for U{m), then for each vr G 11 we 
should have m(7r) = 1. 

Proof — Indeed, there is a unique A-parameter tp of U(m) giving rise to 11 by 
Prop. IA.11.91 As n is stable, Arthur's group is trivial by |Rogl[ §2.2], hence 
Arthur's multiplicity formula ([Ar, (8.5)]) reduces to m^(7r) = m(7r) = 1. □ 



142rpj^jg existence and uniqueness follows for example easily from Lemma lA.ll.ll and Prop. 
IA.11.51 IA.11.31 choose d to be the usual element j G Wis such that = — 1, C = 1 and note that 
p{j^) — p( — 1) ~ ( — 1)™^^. These parameters 4> satisfy ^(j) — (j>m^c. They are relevant because, if 
they lie in a parabolic subgroup P of ^U(m), then P — (Pq, 4'{j)) for some parabolic Po of GLm(C) 
normalised by 4>{j), and we see that *Po = -Po, hence P = ^U(m). 
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A. 12. Parameter and packet of the representation vr". 

In this § and the next one, we take as granted all the formalism of Langlands and 
Arthur as described above and in [Arj . All the lemmas, propositions and theorems 
we state are thus conditional to this formalism. Our aim is to study the A-packet 
of the representation vr" that we introduced in ^6.91 

We use from now the notations of ^6.9[ In particular m = n + 2, n is not 
a muhiple of 4, U(m) is definite and quasispUt at all finite places, and we fix an 
embedding E ^ C Moreover, fi = is a Hecke character of Ae/E* as in Notation 
16.9.51 Remember that /i is trivial if m (or n) is even, and that iJ,{z) = (z/z)^/^ for 
z G C* C A*^ if n is odd. We will see /i as a character of We, hence of Le, when 
needed. 

To the representation vr of that subsection should correspond a tempered, irre- 
ducible, A-parameter 

p : Le ^GLniC). 
The hypothesis (i) on vr there translates tcj^ 

- P- 

We now define an ^-parameter for GLmiE) denoted ipE '■ Le >^ SL2(C) — > 
GL™(C) by 

^e{w X ,) = ( P^^f^^ ) , E L„ , E SL,(C). 

We fix an embedding = Wk ^ Lq, giving an embedding Wc = C* Lq. 
The image of the element j of is the unique non trivial element c in Li^^/Le = 
W^/Wc = Gal(£'/Q). By hypothesis (ii) of ^6.9.H we may and do assume (up to 
changing /) to a conjugate) that for z G Wc = C*, 

i^E{z)=^l^g{{z/-zT\...,{z/-zf-) 

where the Oj are in |Z — Z, strictly decreasing, and different from ±1/2. 

Lemma A. 12.1. The A-parameter ipE extends (uniquely up to isomorphism, that 
is up to conjugation) to a discrete (relevant) A-parameter ip : LqxSL2{C) ^ U{m) 
of the group U{m). We may choose 

m = 

Proof — The restriction of ^e to Wc x SL2(C) is 

i^E{z,g) = diag((2;/z)"Voo(^),--- Az/z)''"fioo{z),gpooiz)). 
We thus see that for 

/ In 

C := 1 
\ -1 

we have for all z,g : 

ijEiz,g) = ^E{jzj-\g) = C'^{z,g)-^C-\ 




"'^^■^Strictly, this uses the Cebotarev theorem for Le , or (which is related) the weak mutliplicity 
one theorem for the discrete spectrum of GLm/E. 
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In other words, the relation (j94p holds for that C. We compute 

i;E{f, 1) = diag((-l)-+\ . . . , (-1)™+!, (-1)-, (-1)-), 

using that the Oj are half-integers and that ^oo(— 1) = (—1)™. On the other hand, 
C*C^^ = diag(l, . . . , 1, —1, —1) so the relation ()96p holds for the restriction of TpE 
to Wc X SL2(C). This means by Lemma lA.ll.H that the restriction of ipE to 
Wc X SL2(C) extends to a parameter ipoo of Wk x SL2(C), that moreover sends 
j to Ci?I)~^ (see (j95]) ). By Proposition lA.llTSj ipE extends to a unique, discrete, 
parameter ip of Lq x SL2(C), and we may even choose such that ip{j) = Ccp'^ 
by the last paragraph of the proof of that proposition. 

It remains to show that tp is relevant, which means, since U(m) has no proper 
parabolic defined over Q, that the only parabolic subgroup P of ^U(m) containing 
Im (■0) is ^U(m) itself. Let P be such a subgroup, by definition P = {Po,ip{j)) for 
some parabolic Pq of GLm(C) normalized by ^p{j). We see then that C^PqC'^ = Pq. 
But Pq contains 1„ x SL2(C) = ip{SL2{C)), hence C £ Pq. As a consequence, 
Pq = *Po) which implies that Pq = GLm(C), and we are done. □ 

Remark A. 12.2. Here is another way to view the parameter ip in terms of Ro- 
gawski's classification recalled in ^A.9[ First, using Cor. IA.11.71 we see that pfi 
extends to a discrete stable tempered parameter ipQ of the quasisplit U(n). Then, 
using again fi to define an admissible morphism 

C : ^(U(n) X U(2)) — > ^U(m), 

we have actually tp = (^o (ipQ x (1 (g) [2])) (see Ex lA.3.3]) . In particular, tp is nontem- 
pered, and endoscopic of type (n, 2). When n = 1, it is exactly the ^-parameter 
that we studied in details in §A.101 

Let us denote by 

n = J]n, 

V 

the A-packet corresponding to tp. Our aim is now to check that the representation 
tt" defined in ^6.91 belongs to 11. By definition, this amounts to check that for each 
place V the representation vr" defined there lies in 11^,. Recall that for some reasons 
we have called vr^ the archimedian component of vr" (see ^6.9.5p . 

Lemma A. 12. 3. The global representation vr" belongs to the global A-packet defined 
by tp. Moreover, IIoo = {tt^} and for each prime I, vr" is in the local L -packet 
n^, C Ui (see UIB- 

Proof — By definition, for each place of Q the L-parameter <py := (p^^ associated 
to tpy satisfies for all iv £ Le 

<pv{w) = diag{py{tju)fi.a{'w), \tv\^^'^fiv{'w), \tv\~'^^'^ pviw)). 

For any place v oiQ, the L-parameter cp^ defines an L-packet 11^^ of representations 
of U(m)(Q^,), which is a subset of the j4-packet 11^,. 

Assume first that v = I is a prime. When / splits in E, Remark 16.9.61 shows that 
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When I does not split, we defined in Lemma 16.9.71 a smooth character x of the 
maximal torus T(Q/) of U(m)(Qi). There were two cases. If x satisfies conditions 
(a) and (b) of Def. 16.6.51 then irf is the NMSRPS representation S{x)- As suggested 
by Rodier's work [Rod2] . the L-parameter of S{x) is conjecturally the L-parameter 
(p{x) defined in Remark lA.11.4[ But by the same remark and by construction, the 
base change 4>{x)ei is isomorphic to [4>i)ei-, hence 

by Prop. IA.11.31 and we are done. In the other case x is unramified and vr" is by 
definition a constituent of the full induced representation defined by x having a 
nonzero vector invariant by a maximal hyperspecial (resp. very special) compact 
open subgroup of U(m)(Q/) if / is inert (resp. ramified) in E. Thus vrj* conjecturally 
belongs again to the L-packet defined by </>(x) (this is a standard expectation when / 
is inert, and it is indicated by Labesse's work |La[ §3.6] in general), and we conclude 
as above that (t){x) — 

The end of the proof is now devoted to the subtler case where = oo is archi- 
median. Note that the L-parameter (p^o is not relevant for the compact group 
U(m)(M). Indeed, it contains the non unitary characters /Uoo| l^"^'^'^, thus it cannot 
be discrete (see ^A.ll.Sp . As a consequence, 

but the A-packet Hoc may be larger. However, note that Hoo is a singleton if 
nonempty, since every representation of a compact real reductive group is stable 
(cf. [A J| ) . We shall review below the description of Hoo given in section 5 of [Arj . 
following |AJ| . 

For this, we see U(m)(R) as the unitary group for the standard diagonal posi- 
tive definite hermitian form, and we consider its diagonal maximal torus T(M) = 
U(1)(M)™. We denote by 

L(M) = ;7(1)(M)" X U{2){R) C U(m)(M) 

the subgroup of matrices which are diagonal by blocks of size (1, . . . , 1, 2), so that 
T C L and L(C) is a Levi subgroup of U(m)(C) = GLm(C). In G(C) ~ GL^(C), 
T(C) is the diagonal torus and L{C) the standard Levi of type (1, . . . , 1, 2). We 
thus have 

Z(L{C)) C f (C) C L(C) C G(C). 
It turns out that those inclusions extend naturally to inclusions 

^Z{L) c H ^G. 

While the first inclusion is obvious, the others two need a construction, which is 
recalled in |Ar] . From this construction, we shall only need the following description 
of the restriction of the embedding ^i^t to Wc = C* (see |Art page 31]) : 

a,T(^) = diag(l, . . . , 1, (z/z)l/^ (z/z)-i/2). 

Similarly Cg,l{z) £ T(C) is a diagonal matrix that we do not need to compute 
explicitly because it will cancel out in the following computations. 
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Now let us consider the unique L-parameter cp^ for the group T such that for 

zgWc = C*, 

'Priz) = CG,L(2)""^diag((z/z)'*Voo(2), • • • , (z/^)''"/ioo(^),/Uoo(z),Atoo(^;))- 

It is clear that (j)r maps Wr to ^Z{L) C ^T. To such an L-parameter is attached 
in |Ar[ page 30 second §, page 31 first §] an A-parameter for the group L, called 

ijL ■■ Wr X SL2(C) ^^L. 
By definition, ipi is 4>r on Wk and sends ^ |^ G SL2(C) to a principal unipotent 

element in L. Thus it is clear that (up to conjugation by an element of -^^(C)) the 
A-parameter S^g,l ° V'L coincides with our A-parameter V'oo on Wc and SL2(C). 
Thus ■000 — V'L by Lemma [A. 11.31 

Arthur's conjecture provides a description (cf. [Ar', page 33]) of the A-packet 
attached to ^g,l ° 4'l = fpoo- He defines for that some L-packets parameterized by 
the set 

S := W{L,T)\W{G,T)/WuiG,T), 
and for each element of this set a specific representation in the associated L-packet. 
Here S = {1}, and the unique L-parameter he defines is (pi := ^g,l ° ^l,t o 0^ as L 
is anisotropic [ Ail page30-31]. On Wc, we thus have 

= iG,L{z)iL,T{z)(pr{z) 

= diag((z/z)'^>oo(z), • • • , {z/zY^^loo{z), {z / zf/^ ^i^{z), {z/z)-^''^^loo{z)). 

Note that (pi is relevant since the Oj, 1/2, —1/2 are distinct half-integers. Actually, 
(j)i is exactly by definition the L-parameter of vr^, and its associated L-packet is a 
singleton. According to Arthur, we thus have 11^^ = = {vr^}. □ 

Remark A. 12.4. (i) In Lemma IA.12.H and especially in the proof that ij: is 
relevant, the fact that the are distinct from ±1/2 is actually not needed. 
However, as the proof above shows, this latter assumption is necessary to 
ensure that Hoo (hence H) is not empty. In particular, if one of the Oj is 
equal to ±1/2, we get an example of a parameter ^ which is relevant and 
whose associated ^-packet is empty. 

(ii) As an exercise, the reader can check that the ^d-parameter -0 is not relevant 
for an inner form of U(m) that is not quasi-split at every finite place. 

(iii) We have Hoo = {tt^} and H; = {tt"} when / splits in E. When I does not 
split, H/ (and even H^J will have more that one element in general, but it 
does not seem possible at the moment to describe the full packet H^ for a 
general m as we have done for m = 3 in ^A.IOI 

Remark A. 12.5. In ^6.9| our point of view for defining the representation vr" was 
to start from a cuspidal automorphic representation vr of GL„(A£;) such that vr-'- ~ vr 
and that satifies § 16.9.11 (ii) . We defined then hy hand all the local components of 
the representation vr" of U(m)(AQ). An interest of this presentation is that it avoids 
admitting that vr/i comes by base change from an automorphic representation ttq 
of the quasisplit unitary group U(n), and more generally any appeal to a unitary 
group in n variables. As noticed in Remark lA. 12.21 such a ttq should however 
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always exist. More precisely, arguing as in Rem lA.11.4l conditions (iiia) and (iiib) 
of ^ 16.9.11 imply that we should be able to find such a ttq which is either unramified 
or NMSRPS at all nonsplit finite places. Conversely, if ttq is such a representation 
which satisfies also (ii) of §6. 9. H and which has a cuspidal base change vr to Ghn/E 
(this is known to hold for example when ttq is supercuspidal at two split places ( |HLl 
Thm.2.1.1,3.1.3]), then vr satisfies our conditions. This gives a way to produce such 
examples (maybe using some inner forms of U(n) as well). 

A. 13. Arthur's multiplicity formula for vr". We have checked that vr" G 11 and 
we ask now if Tr" G ndisc(U(m), Q). For that we will actually compute m(7r") using 
Arhtur's multiplicity formula. 

Following |Arl page 52], let us consider the subgroup C G(C) = GLm(C). In 
3, this group is actually Z{G{C)) ■ where is the centraliser in 



our situatior 



144 



G(C) of the image of ij). We set also = ■(/'(I, diag(— 1, —1)) G S^p (see \Ai\ page 
26]) and 

= S^/SlZ{G{C)). 

Lemma A. 13.1. 

Snp = {{diag{a, . . . ,a,ea,ea), a G C*, e = ±1} ~ C* x {±1}. 

The character — > {±1} sending diag{a, . . . ,a,ea, ea) to e factors through and 
induces an isomorphism e : — > Moreover, is generated by the image 

of s^. 

Proof — As p is irreducible, the centralizer of iP{Le x SL2(C)) in GL,„(C) is 

{diag(o, ...,a,6,6)} = C* x C*. 

Among those elements, those who commute with are the one of order two 
modulo Z{GLm{C)), hence = {diag(a, . . . ,a,ea,ea)} and = it^{S^/Z{G)) = 
{±1}. Finally, the element s^ clearly generates S^. □ 

We now introduce following Arthur ([Ar|, page 54]) the representation 

t-.S^xLqx SL2(C) GL(M„(C)) 

defined by T{s,w,g) = Ad{stp{w, g)). As the kernel of — > is the center of 
GLm(C), the action of actually factors through S^. We note te the restriction 
of T to S^xLeX SL2(C). 

Recall that the representation ^e on C™" is the direct sum of two representations 
of LeX SL2(C) : the representation p^®l on the n-dimensional space Vi (generated 
by the first n vectors of the standard basis of C") and the representation /i ® [2] 
on the 2-dimensional space V2 (generated by the last two vectors), where [2] is the 
standard representation of SL2(C). Hence Mm(C) may be written as 

{Vi <S) v^) e (¥2 v^) e (Vi v^) © (V2 © v^*), 

all four spaces in the decomposition being stable by the adjoint action of Le x 
SL2(C). Moreover, the adjoint action of (that is, of S^) preserves also this 
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Precisely, using the triviality of Ker^^Lq, Z{G{C))) for G = U(m), as remarked in |Rogl| 
52.21. 
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decomposition and is trivial on Vi V-^ (B V2 V2 , and given by the non-trivial 
character e on ¥l (g> V2 ® V2 V{ . 

Lemma A. 13.2. The spaces V\ ® V{ , V2 V2 and V\ ® V2 © V2 are stable 
by T. The last one is isomorphic to e0 Ind^^p® [2]. 

Proof — The adjoint action of T{j) on Mm{C) is given by M 1-^ —C^MC^^. In 
particular, it stabilizes Vi and V2 V2 which thus are stable by r, and it 
interchanges Vi V2 and V2 <^V^ , from which the lemma follows easily. □ 

Arthur defines then in |Arl (8.4)] a character 

: — > 

Proposition A. 13.3. The character in is the trivial character if e{TT, 1/2) = 1 
and the character e if e{TT, 1/2) = —1. In other words, e^(s^) = e(7r,l/2). 

Proof — According to Arthur's recipe, to compute we have to decompose the 
(semisimple) representation r into its irreducible components Tk = \k® Pk® as 
a representation of x Lq x SL2(C). By definition, = W^f, special where 
special means that Tk ~ tJ^, which in our context is equivalent to pk — p^., and that 
e{pk,l/2) = -1. 

As we already saw, we may ignore the r^'s arising as components of either Vi Vj^* 
or V2® V^* since the corresponding are trivial. By Lemma [A. 13. 21 the remaining 
Tfc's are the constituents of eC^Ind^'^p® [2]. Note that Ind^^p is autodual as p-*- ~ p. 

Let us decompose Ind^^p as a sum of its r irreducible constituents, that we may 
note pi, . . . , pr up to renumbering. Since p is irreducible, we have r = 1 or 2. 

If r = 1, Ti = Ti so Ti is special if and only if e(pi, 1/2) = —1, but £{pi, 1/2) = 
e(Ind^^p, 1/2) = e{p, 1/2) = e{iT, 1/2) and the proposition follows. 

The second case r = 2 occurs exactly when p is self-conjugate, hence when p is 
autodual since p p^. In this case p extends to a representation pi of Lq, and we 
have Indj/^^p = pi® P2 = Pi (B Piloe/q and p\i^ P2- We have 

^(vr, 1/2) = e(Indi>, 1/2) = l/2)e(p2, 1/2). 

If p\ and p2 are autodual, we see that there is exactly one (resp. or 2) pi that is 
special if e(7r, 1/2) = —1 (resp -|-1) and the proposition follows. If p\ ~ /32, then the 
functional equations of the L-functions of p\ and p2 show that e(pi, s)£{p2, 1 — s) = 
1, so e{iT, 1/2) = -|-1 and there are no special r^, which concludes this case as well. 
□ 

The last ingredient in the multiplicity formula is a conjectural canonical pairing 
( [Xrl page 54]) 

X n ^ M, denoted (s,7r). 

However, this ingredient is certainly the most difficult one in Arthur's expostion of 
its multiplicity formula. 

Let us recall some features of this pairing in a general context, for a reductive 
group G/F, and a global j4-packet 11 with j4-parameter ip. Together with the global 
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pairing should be defined for each place v of F a local pairing 

However, this local pairing should not be canonical, but rather depends on the 
choice of a basis representation in the local ^-packet 11^,. Still there should be a 
way, after a global choice (see below), to choose the local pairing such that the 
product formula holds 



(97) (s,7r) = J](s,7r, 



Above TT = (d'^T^v is in 11, the pairings on the right hand side should be the chosen 
local pairings depending of the global choice v, s in the left hand side should be any 
element of and s in the right hand side denotes the image of s by the injective 
natural morphism ^ S^^ . Moreover, almost all the terms in the product should 
be 1. 

When G is a quasi-split group G*, the global choice may be a nondegenerate 
character of the unipotent radical of a Borel subgroup of G* defined with the help 
of a non trivial admissible character F\Af — > C*. Then for each v, the ^-packet 
should contain one and only one representation vr^""^^'^ that is i^t,-generic in the 



sense explaineq^ in [BlRo21 4.4]. This representation should actually belong to 
the -L-packet n^„. When that representation is chosen as the base point to define 
the local pairing (which are then denoted ( , )v,u) the product formla (|97p should 
hold. 

From now on, we work with our group G = U(m)/Q defined in chapter 6. 
Assuming the choice of is made as above for its quasi-split form G*, we may 
use the local pairing ( , already chosen for G* for every finite place v, since 
G* ~ Gt,. Moreover, since there is only one infinite place oo, there is a unique 
choice of the local pairing at infinity which makes the formula (|97p true. We still 
denote it as ( , )oo,u- 

The pairings above have much nicer features when restricted to the subgroup 
(always of order 1 or 2) of generated by the canonical element s^. So we are 
very lucky in our case, because that subgroup is the full (Lemma IA.13.ip . In 



particular, the following assertions should hol d^^n . Below v is a place, vr^ any 
representation of the local A-packet n„. 

(a) There should be a sign e{-Ky, f^) = ±1 such that 

for every a G Z (or for that matter, for a = 0, 1). 

(b) The sign e{'Ky,Vy) should depend on VTt, only through the L-parameter of 
TTv, and that sign is +1 if this L-parameter is (p^^ and if G^ is quasi-split. 
This should be understood in the strong sense that if two vr^'s, even for two 
different inner forms of G^, have the same L-parameter, then they have the 
same sign. 

(c) The sign e(7r^,, Vy)^ hence the pairing (s^, • is independent of u. (Hence 
we may and will drop v from the notation.) Moreover, any local pairing 



-'^^'^Be careful that this representation is z/„-generic in the usual sense only for a temepered IT^ . 
-'^^'^at least in all cases we will use them. We are not completely sure of their generality. 
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( , )^ such that (s^, vr„)^ is 1 for a = 0, 1 and a given representation vr^, of L- 
parameter cj)^^ is actually equal to that pairing on the subgroup generated 
by s^: 

Hence the sign e(7r^, u^) is simply denoted e(7r^), and sometimes even e(</>) where 
(j) is the L-parameter of vr^. 

Indeed, (a) follows from [Ar^ Conjecture 6.1(iii)], the first assertion of (b) is clear 
if 1) = cx) by the description of the pairing given \At\ page 33] , and seems implicitly 
assumed in the general case. Anyway, we will only use it for representations in the 
canonical L-packet II,^^ of 11^, for which it follows from [Ar( Conjecture 6.1(iv)]. The 
second assertion in (b) is clear since 7r^"~^*^" belongs to that L-packet and has sign 
+1 by definition. The last assertion on (b) is not explicitly written down in |Arj 
but is quite natural and we believe in it (it holds for example for the inner forms 
of U(3) by Rogawski's work). The point (c) follows from (b) together with [Ar[ 
Conjecture 6.1(iii)] since the tt^""^*^'^ belongs to the same L-packet, independently 
of z^. 

Lemma A. 13.4. The map ^ M, s i— > (s,7r") is the non-trivial character e. 

Proof — According to the above, 

(^^,vr") = ne.((vr")„) 

V 

and e„(7r") = 1 for every finite place v since tt" G n<^„, so we are reduce to show 
that e((7r'^)oc) = e(7r^) = -1. 

Let (ps be the L-parameter of vr^ and remember from the proof of Lemma fA. 12.31 
that this is not the same as <j)oo = ^Voo- Note that all those L-parameters of 
G(M) = U(m)(]R), as well as the j4-parameter ipoo, may be seen as parameters of 
G*(M) since those groups have the same L-group ^G. By (b) above we may work 
with the group G*(M), and the aim is to show that e(0s) = —1. 

Arthur, following Adams and Johnson, describes an algorithm to compute the 
L-parameter (/>'s of the representations belonging to n^^o already used it for 
the group G(M) in the proof of Lemma lA.12.3P and to compute the local pairing. 
This algorithm, as well as the resulting pairing, depend on a choice of a conjugacy 
class of a Levi subgroup L* of G* whose associated L-group is the ^L defined in 
the proof of Lemma IA.12.31 Here we choose L* to be quasi-split. We denote by 
{ the pairing described by Arthur using L*. 

The elements in are parametrized by the elements w of the set 

S* = W{L*,T)\W{G*,T)/Wr{G*,T) 

where T is a compact torus of G* contained in L*. Contrarily to the case of the 
corresponding set S for the compact group G(M) used in the proof of Lemma fA. 12. 31 
this set S* is not a singleton, corresponding to the fact that the A-packet H^^ for 
G*(M) is not a singleton. By construction, the L-parameter cpuj of the representation 
TTw and the values (s, tTw) l* for s G depend only on w through the Levi subgroup 
L-yj := wL*w~^. This Levi subgroup is an inner form of L* defined over M, but is 
not in general conjugate to L* in G*(M). 
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The parameter (pi for w = 1 is, using the fact that L* is quasi-spht, 

after |Arl last sentence of the first paragraph page 32]. This ensures from (c) above 
that the pairing defined by Arthur using L* is the canonical pairing: 

{s^, = {s^p, ■)v 

Let w be an element of S* such that L := is the compact inner form of L* . 
Then we have (f)w = <j)s- The needed computation to check that was actually done 
during the proof of Lemma IA.12.31 since the only ingredient used there was that L 
was a compact Levi subgroup. 

We thus are reduced to compute 

e(vr<j) = {s^,7rw)oo 

for w as above. 

For this we have to be a little bit more explicit. We can take for T, compatibly 
with the choice already done, the diagonal torus in an orthogonal basis 6i , . . . , Cm 
(in the complex hermitian vector space (y,q) used to define G*(M)), such that 
q{em-i) = qiem) = 1 but q{ei) = —1 (this is always possible since m > 3 and G* 
is quasi-split.). We may define L as the Levi subgroup of matrices stabilizing the 
plane generated by Cm-i and em, and the lines generated by ei, . . . , em-2- it is a 
compact group. And we may take for L* the Levi subgroup of matrices stabilizing 
the plane generated by ei and em, and the lines generated by 62, ... , em-i- it is a 
quasi-split group. Now it is clear that if 

w E W{G*,T) = W{G*{C),T{C)) ~ &m 

is the transposition (1, m — 1), then wL*w^^ = L. But that w is the reflexion wp (cf. 
[Art page 33]) about the simple root (3 of G*{C) such that /3(diag(xi, . . . ,Xm)) = 
xi/xm-i- Since this root is non compact, we have by \Ai\ (5.6) & (5.7)] : e(7rs) = 
{s^(,,iTw) = (i^is^) = -1 using that = diag(l, . . . , 1, -1, -1). □ 

Theorem A. 13. 5. The multiplicity m{TT^) of the representation vr" in the discrete 
spectrum of U{m) is 1 i/e(vr, 1/2) = — 1 and otherwise. 

Proof — By Prop. IA.ll.9l is the only A-parameter defining the ^d-packet 11 of 
vr", so we have m(7r") = m^(7r") according to Arthur's definitions. By \Ai\ (8.5)], 

m^.i-rr'^) = — ^ ^ e^(s)(s,7r") = ^(1 - e^(s^)) 
using Lemma lA. 13.41 The theorem then follows from Prop. [X.13.3i □ 
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